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Preface 


As indicated in Vol. 1, the purpose of this two-volume textbook is to pro- 
vide students of engineering, science and applied mathematics with the spe- 
cific techniques, and the framework to develop skill in using them, that 
have proven effective in the various branches of computational fluid dy- 
namics 

Volume 1 describes both fundamental and general techniques that are 
relevant to all branches of fluid flow. This volume contains specific tech- 
niques applicable to the different categories of engineering flow behaviour, 
many of which are also appropriate to convective heat transfer. 

The contents of Vol. 2 are suitable for specialised graduate courses In the 
engineering computational fluid dynamics (CFD) area and are also aimed 
at the established research worker or practitioner who has already gained 
some fundamental CFD background. It is assumed that the reader is famil- 
iar with the contents of Vol. 1. 

The contents of Vol. 2 are arranged in the following way: Chapter 11 de- 
velops and discusses the equations governing fluid flow and introduces the 
simpler flow categories for which specific computational techniques are 
considered in Chaps. 14—18. 

Most practical problems involve computational domain boundaries that 
do not conveniently coincide with coordinate lines. Consequently, in 
Chap. 12 the governing equations are expressed in generalised curvilinear 
coordinates for use in arbitrary computational domains. The corresponding 
problem of generating an interior grid is considered in Chap. 13. 

Computational techniques for inviscid flows are presented in Chap. 14 
for incompressible, supersonic and transonic conditions. In Chapt. 15 
methods are described for predicting the flow behaviour in boundary 
layers. 

For many steady flows with a dominant flow direction it is possible to 
obtain accurate flow predictions, based on reduced forms of the Navier- 
Stokes equations, in a very efficient manner. Such techniques are developed 
in Chap. 16. In Chaps. 17 and 18 specific computational methods are dis- 
cussed for separated flows, governed by the incompressible and compres- 
sible Navier-Stokes equations respectively. 


In preparing this textbook I have been assisted by many people, some of 
whom are acknowledged in the Preface of Vol. 1. However, the responsi- 
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bility for any errors or omissions remaining rests with me. Any comments, 
criticism and suggestions that will improve this textbook are most welcome 
and will be gratefully received. 


Sydney, October 1987 C. A. J. Fletcher 
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11. Fluid Dynamics: The Governing Equations 


In this chapter, equations will be developed that govern the more common 
categories of fluid motion. Subsequently, various simplifications of these equations 
will be presented and the physical significance of these simpler equations discussed. 
The simplifications often coincide with limiting values of particular nondimen- 
sional numbers (Sect. 11.2.5), e.g. incompressible flow is often associated with very 
small values of the Mach number. 

A fluid is categorised as a substance which cannot withstand any attempt to 
change its shape when at rest. Consequently, a fluid cannot sustain a shear force 
when at rest, as can a solid. However, a fluid can sustain and transmit a shear force 
when in motion. The proportionality between the shear force per unit area (or 
stress) and an appropriate velocity gradient defines the viscosity of the fluid 
(Sect. 11.1). Fluids include both liquids and gases. The two fluids that occur most 
often, naturally or in flow machinery, are water (often in the liquid phase) and air. 

Fluids, whether liquids or gases, consist of molecules which are individually in a 
state of random motion. The large-scale motion of a fluid adds a uniform or slowly 
varying velocity vector to the motion of each molecule. If a large enough sample of 
molecules is considered, (one cubic millimetre of air at normal temperature (15?C) 
and pressure (101 kPa) contains approximately 3 x 1019 molecules), the individual 
molecular motion is not detectable and only the large-scale (macroscopic) motion 
is perceived. By assuming that the various properties of the fluid in motion, 
pressure, velocity, etc, vary continuously with position and time (continuum 
hypothesis) it is possible to derive the equations that govern fluid motion without 
regard to the behaviour of the individual molecules. 

However, for flows at very low density, e.g. re-entry vehicles travelling through 
the outer parts of the atmosphere, the continuum hypothesis is not appropriate and 
the molecular nature of the flow must be taken into account. This also dictates the 
choice of appropriate computational techniques (Bird 1976). 


11.1 Physical Properties of Fluids 


The thermodynamic state of a small volume of fluid in equilibrium (i.e. uniform in 
space and time) is defined uniquely by specifying two independent thermodynamic 
Properties e.g. for air, pressure and temperature would be appropriate. Other 
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thermodynamic properties, such as density or internal energy, are then functions of 
the two primary thermodynamic properties. 

For air at normal temperature and pressure the various thermodynamic 
properties are related by the ideal gas equation 


р=оКТ, (11.1) 


where p is the pressure, measured in kPa, o is the density, measured in kg/m?, T is 
the (absolute) temperature, measured in K, and R is the gas constant. For air, 
R=0.287 kJ/kgK. It is not possible to write down a simple algebraic equation of 
state connecting the thermodynamic properties for water, but the relationship is 
contained implicitly in steam tables (eg. van Wylen and Sonntag 1976, 
pp. 645-669). 

The pressure is defined as the force per unit area and has the same dimensions 
as а stress. The pressure on a surface acts normal to the surface. Pressure is an 
important property since an integration of the pressure distribution over the 
surface of an immersed body will determine major forces (e.g. form drag, lift) and 
moments acting on the body. For fluids at rest the forces acting on a small volume 
of fluid due to the local pressure gradient are typically balanced by the force due to 
gravity, which gives rise to the following equation for the hydrostatic pressure: 


Ap — gh , (11.2) 


where h is the height over which the change in pressure is measured and g is the 
acceleration due to gravity. Equation (11.2) may also hold for fluids in motion, 
under certain circumstances. For many geophysical flows the pressure variation in 
the vertical direction is given approximately by (11.2). 

Variation in temperature of a fluid may be due to the processes of heat transfer 
if the fluid is in contact with a substance at a different temperature or if latent heat 
release occurs. The temperature variation may also be influenced by the com- 
pression of the fluid, which might be due to the motion in high speed flow or due to 
the weight of the fluid in atmospheric flows. 

The density is the mass per unit volume. For gases, changes in density are 
connected to changes in the pressure and temperature through the ideal gas 
equation (11.1). However, for liquids very substantial changes in pressure are 
necessary to alter the density, so that water (in the liquid phase) is often treated as 
an incompressible (constant density) fluid. The properties of air and water for 
different values of pressure, temperature and density are shown in Tables 11.1 and 
11.2, respectively. 

For fluids in motion, the concept of thermodynamic equilibrium must be given 
a local interpretation so that equations like (11.1) are still valid. But now the 
properties are functions of position and time, i.e. 


р=р(х, у,2,1), о-0(,у,2,) and Т-Т(х,у,2,1). 


In addition, it is necessary to describe the motion uniquely. Here we use the 
Eulerian description. That is, the values of the velocities and the thermodynamics 
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Table 11.1. Properties of air at atmospheric pressure 








Dynamic Thermal Thermal Specific 
Temperature, Density, VISCOS., conduc., diffus., Prandtl heat 
T о их 105 К хх 105 number, ratio, 
[K] [kg/m?] [kg/ms] [W/mK] [m/s] Pr ? 
100 3.6010 0.6924 0.00925 0.2501 0.770 1.39 
300 1.1774 1.983 0.02624 2.216 0.708 1.40 
500 0.7048 2,671 0.04038 5.564 0.680 1.39 
900 0.3925 3.899 0.06279 14.271 0.696 1.34 
1900 0.1858 6.290 0.11700 48.110 0.704 1.28 





Table 11.2. Properties of water for saturated conditions 





Dynamic Thermal Thermal 
Temperature, Pressure, Density, viscos., conduc., diffus., Prandtl 
T р о px 10° k ax 10° number 
[°C] [kPa] [kg/m?] [kg/ms] [W/mK] | [m?/s] Pr 
0.01 0.611 1002.28 179.2 0.552 0.01308 13.6 

40 7.384 994.59 65.44 0.628 0.01512 4.34 
100 101.35 960.63 28.24 0.680 0.01680 1.74 
200 1553.8 866.76 13.87 0.665 0.01706 0.937 
300 8581.0 714.26 9.64 0.540 0.01324 1.019 


properties are given at fixed locations (х, у, 2, t) in the space-time domain. Тһе 
alternative Lagrangian description follows individual fluid particles treating their 
position and thermodynamic properties as dependent variables. The connection 
between the Eulerian and the Laerangian representation is discussed by von 
Schwind (1980, p. 22). 

For fluids in motion, the ability to transmit a shear force introduces the 
property of dynamic viscosity. Consider the motion of a plane surface with velocity 
U parallel to a second stationary plane surface (Fig. 11.1). 

Fluid adjacent to the upper surface moves with the velocity U and exerts a 
resisting force on the plate of tA, where A is the surface area of the upper plate and 
т is the shear stress. For a given element in the fluid two shear forces (т-/:1) are felt, 
to the right at the top and to the left at the bottom. The fluid adjacent to the bottom 


U 








=€. 


--0-” 





Plane flow Fig. 11.1. Plane flow parallel to a stationary surface 
E р 
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surface exerts a drag force тА on the lower fixed plate. It is found empirically that 
the shear stress is directly proportional to the velocity gradient, ди/ду, Le. 


т-не; ; (11.3) 


where the constant of proportionality, и, is the (dynamic) viscosity. Viscosity Is 
measured in kg/ms. For this example, the shear stress, т, is constant; it follows that 
the velocity distribution is given by 


u 


=! 


The relationship (11.3) defines Newtonian fluids. Flows involving air or water 
satisfy (11.3). Non-Newtonian fluids, which do not satisfy (11.3), are described by 
Tanner (1985). 

The viscosity of gases like air is, to a close approximation, a function of 
temperature alone (for normal temperatures and pressures). For air the viscosity 
increases approximately like 7976 where Т is the absolute temperature. Typical 
values are given in Table 11.1. The viscosity of liquids like water is a weak function 
of pressure but a strong function of temperature. In contrast to the behaviour for 
gases, the viscosity of liquids typically decreases rapidly with increasing tem- 
perature. Representative values for water are given in Table 11.2. 

For flow problems involving temperature changes, Fourier’s law indicates that 
the local rate of heat transfer is a linear function of the local temperature gradient, 
Le. 

= k (1.8 


Ox; ' 


where Q, is the rate of the heat transfer per unit area in the x; direction and k is the 
thermal conductivity. The similarity in structure between (11.5) and (11.3) is 
noteworthy. If the temperature of the two plates in Fig. 11.1 were different, (11.5) 
indicates that there would be a heat transfer through the fluid, given by 


) = LET 11.6 
Q, = ay (11.6) 


The thermal conductivity is measured in W/mK. Like viscosity, the thermal 
conductivity increases with temperature for gases. However, for liquids such as 
water the thermal conductivity rises slightly with temperature in the range 
0°--100°C at a pressure of one atmosphere. Typical values for the thermal conduc- 
tivities of air and water are shown in Tables 11.1 and 11.2. 

Because of the way that viscosity and thermal conductivity appear in the 
momentum (11.31) and energy (11.38) equations 1t is convenient to define the 
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kinematic viscosity v and the thermal diffusivity x by 


=Ë апа а=——, 
© QC, 

where c, is the specific heat at constant pressure. Both v and х are diffusivities, 
controlling the diffusion of momentum (or vorticity) and heat, respectively. Both v 
and х are measured in m/s. For gases like air both v and « increase with 
temperature (Table 11.1). For liquids like water the kinematic viscosity v falls 
rapidly with increasing temperature but the thermal diffusivity x increases slightly 
(Table 11.2). 

For a discussion of the fluid properties, particularly in relation to the under- 
lying molecular behaviour, the reader is referred to Lighthill (1963) or Batchelor 
(1967, pp. 1—60). Eckert and Drake (1972) provide a tabulation of the properties of 
common fluids. 


11.2 Equations of Motion 


The general technique for obtaining the equations governing fluid motion is to 
consider a small control volume through which the fluid moves, and to require that 
mass and energy are conserved, and that the rate of change of the three components 
of linear momentum are equal to the corresponding components of the applied 
force. This produces five equations which, when combined with an equation of 
state, provide sufficient information for the determination of six variables: p, о, Т, u, 
v, w typically. For flows associated with combustion and some geophysical flows, 
more than one species will be present. Each new species requires an additional 
(species conservation) equation. For some flow problems not all six variables will 
be involved and less than six equations will be required. 


11.2.1 Continuity Equation 


For an arbitrary control volume V fixed in space and time (Fig. 11.2), conservation 
of mass requires that the rate of change of mass within the control volume is equal 
to the mass flux crossing the surface S of V, i.e. 


d 
1104У- -f ov-nds ; (11.7) 
V S 


Volume, V 





Fig. 11.2. Conservation of mass 
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where n is the unit (outward) normal vector. Using the Gauss (divergence) theorem 
(Gustafson 1980, p. 35), the surface integral may be replaced by a volume integral. 
Then (11.7) becomes 


д 
Í E + von [шо (11.8) 
v | ôt 
where У (оу) = div ov. Since (11.8) is valid for any size of V, it implies that 
д 
C +75009) =0 (11.9) 


which is the mass-conservation or continuity equation. In Cartesian coordinates 
(11.9) becomes 


2 (ow)=0 . (11.10) 


It is convenient to collect all the density terms together and to write (11.10) as 


1/02 д д д ди Ov д 
Ee 0000) ( “424 "|0, (11.11) 


oó ôx ду д; ôx ду az 

Or 
(72 emo | (11.12) 
o N Dt 


where D/Dt is called the time derivative following the motion or the material 
derivative and 2 is called the dilatation. For flows of constant density (e.g. 
incompressible flow) (11.12) reduces to 


Ou др ди 


=V-v= 0 11.13 
2=V-v дх dy! 22 , ( ) 





for both steady and unsteady flow. 


11.2.2 Momentum Equations: Inviscid Flow 


Newton’s second law of motion states that the time rate of change of linear 
momentum is equal to the sum of the forces acting. For a small element of fluid 
treated as a closed system (ie. no flow across its boundaries) Newton's second 
law is 


d 


where subscript cs denotes a closed system. 


11.2 Equations of Motion 
For a control volume V fixed in space and time with flow allowed to occur 


across the boundaries (Fig. 11.3), the following connection with the closed system is 
available (Streeter and Wylie 1979, p. 93): 


Volume, V 


Fig. 11.3. Control volume ge- 
ometry for Euler`s equations 





In (11.15) оу is the momentum and v-n is the velocity normal to the surface of the 
control volume. By the Gauss theorem, (11.15) becomes 


^ fovdv..- IC (Qv) + V: амда. (11.16a) 
By expanding (11.16a) and making use of (11.9), one obtains 

d Dy 

4 Vo=] o5, dV (11.16b) 


where Dv/Dt —0v/Ot -- v Vv. Dv/Dt is the total time rate of change of v or the 
acceleration. 
Thus, (11.14) becomes 


Dv 
o— dV=>F , (11.17) 
[ор 


ie. “mass x acceleration = force". 

Contributions to the summation >F come from forces acting at the surface of 
the control volume (surface forces) and throughout the volume (volume or body 
forces). The most common volume force is the force due to gravity and this is the 
Only volume force considered here. The nature of the surface forces depends on 
whether the fluid viscosity is taken into account or not. Initially, an inviscid fluid 
will be assumed, in which case the only surface force is due to the pressure, which 
acts normal to the surface. Thus, the right-hand side of (11.17) can be written 


УЕ =| ofdV—{pnds , (11.18) 
V 5 
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where f is the volume force per unit mass. Applying the Gauss theorem converts the 
right-hand side of (11.18) to a volume integral 


XF-[(of- Vp)dV (11.19) 
V 
and substitution into (11.17) gives 


D 
ШАЛЫ | (11.20) 
ұқ Dt 


Ог, for ап arbitrarily small volume V, 


Dv 


p, 2f- Vp | (11.21а) 


Q 


An alternative conservation form, using (11.16) is 


© (ev) +V- (ov) = оГ Ур . (11.21b) 
Equations (11.21) are Euler’s equations which are applicable, strictly, to inviscid 
flow. However, for many flow situations the influence of the viscosity is very small 
so that (11.21) are then a very accurate approximation. 

With gravity as the body force in the negative z direction, Euler’s equations 
(11.21) become in Cartesian coordinates 








u ди ди др 
(zen; +0 шы (11.22) 
Ov Ov Ov Ov Op 
— 4 y-—-t+y—4+we |= — 11.23 
(2 eme) ду (1123) 
êw | Ow ди Ow Op 
= . 11.2 
of e +”) 002; (11.24) 


Equations (11.21-24) are applicable to both compressible and incompressible flow. 


11.2.3 Momentum Equations: Viscous Flow 


Га balance of forces is considered for a viscous fluid, (11.17) is still valid. In (11.18) 
the surface stress associated with the pressure above must be replaced by a general 
stress tensor ø that can produce a net stress in any direction. The average of the 
normal stresses is set equal to the negative of the pressure. The remaining 
contributions to the stress tensor are associated with the viscous nature of the fluid. 


underlined bold type denotes matrix or tensor 


11.2 Equations of Motion 9 


These contributions, considered collectively, constitute the viscous (or deviatoric) 
stress tensor т so that 6---р/--т. 
Consequently, for a viscous fluid (11.21) is replaced by 


Dv 


pr ef УРУ т (11.25) 


e 


Or, in Cartesian coordinates, 


mmtm: Du | f Op Ota. дт Ot. 
T (Opp C Ox Ax ôy д2 














Dv д 
mmtm: o— = of, — ху | Uy | ©ТУ 11.26 
ушп: epeh ay ay уш? (11.26) 





Equations (11.26) replace the Euler equations (11.22-24). However, it is necessary 
to relate the various viscous stresses to the rates of strain, Le. the velocity gradients. 
These relationships are 


2 ди 
xx —3H9 + 202 5 
2 др 
„= ун + 2и, ñ 
2 Q 
r= —уИ@+2и5— (11.27) 


ди до 
Tay Ту =H ду ax > 
ст = би | Ow 
xz Tzx =H az Óx 


бо ôw 
Ty = Try =H д: dy , 


where the dilatation 2 is given by (11.13). Substitution of (11.27) into (11.26) gives 
the Navier-Stokes equations 


Du _ др 2 Cu) д ди 
ор ax 3 x ax ох 


e (ey 21 из 
ду| ду ôx azl "Vóz ax , (H. 
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Dv Ор 2 êp?) 0 ди до 
Pong io 2 08), г REDI 











ду 3 ду Ox ду Ox 
420 др n Ov | Ow 1129 
Qy Нау óz | "oz Qy | (11.29) 
Dw | op 2 001%) д би ду 
Qp 0575,73 > | ae ох 
а aE) fg 2 2 (09 11.30) 
ду ave ду 02082)" (1. 
Or, in vector notation, 
D 2 
Q7, = of Vp—SV(uV-¥)  2V (ui def v) (11.31) 


1/ бо; Ov, 
һ = 5 |, 
where def v (а-ы) 


1 








Equations (11.28—-31) are applicable to viscous compressible flow. A more detailed 
derivation is given by Batchelor (1967). Panton (1984, Chaps. 5 and 6) provides an 
extended discussion of the various terms in the Navier-Stokes equations. 


11.2.4 Energy Equation 


The first law of thermodynamics states that the time rate of change of internal 
energy plus kinetic energy is equal to the rate of heat transfer less the rate of work 
done by the system. For a control volume V this can be written as 


Jes (^us) dV — [ of: vdV+|n-(vo—Q)ds , (11.32) 
V d V s 
wherc Q is the surface rate of heat transfer and e is the specific internal energy. 
Internal sources of heat transfer, e.g. associated with chemical reactions, are not 
included. The first and second terms on the right-hand side of (11.32) give the work 
done by the volume and surface forces respectively. 

Applying the Gauss theorem and shrinking the volume to zero size gives 


D 1 | 
es (etz )- et V vm v Qo (11.33) 


However, (11.33) “contains” the mechanical energy equation 


Df 1 . 
ep a ef v7 diat . (11.34) 
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When this is removed the thermal energy equation is left: 


ont PV-v=0-V-Q or (11.35) 
h D | 
on Pap- À, (11.36) 


where the specific enthalpy h=e+ p/g, and ®(=t- Vv) is the dissipation function, 
which arises from irreversible viscous work. The heat transfer rate Q can be related 
to the local temperature gradient by (11.5), 


О=—КУТ. (11.37) 


In Cartesian coordinates (11.36) then becomes 


Dh Dp a/.eT\ êf êT\ @(.éeT 
шыта [KS] ала ұй үр . 
P Di Dr а тық ~)+z( =) Í (1138) 


with Ф given by 


Qu N fév\* féw\? ди ev V 
o-2u| [A ) +{©°\|\ ZN os #42 
90-6) (ж) 3) 
до Ow WV ðw ĉu? 
ТЕТЕ 
2 (0 до Ow WV 
(zh) | (11.39) 


It may be noted that the energy equation will be used primarily for flows of air, 
which can be treated as an ideal gas (11.1). Consequently, the internal energy and 
enthalpy can be related to the temperature by 


e-c(T- Ta) and а=, (Т Т). (11.40) 


where с, and с, are the specific heats at constant volume and pressure, respectively. 

In Chaps. 14 to 18, discretisation will be applied to the various equations 
governing fluid flow, for example (11.21). However, since the discretisation is 
carried out on a grid of finite size it is also feasible to carry out the discretisation on 
the original conservation equation, for example (11.20). An example of this is 
provided in Sect. 5.2. 

The derivation of the equations that govern fluid flow are discussed with special 
attention given to the equivalent molecular behaviour by Batchelor (1967, Chaps. 2 
and 3). The equations governing fluid flow are stated, without derivation, in 
various coordinate systems by Hughes and Gaylord (1964, Chap. 1). 
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11.2.5 Dynamic Similarity 


To obtain the flow behaviour around bodies of similar shape with minimum 
computational (or experimental) eflort it is desirable to group all the parameters, 
such as the body length and freestream velocity, into nondimensional numbers. 
Two flows are dynamically similar if the nondimensional numbers that govern the 
flows have the same value, even though the parameters contained in the nondi- 
mensional numbers have different values. The best way to identify the appropriate 
nondimensional groups is to nondimensionalise the governing equations and 
boundary conditions. 

For example, in considering the wave motion generated by a ship of length L 
travelling at a speed U, it would be appropriate to start with the z-momentum 
equation for viscous incompressible flow 


ow | ôw ow дь, 1\ðp f/u дъь 04» gw 1141 
п a "бу "д; ales \о/\дх# ay gg] 9 (1140) 


Nondimensional variables are introduced as 








x*—x/L, у%-у/,, z*=z/L and 1*= 0,10, 
ut=u/U, , v*—vU,, w*=w/U, and р%-(р-р,)//о02. 


Then (11.41) becomes 




















ow* Ow* ow* Ow* др* 
* SE. ‚ж 
à Т“ aT yet OT óz* 
C2w* Qw* d?w* gL 
In (11.42) there are two nondimensional groups, 
U. L 0, 
Ке- " and Fr GL) ; (11.43) 


Re is the Reynolds number and Fr is the Froude number. Two incompressible 
viscous flows involving free surfaces are dynamically similar if they have the same 
values of Re and Fr even though the values of U „ or L or v are different for the two 
flows. 

Other nondimensional numbers, such as the Mach number, Prandtl number 
and specific heat ratio, can be obtained by nondimensionalising the energy 
equation. When applied to air, which is an ideal gas, the energy equation (11.38) 
can be written as 


DT Dp г { ôT\ әү оту @ f, 0T 
Hi PP oP] C (kc k). 11.44 
Өр Di Cs) =) l ) 
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The following nondimensional variables are introduced: 


Г* == Г/Т, , p*=p/o,,Uz , 
о%-о/0,. QO*-OL'/n,U2 , КЖК, 


and the other nondimensional variables are as before. Substitution into (11.44) and 
rearrangement gives 


DT* Dp* Ф* д oT* 
* —(u 2 — k* 
о* pes DMs (55 T ШЕ т) 


д 27% Ó 0Т* 
* * Pr Ке). 11.45 
Аты (iE) Ие us 


Equation (11.45) indicates that viscous compressible flow of ап ideal gas is 
governed by at least four nondimensional numbers: 

















Reynolds number, Re = U,, L/v 

Prandtl number, Pr= H, Cp/Ka 

Mach number, M,,=U,,/a, —U,/(yRT, )!? (11.46) 
Specific heat ratio, у —c,/c, . 


If viscosity and thermal conductivity are considered to be functions of temperature 
then a fifth nondimensional number appears. However, the four nondimensional 
numbers given in (11.46), and the Froude number given in (11.43) will be sufficient 
to ensure the dynamic similarity of a large class of fluid flows. Of the five 
nondimensional numbers included in (11.43 and 46), three, namely Re, M and Fr, 
include the motion of the flow. The other two, Pr and у, are essentially properties of 
the fluid in question (see Tables 11.1 and 11.2). 

The Reynolds number indicates the relative magnitude of thc inertia forces and 
viscous forces, and depending on the particular flow problem, can take values from 
close to zero (where inertia forces are negligible) to 1019 and beyond for which 
viscous forces are negligible except adjacent to solid surfaces. Some typical values 
are provided in Table 11.3. 

The Mach number measures the speed of the fluid motion in relation to the 
speed of sound (M — u/a). The Mach number provides a measure of the compress- 
ibility or change in density due to the motion. A Mach number less than 0.14 causes 
less than a 1% change in density due to motion. Mach numbers up to three are 
common for fighter aircraft and considerably greater for reentry vehicles. Because 
water is almost incompressible (at temperatures and pressures where motion is 
likely to be of interest) flow problems characterised by non-small Mach numbers 
will generally involve gases such as air. 

For flows involving free surfaces the Froude number is important. Such flows 
might involve tidal flows in harbours or estuaries or the motion of ships. The 
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Table 11.3. Typical Reynolds number 





Description Re 
Spermatozoon (L = 0.07 mm) swimming at max. speed 6x10 3 
Water droplet (D =0.07 mm) falling through air 6.4 x 107! 
Wind blowing (10 m/s) over telegraph wires 1 x 10? 
А cricket or baseball propelled at 35 m/s 2x 105 
A shark (L=1.5 m) swimming at maximum speed 8 x 10° 
Large jet transport aircraft (747) at cruise altitude 7 x 107 
Ocean liner (О.Е. IL, L=324 m) at U = 15 m/s 4.5 x 10? 
Planetary boundary layer (L= 1000 km, U = 20 m/s) 18 x 1012 


Froude number provides a measure of the relative importance of inertia and 
gravity forces. For very small Froude numbers, gravity is able to keep the water 
surface flat and the resistance to motion associated with the generation of surface 
waves 15 negligible. 

Prandtl number measures the ratio of the diffusivity of momentum and the 
diffusivity of heat. Рг= uc,/k = v/a. For air at normal temperature and pressure, 
Pr—0.72 and falls slightly with increasing temperature (Table 11.1). For water 
Pr=8.1 at 15°С and falls rapidly to 1.74 at 100°C (Table 11.2). The specific heat 
ratio for air is about y = 1.4 and for water у= 1.0. 

As well as leading to more efficient computation, the exploitation of dynamic 
similarity has a long history of permitting the accurate extrapolation of the 
performance of engineering equipment to other working conditions. А fuller 
discussion of dynamic similarity is provided by Lighthill (1963) and by Panton 
(1984, pp. 215-226). 


11.2.6 Useful Simplifications 


Equations (11.10, 31, 38) with an appropriate equation of state and boundary 
conditions govern the unsteady three-dimensional motion of a viscous, com- 
pressible fluid. However, such an equation system is very complicated and conse- 
quently time-consuming to solve even on a state-of-the-art supercomputer. 

The historical development of fluid dynamics has introduced many flow 
categories governed by equation systems considerably simpler but less accurate 
than that indicated above. The rest of this chapter and Chaps.14-18 will be 
structured to suit these simpler flow categories. Broadly, the various categories 
arise through neglect or limiting values of the flow properties. In turn this often 
implies that the nondimensional numbers (Sect. 11.2.5) are either limited to certain 
values or do not appear in the simplified equations. 

For engineering flows, Table 11.4 provides an appropriate classification. The 
classification depends on two properties, density and viscosity. Incompressible 
flows will normally be associated with flow speeds small compared with the speed 
of sound (M < 1). Conversely, compressible flows will imply M > 0.1 or temperature 
differences sufficient to require the solution of the full continuity equation (11.10) 
instead of (11.13) and the inclusion of the energy equation, e.g. (11.38). 
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Table 11.4. Flow classification 











Density: Incompressible Compressible 
Viscosity (density constant) (density varies) 
Inviscid flow Potential flow Gas dynamics 
(“u=0") (if vorticity is zero) (with “k= 0”) 
Boundary layer Laminar flow Heat transfer 
flow (low Re) (also important) 
(viscosity important Turbulent flow 
close to surface) (high Re) 
Separated flow Laminar flow Heat transfer 
(viscosity important (very low Re) (also important) 
everywhere) Turbulent flow 


(mod. to high Re) 


А consideration of the influence of viscosity suggests three major categories. 
For the flow around streamlined bodies the gross fluid motion, and particularly the 
pressure distribution, is accurately predicted by assuming the viscosity of the flow 
is zero. For compressible, inviscid flows it is worth making a further subdivision 
(not shown in Table 11.4) based on whether M21. For M>1 the governing 
equations are hyperbolic (Chap. 2) in character and shock waves may appear іп the 
flowfield. 

For the flow around streamlined bodies significant viscous effects are confined 
to thin boundary layers immediately adjacent to the body surface. The frictianal 
force (skin friction drag) on the body is determined by the viscous behaviour in the 
boundary layer. For a nonzero thermal conductivity, heat transfer will also be 
determined by the (thermal) boundary layer behaviour. For high Reynolds number 
boundary-layer flows, viscosity is unable to suppress disturbances that may occur 
naturally and the flow is turbulent. Consequently, if only the time-average behav- 
iour is of interest it is necessary to include additional empirical parameters or 
relationships to account for the influence of turbulence on the mean motion 
(Sects. 11.4.2 and 11.5.2). 

For flows around bluff bodies, i.e. a typical automobile, there are regions of 
sheared flow, on the downstream side of the body, where viscous effects are 
significant. Unless the Reynolds number is very small the flow in the separated 
region downstream of the body is turbulent and often unsteady. Typically, for 
separated flow, the full Navier-Stokes equations, either incompressible or com- 
pressible, must be solved. 

Figure 11.4 shows an inclined aerofoil or turbine blade. Far from the aerofoil 
the flow behaves as though it were inviscid. Adjacent to the surface on the 
windward side a thin boundary layer forms and the boundary layer equations 
accurately describe the local flow behaviour. The flow separates from the leeward 
surface of the aerofoil and a large separated flow region exists in which the full 
Navier-Stokes equations must be solved. For as large a separated region as that 
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inviscid flow 


т. 
— -. 
т-- .-. 
— — — — . 
“ел - „т 
— — — 





— ~ —— — 
— ` separated 
SS wan How 
--------- 
~ жт-- 

— boundary layer flow “ 

\ 
— ““ _ у 

Uc ~ ae — -- — 
inviscid flow AMD 


Fig. 11.4. Flow around an aerofoil or turbine blade 


shown in Fig. 11.4, the local flow would be expected to be unsteady. This example 
suggests the possibility of solving the different flow regions with appropriate 
equations and coupling the solutions at the interface. This is the strategy used to 
Obtain the three-dimensional transonic flow about a wing described in Sect. 1.2.2. 

The classification shown in Table 11.4 is also useful for analysing internal flows 
in ducts, turbine casings, diffusers, etc. In Sects. 11.3-11.6 the various flow cat- 
egories indicated in Table 11.4 will be considered in more detail. 


11.3 Incompressible, Inviscid Flow 


For this class of flow the density is constant and the viscosity is “zero” (Table 11.4), 
i.e. viscous effects are neglected. The fluid motion is completely described by the 
continuity equation, in the form of (11.13) and the Euler equations (11.21). 

To permit unique solutions for unsteady flow to be obtained it is necessary to 
specify initial conditions, и-ио(х,у,2), b= uo (x,y,Z), М-мо(х,у,2) and 
p= po(x. y, z). For the flow past an isolated body (Fig. 11.5), a boundary condition 
of zero normal velocity at the body surface is necessary. At the boundary far from a 
two-dimensional body, two boundary conditions are required on an inflow 
boundary, e.g. AD, and one on an outflow boundary, e.g. BC. Typical boundary 
conditions are shown in Fig. 11.5. This configuration corresponds to an "inviscid" 
two-dimensional duct. 

For any class of flow a line whose tangent is instantaneously parallel to the 
velocity vector v is called a streamline. The local slope of the streamline is defined 
by 

dx dy dz (11.47) 


и v w 
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Fig. 11.5. Boundary conditions for in- 
compressible inviscid flow 





For steady flow, equations (11.21) can be integrated along a streamline to give the 
result that 


vi=Vv(054?+2+y)=0 (11.48) 


where V is a force potential which assumes that the body forces are conservative, 
ie f= —Vy. When gravity is the body force, acting in the negative z direction, 
(11.48) becomes 


H=05q?+ ^ gr const ; (11.49) 


on each streamline. Equation (11.49) is the Bernoulli equation and H is 
the Bernoulli variable. In (11.49), 0.542 is the kinetic energy, іе. g*=v-v. 
Equation (11.49) is very important because it gives a direct algebraic relationship 
between the pressure and the velocity. 

For flows that are irrotational (5-—curl v=0), e.g. if the flow far from an 
immersed body is uniform, H has the same value on all streamlines and conse- 
quently (11.49) can be used to compare any two points in the flow domain 
irrespective of whether they lie on the same streamline or not. For flows that are 
irrotational (curl v = 0) it is useful to define a velocity potential such that у= УФ or 


oo дФ сФ 
= = d = . 11.50 
иез, Ü óy and wo (11.50) 


The continuity equation (11.13) then becomes 
у?ф=0, (11.51) 


Le. Laplace’s equation. Consequently, this class of flow (inviscid, incompressible 
and irrotational) is called potential flow. Laplace’s equation for the velocity 
potential, along with the specification of zero normal velocity at the surface of an 
immersed body and specification of the velocity far from the body, completely 
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determines the velocity distribution. The pressure can be obtained, subsequently, 
from the Euler equations (11.21) or more directly from the unsteady Bernoulli 
equation for irrotational flow 


дФ дФ 
à tH aa, +054 gro const (11.52) 


Laplace's equation (11.51) is linear and possesses simple exact solutions which 
can be superposed to create new solutions for Ф. Through (11.50) superposition of 
velocity solutions is also permitted. Figure 11.6 shows a two-dimensional source of 
strength m at location r,. The potential, satisfying (11.51), associated with the two- 
dimensional source is 


Q-m/2zlogír—r,). (11.53) 


streamline 






N constant 
$ line Fig. 11.6. Source flow 


The radial and circumferential velocity components are 


(Ft) tero , $0. (11.54) 
л 


Ву combining sources апа sinks (negative sources) together it is possible to 
obtain the flow about closed bodies. Thus, a source and sink in a uniform flow 
(Fig. 11.7) produce the flow about a Rankine oval. The velocity at any point P(x, y) 
in the flow can be obtained by combining the formulae for individual sources 
(11.54) and the freestream to give 


m х+а x—a 
u=U, (x) (ais at) (11.55) 
m 1 1 
(o з) | (11.56) 


In principle, a distribution of sources and sinks along the x-axis with appropriate 
choices for the strengths will accurately represent the flow behaviour around 


11.3 Incompressible, Inviscid Flow 19 


y Fig. 11.7. Potential flow 
about a Rankine oval 


source, т sink, -m 





М(х,у) 


streamlined shapes. However, the closely related panel method (Sect. 14.1.1) is 
usually preferred because it is computationally more efficient. 

Other exact solutions of Laplace’s equation exist and are useful for modelling 
special geometries and flows, e.g, lifting aerofoils. The limit in which the source and 
sink in Fig. 11.7 approach each other and coalesce, such that p=2am=const, 
defines a doublet of strength u. А doublet in a freestream provides the solution for 
the inviscid flow around a two-dimensional circular cylinder (Fig. 11.8) 


————————7* Fig 11.8, Potential flow about a circular cylinder 


[7 x 
Ф-0 iba. 11.5 
vU (xa) (11.37) 


where u is the doublet strength and и=2л„с?. The velocity components are 
given by (11.50) as 


wU =1—сї XS and (11.58) 
(x^ +y") 
--2с?ху 
U, =—— . 11.59 
vf © (x2 + у2)? ( ) 


Clearly, the velocity components are given as explicit functions of position, and the 
pressure is also available through (11.49). 

In general, potential flow solutions will only give accurate pressure (and 
velocity) distributions for the flow about streamlined bodies, e.g. aircraft wings and 
turbine blades at small angles of attack. However, when potential flow is an 
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appropriate approximation, solutions using the panel method (Sect. 14.1) сап be 


obtained very efficiently. Potential flow is described at considerable length by 
Milne Thomson (1968). 


11.4 Incompressible Boundary Layer Flow 


The viscosities of air and water are both very small (Tables 11.1 and 11.2) so that а 
typical viscous stress (11.27) 


Е ди др 
te 7H Sy x 


will only be large if the velocity gradients are large. For a flow past a streamlined 
body aligned parallel to the flow direction the viscosity reduces the velocity to zero 
at the surface, and consequently (Fig. 11.9) the normal velocity gradient is large 
close to the surface. As a result, viscous forces are only significant in the thin 
boundary layer that forms close to the surface. 


Fig. 11.9. Velocity profile in a 
boundary layer 





For incompressible viscous flow the viscosity is constant and can be brought 
outside the second derivative terms in (11.28-30). The governing equations for 
incompressible viscous flow are the continuity equation and the Navier-Stokes 
equations (11.81). 


11.4.1 Laminar Boundary Layer Flow 


Consideration of the order of magnitude of the various terms in (11.81) indicates 
that if ó < L, the length of the body, then the governing equations for steady two- 
dimensional laminar incompressible boundary layer flow over a flat surface are 


ди ôv 


— L ——=0. 11.60 
ax ду ) 


u +o = +v— (11.61) 
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др. (11.62) 


where p, is the pressure at the outer edge of the boundary layer. 

Equation (11.62) indicates that the pressure remains constant across the bound- 
ary layer and becomes a boundary condition either given experimentally or by 
the inviscid solution (as though p»=0, everywhere). Through the Bernoulli 
equation (11.49), assuming no changes in altitude, 


dp. _ du. 
“а. C" ay? 





(11.63) 





where и, is the longitudinal velocity component at the outer edge of the boundary 
layer. Although the steady form of (11.81) is mixed elliptic/hyperbolic, the equation 
system (11.60-62) is mixed parabolic/hyperbolic (Sect. 2.3) in character with the x 
coordinate playing a time-like role, The change in character follows from dropping 
the term д2и/дх? іп (11.81). Consequently, the equation system (11.60-62) requires 
initial conditions 


и(хо, y)=uo(y) , (11.64) 


and boundary conditions 
u(x,0)=0 , v(x, 0)=0 and u(x, d)=u,(x) . (11.65) 


Тһе parabolic/hyperbolic character of the boundary layer equation system is 
important because it allows computational solutions to be obtained in a single 
march in the time-like direction (Chap. 15). 

The solution of the boundary layer equations produces the two velocity 
distributtons u(x, y) and v(x, y) from which other important parameters can be 
obtained. 

The nondimensional shear stress at the surface is called the skin friction 
coefficient c, and is given by 


on W 1 ди 
f Oj5ou2 0.50ои2 ду y-0 





(11.66) 


The frictional drag (in nondimensional form) is obtained by an integration Over the 
skin friction coefficient distribution. 

Another important parameter is the displacement thickness, which determines 
the amount by which the body contour should be displaced to compensate for the 
loss of mass flow in the boundary layer when the combined inviscid and boundary 
layer problem is interpreted as an equivalent, purely inviscid problem (Fig. 11.9). 
Using the displacement thickness to generate a modified body contour produces a 
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more accurate prediction of the pressure distribution (Sect. 14.1.4). Тһе displace- 
ment thickness ó* is defined by 


? u 
ӛз-((1--(йу. (11.67) 
0 Ue 


For the equations governing boundary layer flow, it is often possible to transform 
the equations into a simpler set (Chap. 15). For certain choices of the external 
velocity distribution u.(x) the number of independent variables can be reduced by 
one. This will be illustrated for the boundary layer flow over a flat plate. In this case 
u.(x)=U,,,. A new independent variable is introduced as 


U 1/2 
nav (58) , (11.68) 
Vx 


and u and v are replaced by a single dependent variable f where 


оу __дф V 
Way v=- and =U уху (11.69) 


Using (11.68, 69), the governing equations (11.60 and 61) become 
ef of 


405f-—20 11.70 
with boundary conditions 

arf 

àp |^? at 9-0 5 

д 

Чо at у= о . (11.71) 

on 


Equations (11.70, 71) can be solved, numerically, very accurately. Cebeci and 
Bradshaw (1977, р. 65) provide a program. From the numerical solution the 
following expressions can be obtained for the downstream behaviour of the 
displacement thickness and skin friction coefficient: 


ж 
--1,72 Ке, 9% and c,=0.664 Re- ° , 
х 


where Re, = U , x/v. 
More information on laminar boundary layers and traditional methods of 
analysis may be obtained from Rosenhead (1963) and Schlichting (1968). 


11.4.2 Turbulent Boundary Layer Flow 


For Re, z 2 x 10°, turbulent fluctuations develop in the boundary layer which the 
viscosity is unable to suppress. Eventually (further downstream), the mean velocity 
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Кір. 11.10a,b. Boundary layer velocity profiles: (a) laminar, (b) turbulent 


profile takes on a much fuller character (Fig. 11.10), due to the more effective 
mixing associated with turbulence. 

Turbulent boundary layers are generally thicker than laminar boundary layers. 
For a turbulent boundary layer on a flat plate 


ó * 
—=0.046Re,°? and c,=0059Re- 02 . (11.72) 
x 


Although the instantaneous flow behaviour is unsteady, the gross behaviour of 
a turbulent boundary layer can usually be obtained from the mean flow. The 
equations governing the mean flow can be obtained by splitting the instantaneous 
velocities into the sum of a mean and a fluctuating part, ie. 


i+T 
u=utu where й=— | udt* . 
T t 


Here и is the mean value and и’ is the turbulent fluctuation. Clearly, a’ —0. It is 
assumed that the period of the fluctuations is much shorter than T. However, u, v, 
etc., can still be functions of time. The governing equations (11.81) are averaged 
over the period T and the boundary layer assumption, ó < L, is made. Neglecting 
terms of O(ó/L) gives the following equations governing steady two-dimensional 
turbulent boundary layer flow over a flat surface: 
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This equation system is mixed parabolic/hyperbolic and consequently requires the 
same initial and boundary conditions (11.64, 65) as for laminar boundary layers. 
The equation system (11.73-75) is a less accurate approximation to the Navier- 
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Stokes equations than that for laminar flow (11,60-62). This is because terms of 
O(ô/LY are neglected in forming the laminar boundary layer equations. 
Compared with the laminar boundary layer equations (11.60—62) an additional 
term, a Reynolds stress, — ошо, appears. This (егіп сап be eliminated іп favour of 
mean-flow varlables by introducing an eddy viscosity v+ in the construction 


д 
ovr =-= —ou'v’. (11.76) 
y 





To obtain solutions of (11.73 and 74) it is necessary to relate the eddy viscosity to 
the mean flow quantities. One way to do this is to introduce a mixing length Í so 
that 


ди 


11.7 
T (11.77) 


v r=! 








Different expressions for the mixing length аге used in the different parts of the 
boundary layer. For the inner region, approximately 0 <й/й, $0.7, 


І-куі-е?”/41, к=041, (11.78) 
у =u,y/v ` и, = (0.5c; 9? u , 


and y is measured perpendicular to the wall. In (11.78) the value of A depends on 
the pressure gradient; for a turbulent boundary layer on a flat plate 
(dp, /dx = 0), A = 26. 

In the outer region, approximately 0.7 < i/ü, < 1.0, the mixing length is pro- 
portional to the boundary layer thickness ô. Typically 1/6 z:0.08. Alternatively, the 
Clauser formulation replaces (11.77) in the outer region with 


v, 0.0168 7.5% . (11.79) 


The prescription of the eddy viscosity, via algebraic formulae (11.77-79), adds 
another level of approximation to (11.73-75). However, for boundary layer flow the 
algebraic eddy viscosity formulae lead to accurate predictions of mean flow 
quantities, e.g. u(x, y). 

Discussion of the above algebraic eddy viscosity formulation (11.76—79) and 
more information on boundary layer flows may be obtained from Cebeci and 
Bradshaw (1977) and the references cited therein. 


11.4.3 Boundary Layer Separation 


For the flow past a body, an important consideration is whether the boundary 
layer separates from the solid surface. Separation will, typically, lead to a large 
region of slowly fluctuating and/or reversed flow downstream, which will generally 
invalidate the assumption of a thin boundary layer, on which the derivation of 
(11.60—62) and (11.73-75) is based. Boundary layer separation is illustrated in 
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Fig. 11.11. Boundary layer separation from a circular cylinder 


Fig. 11.11 for the flow over a two-dimensional circular cylinder. The tangential 
velocity distribution at the outer edge of the boundary layer is given approximately 
by the inviscid solution 


u,=2U,, sin (*) | (11.80) 


at least up to separation. Beyond the shoulder В {һе velocity u. decreases with x 
and consequently the pressure [from the Bernoulli equation (11.49)] increases with 
x. This adverse pressure gradient retards the fluid in the boundary layer. It is the 
fluid closest to the wall that is least able (due to the small value of momentum) to 
withstand the adverse pressure gradient. Consequently, the velocity profile changes 
until, at separation, 


“ Lo 


ду lh-o 


and beyond separation ĉu/ĉy| =o becomes negative. In turn this implies reversed 
flow adjacent to the wall. Since the shear stress at the wall is given by 


Separation corresponds to a zero shear stress or zero skin friction at the wall. 

For the inviscid velocity distribution given by (11.80), solution of the laminar 
boundary layer equations predicts a separation at about 6 = 106^. However, for a 
viscous (laminar) flow around a circular cylinder, the large separated flow region 
immediately behind the cylinder modifies the pressure distribution and boundary 
layer separation occurs at about 0 = 82^. 
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A consideration of the velocity profiles shown in Fig.11.10 leads to the 
expectation that a turbulent boundary layer would resist an adverse pressure 
gradient over a larger distance before separation occurred than would a laminar 
boundary layer. This is, in fact, the case. For a circular cylinder at a Reynolds 
number based on diameter, Re, > 5 x 106, the separation occurs at about 0 = 120°. 
Often for the separation of turbulent boundary layers, the flow is unsteady and the 
separation point undergoes a low frequency oscillation (Simpson 1981). But the 
above criterion of separation coinciding with a zero wall shear stress is useful for 
predicting the mean flow. 

The derivation of the boundary layer equations from the Navier-Stokes 
equations on three-dimensional surfaces (Cebeci and Bradshaw, 1977, pp. 315-340), 
is similar to the derivation of the two-dimensional equations (11.60-62) in that the 
boundary layer thickness measured normal to the surface is thin compared with a 
typical dimension in the flow direction. The prediction of three-dimensional 
separation is much more complicated (Tobak and Peake 1982), since separation of 
the boundary layer does not necessarily coincide with a zero shear stress at the 
surface. 

Boundary layer flow is an example of a thin shear layer flow. The general class 
of thin shear layers are found to be governed, at least approximately, by equations 
equivalent to (11.73 and 74). Wake flows, Jets, mixing layers and many developing 
internal flows can be effectively analysed using thin-shear-layer-type approxi- 
mations. The importance of the thin shear layer approximation is that it permits an 
accurate computational solution to be obtained in a single spatial march in the 
direction of the thin shear layer. Appropriate computational techniques are dis- 
cussed in Chap. 15. 


11.5 Incompressible, Viscous Flow 


This class of flow is governed by the continuity and momentum equations in the 
form 


У-у-0, op = gf - Vp . (11.81) 
Boundary conditions to suit (11.81) depend on the problem being considered. If a 
solid surface forms the boundary of the computational domain, it is necessary to set 
all velocity components equal to the velocity components of the solid surface, i.e. 
there can be no slip at the fluid/solid interface and no relative motion normal to the 
surface. For a liquid/liquid interface both velocity and stress must be continuous. 
Usually the continuity of stress is used as the boundary condition. If a liquid/gas 
interface forms the boundary of the computational domain lying in the liquid 
region, then continuity of stress at the liquid/gas interface reduces, for large 
Reynolds number, to continuity of pressure at the interface (in the absence of 
surface tension effects). 
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For the flow about an immersed body, farfield boundary conditions are also 
required. For inflow and outflow boundaries, it is appropriate to specify all but one 
of the dependent variables (Table 11.5). However, since viscous terms in the 
governing equation are usually negligibly small, far from the immersed body, it is 
also permissible to treat the flow as being locally inviscid so that only one 
boundary condition is required at an outflow boundary. Specific choices for the 
boundary conditions are discussed in Sect. 17.1 and from a mathematical perspec- 
tive by Oliger and Sundstrom (1978) and Gustafsson and Sundstrom (1978). 


Table 11.5. Number of farfield boundary conditions 
for incompressible flow (four variables) 





Equation system Inflow Outflow 
Euler 3 1 
Navier-Stokes 3 3 


The full equations (11.81) must be solved when regions of separated flow occur. 
For flows not involving body forces, nondimensionalisation of (11.81) as in (11.42) 
produces the following equations, in two-dimensional Cartesian coordinates: 
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where the density has been absorbed into the Reynolds number. The extension to 
three dimensions is clear. Solutions to (11.82-84) at small values of Re (< 200) 
describe laminar flow. The case of two-dimensional laminar incompressible flow is 
considered in Sect. 11.5.1. 

However, for large values of Re the flow is turbulent. Strictly (11.82-84) in three 
dimensions would provide the solution, but a very fine grid would be required to 
accurately represent the finest scales of turbulence, at any realistic Reynolds 
number. The wider availability of supercomputers (Chap. 1) has generated con- 
siderable interest in large eddy simulation (Rogallo and Moin 1984) in which an 
unsteady solution of a modified three-dimensional form of (11.82-84) directly 
captures the large-scale turbulent (eddy) motion and the small-scale (subgrid) 
turbulent motion is modelled empirically by adding additional terms to the 
governing equations. 

If the large-scale mean motion is steady or of low frequency it is preferable (i.e. 
computationally more efficient) for engineering purposes to consider time- 
averaged equations in place of (11.82-84). This approach is pursued further in 
Sect. 11.5.2. 
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Computational techniques for flows requiring the full incompressible Navier- 
Stokes equations are discussed in Sects. 17.1 and 17.2. For flows with a dominant 
flow direction some reduction of the equations is often possible. This is discussed in 
Sect. 16.1 and appropriate computational techniques are indicated in Sects. 16.2 
and 16.3.3. 


11.5.1 Laminar Flow 


The equations governing incompressible laminar (viscous) flow are given by 
(11.82-84). However, for two-dimensional flow it is of interest to consider an 
alternative formulation in terms of vorticity ¢ and stream function y. 

The following equation is constructed: 
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which eliminates the pressure and gives 
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and substitution into (11.86) gives 
vl. (11.88) 


It may be noted that у automatically satisfies (11.82). In the stream function 
vorticity formulation, the governing equations are (11.85, 87, 88). Elimination of u 
and v using (11.87) produces a system of equations (11.85, 88) which is parabolic in 
time and elliptic in space (Sect. 2.1). Initial conditions are provided by setting 
C— Co(x, y, t) and solving (11.88) for i subject to Dirichlet boundary conditions, 
V|.—a, on the domain boundary c. 

Since the system is elliptic in space two boundary conditions are required. If 
velocity components are given on the boundary, the two boundary conditions 
specify derivatives of y through (11.87). Since y only appears in derivative form it is 
appropriate to fix the value of y at one point on the boundary. Consequently the 
two boundary conditions can be reinterpreted as 
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W|.=a and ~ =b , (11.89) 


where n is the direction normal to the boundary с. 

[t may be noted that no boundary conditions аге specified on ¿. This is 
appropriate for solid surfaces since they are sources of vorticity which is diffused 
and convected into the flow field (Lighthill 1963). For the flow about an immersed 
body, farfield boundary conditions such as ¿= 0 may be substituted for éW/en|,=b 
if the flow is locally uniform. 

In obtaining computational solutions (Sect. 17.3) it is often desirable to have 
available equivalent boundary conditions for C, particularly at solid surfaces. In the 
past these have often been constructed from the discrete form of (11.88) to ensure 
that O/On|, — b is satisfied. However Quartapelle and Valz-Gris (1981) demon- 
strate that there is no strictly equivalent local boundary condition available for £. 
Instead, the following integral condition on ¿ must be satisfied: 


д 
оаа (на). (11.90) 


where а and b аге as іп (11.89) and у is an arbitrary function such that V*7=0 
throughout the computational domain. 

Typical boundary conditions can be illustrated by considering the steady flow 
over а backward-facing step. In Fig. 11.12, AF is an inflow boundary. А bubble of 
recirculating fluid forms behind the step ED. On boundary AF,u is specified, which 
fixes y through (11.87). On AB, и is set equal to the freestream value and the 
vorticity is set equal to zero. If v=0 on AB then y is fixed and equal to v ,. 

On BC 0?C/0x? is very small and can be deleted from (11.85). This changes the 
character of the system of governing equations (Sect. 16.1) and leads to the 
requirement of only one boundary condition on BC. Setting v=0 on BC is 
equivalent to setting д /дх = 0. This would not be physically correct close to C. A 
preferred boundary condition on BC is óv/Ox 20. From (11.87 and 88) this is 
equivalent to 0^y/0y? =. 


А B 
inflow 
outflow 
F> 
С 





Fig. 11,12. Flow over а backward-facing step 
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On FEDC, the stream function boundary condition is y =0. A suitable bound- 
ary condition for the vorticity on FEDC is more difficult. The equivalent boundary 
condition for the primitive variable formulation requires u=v=0 оп FEDC. For 
the vorticity the usual form of the boundary condition at a solid surface is obtained 
from (11.86) or (11.88). Thus, since дь/дх=0 on FE, the vorticity bound- 
ary condition becomes бър = 0и/дуьь. On DE the boundary condition is 
Сьв = —Ov/Oxpg. Ав noted above, these boundary conditions are not strictly 
equivalent to the velocity boundary conditions. 

In principle, the vorticity formulation can be used in three dimensions. But it 
then has three components and the stream function must be replaced with a three- 
component vector potential (Fasel 1978). A recent application to internal flows is 
described by Wong and Reizes (1984). Vorticity formulations suitable for three- 
dimensional flows are considered briefly in Sect. 17.4. 

If the pressure is required the following Poisson equation is formed from 
0(11.83)/0x + 0(11.84)/C y as 


др д?Р oy д? ey V 
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with Neumann boundary conditions on Р determined from (11.83 and 84). 

For steady flow (11.91) is solved once and for all after the solution has been 
Obtained. For unsteady flow (11.91) must be solved at every time step if the pressure 
is required, e.g. free-surface flows. 

The computational implementation of the stream function vorticity formulation 
is discussed in Sects. 17.3 and 17.4. 


11.5.2 Turbulent Flow 


For incompressible flows that are turbulent the use of the three dimensional 
equivalent of (11.82-84) would be too expensive for engineering design calculations. 
For most practical calculations, the mean motion is of primary interest. This can be 
obtained by first averaging the equations over a small time Т (as in Sect. 11.4.2). 
This process produces the time-averaged governing equations 
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where ii, 0 are mean values and и, о are turbulent fluctuations. For three- 








dimensional flows additional Reynolds stress — ои м — огу and — gw w appear 
in the equivalent of (11.93 and 94). 
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The time-averaged equations can be solved if the Reynolds stresses can be 
related to mean flow quantities. Іп Sect. 11.4.2, this was done by introducing an 
eddy viscosity ут, letting — ои = оууди/ду, and introducing algebraic formulae 
for the eddy viscosity уг, etc. However, although this is effective for boundary layer 
flow, where the local production of turbulent energy is approximately equal to the 
rate of dissipation, it may not be effective for more complicated turbulent flows, 
where the transport of turbulence quantities is also important. 

An alternative approach is to construct (differential) transport equations for 
some of the turbulence quantities and to model higher-order terms, which turn out 
to be triple correlations. Here we indicate the form of a typical two-equation 
turbulence model, the k-e model (Launder and Spalding 1974). 

In the k-e model differential equations are introduced for the turbulent kinetic 
energy К and the rate of dissipation of turbulent energy є, where 
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Because of the complexity of the equations, a Cartesian tensor notation (Aris 1962) 


has been adopted so that the structure of the equations is still easily recognisable. 
The governing equations for k and e are 
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where the left-hand sides of (11.95 and 96) represent transport (11.12) of k and s, 
respectively. The three terms on the right-hand sides of (11.95 and 96) represent 
diffusion, production and dissipation, respectively. These two equations are deri- 
ved from the unsteady Navier-Stokes equations with the introduction of the 
diffusive terms, the neglect of terms representing viscous dissipation and the 
modification of some other terms. 

From the local values of k and e, a local (turbulent) eddy viscosity ит can be 
evaluated as 

p 

pp CE (11.97) 
and the eddy viscosity is used to relate the Reynolds stresses, e.g. in (11.93 and 94), 
to the mean quantities by 
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In equations (11.95-97) the following values are used for the empirical constants: 
C,-009, С,-145, С,=190, o,=10, 6 =13. (11.99) 


The use of (11.95 and 96) implies that ur > u. This is clearly invalid close to a solid 
wall where the turbulent fluctuations are suppressed by the presence of the wall. 
Therefore, adjacent to walls special wall functions are introduced (Launder and 
Spalding, 1974; Patel et al. 1985) that typically assume a logarithmic dependence of 
the tangential velocity component on the normal coordinate and that the pro- 
duction of turbulent kinetic energy is equal to the dissipation in the log-law region. 
This is equivalent, in the simplest form, to introducing a mixing-length eddy 
viscosity formulation (Sect. 11.4.2) adjacent to a wall. The use of the special wall 
functions provide boundary conditions on k and е away from the wall. Alterna- 
tively additional terms (Patel et al. 1985) are added to (11.95 and 96) and boundary 
conditions А = 0, 08/0п = 0 are applied at the wall. 

The к= turbulence model is suitable for computing free shear layers, boundary 
layers, duct flows and separated flows; although predictions of far-wake unconfined 
separated flows overestimate the turbulence production (Rodi 1982). The major 
weakness of the k-e model is the assumption of an isotropic eddy viscosity (11.98). 
This can be avoided by introducing a separate partial differential equation for each 
Reynolds stress. However, this increases the computational cost substantially. 

An effective intermediate model assumes that the transport of the individual 
Reynolds stresses is proportional to the transport of k (11.95). This reduces the 
differential equations for the Reynolds stresses to algebraic equations. The details 
of the algebraic stress model and other turbulence models are provided by Rodi 
(1980). 


11.6 Compressible Flow 


This category introduces the additional complication of variable density and 
temperature. The classification into inviscid, boundary layer and separated flows 
(Table 11.4) is also useful for compressible flows. The discussion of compressible 
flows is here related to typical engineering problems, e.g. the flow around turbine 
blades. їп compressible flow density changes are usually associated with high speed 
(large Mach number) or with large temperature differences. From a computational 
perspective large temperature differences imply that the energy equation will also 
be coupled into the solution process. 


11.6.1 Inviscid Compressible Flow 


Inviscid compressible flow (gas dynamics in Table 11.4) is governed by the conti- 
nuity equation (11.9), the Euler equations (11.21), and the energy equation (11.35) 
with the right-hand side set to zero (^u —0, k 0"). At a solid surface the normal 
velocity component is set to zero to provide a boundary condition. For the flow 
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about an immersed body the number of farfield boundary conditions is indicated in 
Table 11.6. In supersonic flow boundary conditions are required for each charac- 
teristic pointing into the computational domain. The compatibility conditions 
(Sect. 2.5.1) provide the form of the boundary conditions. Specific choices will be 
indicated in Sect. 14.2 where appropriate computational techniques are discussed. 
Appropriate boundary conditions are considered from a mathematical perspective 
by Oliger and Sundstrom (1978). 

For the steady flow of an inviscid (р = 0), nonconducting (k = 0) fluid the energy 
equation may be integrated along a streamline to give the result 


н-(в e+? +y const ; (11.100) 


where q is the total velocity, е is the specific internal energy and y is a force 
potential introduced to represent body forces, i.e. f= — Vy. It can be seen that 
(11.100) is equivalent to (11.48) with the addition of the internal energy e. 

From Crocco's theorem (Liepmann and Roshko 1957, p. 193), if a steady flow is 
irrotational (zero vorticity) and isentropic throughout, H takes the same values on 
all streamlines. For flows where an isentropic relationship between p and о is 
readily available, an alternative form of (11.6), in which the internal energy does not 
appear, is 


l 
Н =0.54°+ | dp+ =сопз . (11.101) 


For isentropic, irrotational flow it is useful to define a velocity potential ®, ie. 
(11.50), such that 
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Аз а result, the continuity (11.10) and Euler (11.21) equations, for steady flow with 
no body forces, can be combined to give 
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where а--(др/до)9 is the speed of sound. This is the speed at which acoustic waves 
(pressure waves of small amplitude) propagate in a compressible medium. For an 
ideal gas, like air, a=(yp/o)°°. For incompressible flow, a= oo, and (11.103) reverts 
to Laplace’s equation (11.51). 

Equation (11.101) provides the relationship between a and q. For an ideal gas in 
which there is a negligible change in the body force, (11.101) gives 


a^--0.5(7—1)g?-a2, + 0.5(y—1)q%, , (11.104) 


34 li. Fluid Dynamics: The Governing Equations 


where у is the specific heat ratio and the subscript со indicates known reference 
conditions. Equations (11.102-104) are the governing equations for this class of 
flows. This system can be reduced to a single differential equation after substitution 
of (11.102 and 104) into (11.103). However, the resulting equation is highly 
nonlinear. 

At a solid surface the boundary condition of no normal flow is given by 0ф/дп 
=0. For transonic flow (11.103) is elliptic far away from an immersed body. 
Consequently a Dirichlet boundary condition for $ is imposed on all farfield 
boundaries. 

If shock waves are not present, or are weak, e.g. transonic flow, physically 
accurate computational solutions of (11.102-104) can be obtained much more 
economically than the solution of the continuity, Euler and inviscid energy 
equations in terms of the primitive variables (и, v, w, о, p, T). Appropriate 
computational techniques to solve (11.102-104) are discussed in Sect. 14.3. The 
main application of (11.102-104) is to predict the flow behaviour around stream- 
lined bodies, such as aircraft wings and turbine blades at small angles of attack for 
which the flow is unseparated. 

For thin bodies in a uniform stream of velocity U. directed along the x-axis 
(Fig. 11.13), it is conceptually useful to think of the body as introducing small 
velocity perturbations u’, v’, and w’ to the freestream velocity U 


———- 
—— — 

LL — Fig. 11.13. Inviscid flow about stream- 
— lined bodies 


Thus, defining 
u=U,+u, b= and w=w with w,v,w' <U,,, (11.105) 
equation (11.104) can be reduced to 


2 + 
(5) =1—(3=0М5 a, (11.106) 
a, U. 
where М, = U /a,. As long as M <3,(1 1.106) indicates that a а. Making use 
of (11.105 and 106) gives the following approximate equation, in place of (11.103): 


e дф _ (+ 1)M 09 0% 
(1— M4, 52+ EE (gun xs ; (11.107) 





oo 
where ф is the perturbation (or disturbance) potential associated with the velocity 


perturbations, i.e. 


@=U,x+@ and vo, etc. (11.108) 
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Equation (11.107) is clearly simpler than (11.103) at the price of accepting 
restrictions on the geometry (t < с) of the body. However, many practical aerofoils 
and turbine blades meet these restrictions anyway. Computational techniques to 
solve (11.107) for transonic flow are indicated in Sect. 14.3.2. 

For subsonic (M <1) or supersonic (M „> 1) flow (11.107) can be simplified 
further to 

04% дф 0% 


— 2 = 
а-мь a) х2 y ez 


(11.109) 
Equation (11.109) is linear and is very similar to Laplace's equation (11.51), which 
governs incompressible potential flow. For M „< 1 (11.109) is elliptic. For M1 
(11.109) is hyperbolic and this implies that discontinuities in normal derivatives of 
the velocity components can occur on characteristics. 

For locally supersonic flow, i.e. M > 1, (11.103) is also hyperbolic. The char- 
acteristics in supersonic inviscid flow are called Mach lines. The angle и between 
the Mach cone (envelope of Mach lines) and the local flow direction (Fig. 11.14) is 
related to the local Mach number by 





Fig. 11.14. Mach lines in supersonic flow 


That is, as M increases, the Mach cone lies closer to the local flow direction. Any 
disturbances at А can only influence the part of the flow inside the Mach cone 
directed downstream from 4A. 

If M is locally increasing in the flow direction, successive Mach lines spread out 
in moving further from А. However, if M is locally decreasing in the flow direction, 
successive Mach lines would appear to cross each other. This cannot ocur in reality 
and a shock wave develops, which can be interpreted, heuristically, as a co- 
alescence of Mach lines. А typical Mach number distribution around an aircraft 
wing (two dimensional section) is shown in Fig. 11.15. 

The jump conditions across the shock in the normal direction require conser- 
vation of mass, momentum and energy and are called the Rankine-Hugoniot 
conditions (Liepmann and Roshko 1957, p. 64). However, entropy increases across 
the shock. А typical form of the Rankine-Hugoniot relation is 


l j41 
u, 02 - your ^). (11.110) 
и “о —1 p; y—lpz 
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Fig. 11.15. Mach number distribution about a wing 
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where stations 1 and 2 are upstream and downstream of the shock, respectively, 
апа u, and и; аге the velocity components normal to the shock. 

It may be noted that although the Rankine-Hugoniot relations connect two 
states of an inviscid, nonconducting fluid the local behaviour within the shock is 
modified by viscosity and thermal conductivity (Fig. 11.16). Here x is a local 
coordinate normal to the shock. However, when determining the behaviour of an 
otherwise inviscid, nonconducting fluid, it is usually possible to treat the very 
severe gradients across the shock as discontinuities without affecting the behaviour 
away from the shock. 

If the shock is not weak, М, > 1.1, it is necessary to solve continuity, the Euler 
equations and the inviscid energy equation to accurately predict the flow be- 
haviour (Sect. 14.2). 


inviscid solution 


— 










— shock thickness 
(exaggeroted) 


us Fig. 11.16. Velocity distribution within a 


shock 
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11.6.2 Compressible Boundary Layer Flow 


The computation of the compressible boundary layer equations follows the same 
path as for the incompressible boundary layer equations, namely that the thickness 
of the boundary layer is assumed to be small compared with a characteristic 
dimension in the flow direction. However, the energy equation must also be 
considered and it is necessary to define a thermal boundary layer, across which the 
temperature undergoes a rapid variation, in an analogous manner to the velocity 
boundary layer (Schlichting 1968). 

For compressible boundary layer flow the only simplification possible for the 
continuity equation (11.10) is that terms may be deleted for either steady flow or 
two-dimensional flow. Thus, for steady, two-dimensional compressible laminar 
boundary layer flow the continuity equation (11.10) takes the form 


б б =0 11.111 
25009 tge . (11.111) 


The steady x-momentum equation (11.28) reduces to 


Cu ди dp. д ди 11.112 
и +1 |= | и |. . 

el ax °бу dx | Oy A" ду 
This equation may be compared with (11.61). Here, the density is a function of 


position and the viscosity is typically a function of temperature. The energy 
equation (11.38) for the flow in a thin steady thermal boundary layer takes the form 


eT ôT dp, ôf ôT ôu V 
o рен k — 11.113 
oc (n tes ) esi jen) i (11.113) 
where c, is the specific heat at constant pressure and k is the thermal conductivity. 


The equation system (11.111-113) is mixed parabolic/hyperbolic and, conse- 
quently, requires initial conditions 


и(хо, y) -uo(y) , T(xo,y)= To(y) (11.114) 


and boundary conditions 
ôT . 
и(х, 0)=0, о(х, 0)=0, Т(х,0)-Т,(х) or kay 0% 0) = — OQ, (x) 


u(x, d)=u,(x) (х, д)= Г, (х), (11.115) 


where y —ó denotes the edge of the boundary layer. The usual strategy for solving 
the equation system (11.111—115) is to introduce a transformation to remove the 
explicit appearance of the density (Sect. 15.2) and to solve the resulting equations as 
an equivalent incompressible system (Sects. 11.4 and 15.1). 

The extension of the above equations to obtain the compressible mean-flow 
turbulent boundary layer equations follows the path indicated in Sect. 11.42. 
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However, additional products of terms arise associated with density and tempera- 
ture fluctuations (Schlichting 1968, Chap. 13; Cebeci and Bradshaw 1984, Chap. 3). 
For compressible boundary layer flow straightforward extensions of the algebraic 
eddy viscosity turbulence model, described in Sect. 11.4.2, are available and effec- 
tive (Cebeci and Bradshaw 1984, Chap. 6). 


11.6.3 Compressible Viscous Flow 


For compressible viscous fluids with extensive regions of separated flow, (e.g. 
Fig. 11.17), it is necessary to solve the full equations, i.e. (11.10, 26 and 33). Usually, 
only limited simplification is possible, e.g. neglect of the body force terms. For the 
analysis of external flows where compressibility effects are mainly due to motion 
the relevant equations can be expressed conveniently in conservation form. Equa- 
tion (11.10) is already in conservation form. Equation (11.26) is put into conser- 
vation form by adding v x (11.10) to the left-hand sides. Equation (11.33) is put into 
conservation form by adding (e +43v-v)) x (11.10) to the left-hand side. 


—— 
> a- shock 
Me? 1 +. Mach lines 





Fig. 11.17. Base flow 


In three dimensions the governing equations can be written compactly as a 
single vector equation as 
óq OF ôG OH ` 


ба (СЕ 0, 11.116 
й Ox ду бг: (11.116) 


where 
Q OU 
Qu Qu? + p—1t,, 
4-|о0|. F-lQu-—t, , 
ow QUW — ту, 


E (E+ p— t,,)u — t, 0 TWH Q, 
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QU 
Qut — ty. 

С=|о*+р-—т,, , 
Quw —1,. 


(E+P—t,y)u— t,,u—1,,w + Q, 


QW 
QUW — Т; 

Н-|оом-т,, , (11.117) 
ow*+p—T., 


(E+ P—1,,)W—1,,.4—T,0+Q, 


The form of (11.116, 117) includes both laminar and turbulent compressible flow. 
For laminar flow r,,, etc., are given by (11.27). For turbulent flow r,,, etc, will also 
include terms representing the Reynolds stresses (Sect. 11.5.2). 0.. 0, апа О, аге 
directional heat transfer rates given by (11.37) augmented by turbulent heat flux 
gradients, for turbulent flow. In (11.117), E is the total energy per unit volume 


E=o[e+0.5(u2+0?+w2)] , (11.118) 


and ¢ is the specific internal energy. The conservation form (11.116) is found to give 
more accurate solutions when shock waves occur. The equation system (11.116, 
117} is mixed parabolic/hyperbolic for unsteady flow and mixed elliptic/hyper bolic 
for steady flow. Appropriate boundary conditions are discussed in the next section. 

For compressible turbulent flow involving mean flow separation, turbulence 
models like the k-e model (Sect. 11.5.2) are required. Compressible forms of the 
k-e model сап be developed but the additional terms associated with compress- 
ibility have little influence (Marvin 1983) for Mach numbers up to 5. However, if 
density changes are due to large temperature differences in the computational 
domain then additional terms are required (Rodi 1980). 

Computational techniques for solving (11.116 and 117) are discussed in 
Chap. 18. For flows with a dominant flow direction some reduction is possible in 
the complexity of (11.116 and 117). This is discussed in Sect. 16.1 and appropriate 
computational techniques are indicated in Sects. 16.3.1, 16.3.2 and 16,37, 


11.6.4 Boundary Conditions for Compressible Viscous Flow 


Here, boundary conditions are considered for a body in an unbounded fluid, with 
the flow parallel to the x-axis far from the body (Fig. 11.18). 

Two types of boundary conditions can bc distinguished; those at the solid/fluid 
interface А, and those far from the body. For the solid surface A it is necessary that 


5 


v=0 and Т=Т, or kg, (11.119) 
H 
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Fig. 11.18. Boundary conditions for compressible viscous flow 


ie., zero relative velocity and either specified temperature or heat transfer rate. 

The farfield boundary conditions are more difficult to specify in a way that 
facilitates computation. It is necessary to differentiate between inflow and outflow 
boundary conditions, which can be determined by considering the sign of the 
normal velocity. 

The unsteady Euler equations are hyperbolic and it is straightforward to 
construct characteristics and then to require that as many boundary conditions 
must be specified as there are characteristics entering the domain (Chu 1978). For 
three-dimensional flow with two thermodynamic variables (the equation of state 
provides the other) this implies five boundary conditions must be specified at 
inflow if the flow is supersonic (Table 11.6). 

Oliger and Sundstrom (1978) obtain comparable results for the unsteady Euler 
equations, but are able to extend their analysis to the equations governing viscous 


Table 11.6. Number of farfield boundary conditions to be specified 





Compressible (5 variables) 











Inflow Outflow 
Equation | : 
System Supersonic Subsonic Supersonic Subsonic 
Euler 5 4 0 | 


Navier- Stokes 5 5 4 4 
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compressible flow. Тһе required number of boundary conditions аге shown in 
Table 11.6. Gustafsson and Sundstrom (1978) have examined the two-dimensional 
compressible Navier-Stokes equations, based оп (11.36) with viscous dissipation Ф 
ignored, instead of (11.33). Gustafsson and Sundstrom refer to the unsteady 
compressible Navier-Stokes equations as being an incompletely parabolic system. 
Gustafsson and Sundstrom demonstrate that the number of boundary conditions 
shown in Table 11.6 are necessary and sufficient to produce a well-posed problem. 
They also provide specific combinations of boundary conditions that produce a 
well-posed problem. Broadly the compatibility conditions associated with the 
characteristics of the equivalent Euler equations provides suitable Dirichlet bound- 
ary conditions. The additional boundary conditions required by the compressible 
Navier-Stokes equations are then imposed as Neumann boundary conditions. 
For many flows at high Reynolds number the solution, far away from the body, 
behaves as though it were governed by the Euler equations rather than the 
Navier-Stokes equations. This suggests choosing boundary conditions accordingly 
and this often works in practice. Strictly, where this leads to an under-prescription 
one may fail to obtain a unique solution. An over-prescription of boundary 
conditions usually produces a solution with a severe unphysical boundary layer 
adjacent to the boundary in question. In a sense the farfield boundary conditions 
should be chosen so as to make the boundary appear transparent to the solution, 
ie., the same solution would be obtained if the boundary location were moved 
farther from the body. A more detailed discussion of the boundary conditions for 
viscous compressible flow is provided by Peyret and Taylor (1983, pp. 312-316). 


11.7 Closure 


The properties of air and water have been discussed briefly. In engineering fluid 
dynamics, air and water are the two fluids that occur most often. Both fluids are 
characterised by small values of viscosity. However, although air is easily com- 
pressed, water, in the liquid phase, is effectively incompressible. 

Central to this chapter has been the presentation of the equations and bound- 
ary conditions governing fluid dynamics. The governing equations are derived by 
requiring that, for a small control volume, mass and energy are conserved and that 
the time rate of change of linear momentum is equal to the net force. Non- 
dimensionalisation of the governing equations leads to the appearance of non- 
dimensional numbers and the concept of dynamic similarity. Two of the more 
important nondimensional numbers are the Reynolds number and Mach number. 

To provide more manageable sets of governing equations a classification based 
on the viscosity and density (Table 11.4) has been introduced. The classification, 
which is particularly useful for engineering fluid dynamics, draws attention to the 
Categories of inviscid, boundary layer and separated flows for both incompressible 
and compressible fluids. 
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To suit complicated computational domains, it is desirable to express the 
governing equations in generalised curvilinear coordinates; this is taken up in 
Chap. 12. In Chaps. 14-18, the computational techniques, introduced іп Chaps. 
3—10, will be extended to handle the more complicated governing equations, and 
related boundary conditions, developed in this chapter. 


11.8 Problems 


Physical Properties of Fluids (Sect. 11.1) 


11.1 Plot the variation with temperature of v, x and Pr for air at p= 100 kPa and 
p= 500 kPa. Comment on any differences. 

11.2 Plot the variation with temperature of v, х and Pr for saturated conditions, 
Table 11.2. Compare the behaviour with that of air. 

11.3 Plot the variation of u with T shown in Table 11.1 and compare with 
(a) и--Изоо(Т/300)%76 
(b) Sutherland's law, 


_ 1458 x 1076 T t 
HT dMO4ANT oC 





where T[K] is the absolute temperature. 


Equations of Motion (Sect. 11.2) 


11.4 Show that the continuity equation in cylindrical polar coordinates is 


до 16 12 

— — rv ——. + — А = () 

where v,, v, and v, are the velocity components in the r, 0 апа z directions. 
11.5 For incompressible laminar flow show that the steady axisymmetric 

Navier-Stokes equations (momentum) can be written 


Cv, cv, I Op 


pu 


LvQ——-Y:V^u, 
cr êz 062 








vy 


assuming no body force and v, = 0. Velocity components v, and v, are in the 
radial (r) and axial (z) directions, respectively. 

11.6 Show that the steady energy equation for an incompressible fluid with 
constant thermal conductivity can be written in spherical coordinates as 


De 
——=@Ф 2Т 
? 5i +kV , 
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and that 


De Qe ов де vy де 


Dt 0р r д8 rsin 0 Ob 





and 


уте! ô (2 0T + 1 6 sino aT EL eT 
"HO ór J sin 8 20 56) ` r2sin20 0027 





11.7 Starting with the equation governing viscous compressible flow (11.116, 117) 
introduce the nondimensionalisation after (11.41) with 


& P * 8 T= |= H еж and 
Роб, È Ton’ T.U 7a" ШЫ 

k 
kta, 

k; 


Show that the resulting nondimensional equations have the same appear- 
ance as the dimensional equations except for the shear stresses and heat 
transfer rates which become, e.g. 


20u* 2 
2 ож 
(шы 3 J 








TH =H Re and 
oT* 
Ок — k* дх* 


(у--1)М? Pr Re 


where Ее-о, U, L/u,, М2 = О2 /yRT,, and Pr=p,, с/к... 

Comment on whether the present nondimensional form of the equations is 

suitable for 

a) hypersonic flow, M, > 5, 

b) low speed flow with large temperature differences appearing through the 
boundary conditions. 


Incompressible, Inviscid Flow (Sect. 11.3) 


118 For two-dimensional irrotational, inviscid and incompressible flow the 
governing equations are 


ди Ov 8 ди Ov 6 


дх dy ' ó ôx 
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By introducing the stream function with 


the governing equations reduce to Laplace’s equation V?^y = 0. 

Comment on the suitability of the stream function approach compared with 
the velocity potential approach (11.51) with regard to 

a) boundary conditions, 

b) extension to three dimensions. 

For potential flow around a two-dimensional circular cylinder show that the 
surface pressure coefficient, C, —(p — p, )/19 U?., is given by 


С=1—48іп? 0 , 
where 0 is measured from the front stagnation point. Comment оп the 


approximate range of validity of 0 for the above expression in a) laminar 
flow, b) turbulent flow. 


Incompressible Boundary Layer Flow (Sect. 11.4) 


11.10 For laminar boundary layer flow past a two-dimensional wedge 


11.11 


(Sect. 15.1.2) the velocity at the outer edge of the boundary layer is given by 


= СХ mn 
е 


where ñ is the wedge angle. Ву introducing the similarity variable 
у= у{и./[02— )ху]}!'? and the dependent variable f=y/[(2~— B)u,vx]"?, 
where ij is the stream function, show that the governing equations (11.60 and 
61) reduce to 


Of 227 of 2 B 
ape А an) |». 


Show that by integrating (11.61) across the boundary layer it is possible to 
obtain the momentum integral equation 


40 а 
T= 0.5e,—(H +2) JP , where 





X dx 
8 

0—lu/u.(1—uju)dy and Н=б*/Ө. 
0 


How would the above momentum integral equation change for the equa- 
tions governing a two-dimensional turbulent boundary layer (11.73, 74 
and 76)? 
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Incompressible, Viscous Flow (Sect. 11.5) 


11.12 


11.13 


By introducing the Bernoulli variable H = P +о(и? -- v?)/2, show that the 
steady counterparts of (11.83 and 84) reduce to 





QU 1 

ШЕР. Re ду” 
‚Н __1& 

=н ду Re ôx ' 


where the vorticity б = ди/ду —Ov/Ox. For the external flow around an 
isolated body, what do the above equations reduce to in the “inviscid” region 
away from the body? Can this be exploited to generate an efficient compu- 
tational method? 

Derive (11.91). What would be the corresponding form in three dimensions, 
with the right-hand side expressed in terms of the velocity components? 


Compressible Flow (Sect. 11.6) 


11.14 


11.15 


11.16 


For inviscid compressible flow derive the two-dimensional equivalent of 
(11.103 and 104) from (11.10, 21 and 101). 

Apply the boundary layer assumptions, ó < L, to the energy equation (11.38) 
to obtain the boundary layer energy equation (11.113). 

For two-dimensional viscous compressible flow of air, reduce (11.116 and 
117) to а five-component (u, v, о, p, T) system by including an equation of 
state and by substituting for Е, о, the shear stresses and the heat transfer 
rates. 


12. Generalised Curvilinear Coordinates 


The computation of flowfields in and around complex shapes such as ducts, engine 
intakes, complete aircraft or automobiles, etc., involves computational boundaries 
that do not coincide with coordinate lines in physical space. For finite difference 
methods, the imposition of boundary conditions for such problems has required a 
complicated interpolation of the data on local grid lines and, typically, a local loss 
of accuracy in the computational solution. 

Such difficulties motivate the introduction of a mapping or transformation 
from physical (х, у, z) space to a generalised curvilinear coordinate (é, у, ©) space. 
The generalised coordinate domain is constructed so that a computational bound- 
ary in physical space coincides with a coordinate line in generalised coordinate 
space. 

The use of generalised coordinates implies that a distorted region in physical 
space is mapped into a rectangular region in the generalised coordinate space 
(Fig. 12.1). The governing equations are expressed in terms of the generalised 
coordinates as independent variables and the discretisation is undertaken in the 
generalised coordinate space. Thus the computation is performed in the generalised 
coordinate space, effectively. 


physical generalised 
domain coordinate 
domain 


Fig. 12.1. Correspondence of 
the physical and generalised- 
coordinate domains 





Ж 
z 

For example, to compute the flow in a two-dimensional curved duct it would be 
appropriate to make the walls of the duct coincide with lines of constant w 
(Fig. 12.2). 

Location along the duct wall, say from А to B or D to С, then corresponds to 
specific values of іп the computational domain. Corresponding points on AB апа 
CD, connected by a particular у line, will have the same value €; but different n 
values (y, on A’ В and укмах оп С’ р”). Ata particular point (j, k) along this y line, 
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Fig. 12.2. Two-dimensional curved duct 


¿=¿ and =. A corresponding point, x =x(¢,, т) and y=y(¢,, ną), exists in the 
physical domain. 

The concept of generalised coordinates suggests additional possibilities. First, 
the computational grid in generalised-coordinate space can correspond to a 
moving grid in physical space as would be appropriate for an unsteady flow with 
boundary movement. 

The mapping between physical and generalised-coordinate space permits grid 
lines to be concentrated in parts of the physical domain where severe gradients 
are expected. If the severe-gradient regions change with time, e.g. shock-wave 
propagation, the physical grid can be adjusted in time to ensure that the local grid 
is sufficiently refined to obtain accurate solutions. 

Even for steady flows the ability to relocate the grid during the iteration is 
useful. For initially unknown severe-gradient regions the use of generalised co- 
ordinates allows the iterative solution development to adaptively adjust the grid to 
resolve the flow behaviour in all parts of the computational domain to the same 
accuracy. The result is a more efficient deployment of the grid points. 

The use of generalised coordinates introduces some specific complications. 
Firstly, it is necessary to consider what form the governing equations take in 
generalised coordinates. This aspect will be considered in Sect. 12.3. The compu- 
tational solution of a typical partial differential equation written in generalised 
coordinates will be demonstrated in Sect. 12.4. 

The governing equations, expressed in generalised coordinates, will contain 
additional terms that define the mapping between the physical space and the 
generalised-coordinate space. These additional terms (transform parameters) in the 
form of derivatives, e.g. 6x/Cé, usually need to be discretised (Sect. 12.2). This 
introduces an additional source of error in the solution (Sect. 12.2.3). The origin of 
the transformation parameters is indicated in Sect. 12.1. 
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12.1 Transformation Relationships 


In this section the relationships between the physical (x, у, 2) and computational 
(2, у, ©) coordinates will be established. The corresponding time-dependent trans- 
formations (x, y, z, t—č, n. C, t) are given by Steger (1978) and Thompson et al. 
(1985, Chap. 3). 


12.1.1 Generalised Coordinates 


It is assumed that there is a unique, single-valued relationship between the 
generalised coordinates and the physical coordinates, which can be written as 


é-C(x,y,z),., m"-—mxyz) and C=€(x, у, 2) (12.1) 


and by implication, x= x(é, у, C), etc. The specific relationship is established once 
the physical grid is created (Chap. 13). 

Given the functional relationships, 2 = (х, у, z), the governing equations сап be 
transformed into corresponding equations containing partial derivatives with 


respect to £, у and ¿. 
As an example, first derivatives of the velocity components, u, v and w, with 


respect to x, y and z become 
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where the Jacobian matrix, J, of the transformation is 
dé 08 дё 
дх ду Oz 
on ĉn Om 
J=! — o == |. 12. 
7 Ox ду д: (12.3) 
бақ 
Ox ду Oz 


In principle, if an analytic relationship ё = ¿(x, y, 2) is available, the elements of J 
can be evaluated directly. In practice, an explicit analytic relationship is not usually 
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available and it is more convenient to work with the inverse Jacobian matrix, J !, 
given by 





Ox ôx ôx 

д& дү 06 

_ ду ду ду 
(BUE D |. 12.4 
J =| 3 m] X (024) 

Cz 02 д: 

д& ay at 


The elements of J `` can be related to the elements of J by noting that 


_ Transpose of Cofactor (J^ !) 


= 12.5 

! Fa ue) 
The determinant of the inverse Jacobian |J" | is given by 

|J |= x.(y,Z; у2,) — ХУ а — У2,) + ху; Z,— Уң7г) , (12.6) 


where х; = дх/дё, etc. In two dimensions (2, n), (12.6) simplifies (2, = 1, y, — x, — 0) to 


|J |= х;у, Xy . 


Using (12.5 and 6) the elements of J in (12.3) can be expressed as 


¿ _ Уп Veen ¿ LX Ха% ¿ _ Ха 7 ЧУ 
* FE d Mo s 7 Jg 
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where |J" ! | is given by (12.6). 

Once a grid in the physical domain has been constructed (Chap. 13), the dis- 
cretised form of the elements, e.g. хг, of the inverse Jacobian are evaluated, as in 
Sect. 12.2. Equations (12.7) are then used to evaluate the elements, e.g. 2,, of the 
Jacobian matrix (12.3). This facilitates the discretisation of the governing equations 
in generalised coordinates since they have a more compact structure (Sect. 12.3) 
when expressed in terms of čą, etc., rather than x; etc. 
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12.1.2 Metric Tensor and the Physical Features of the Transformation 


In order to link generalised coordinates, orthogonal and conformal coordinates it 
is appropriate to introduce the metric tensor g;;, which is related to the Jacobian 
matrix J in (12.3). Initially tensor notation (Aris 1962) will be used. 

It will be assumed that the physical domain (Fig. 12.1) is represented by 
Cartesian coordinates x! (=x, у, z), i= 1, 3, and the computational domain by 
generalised coordinates & (= £n €), i= 1, 3. 

The small distance 4s between two points in physical space can be written in 
terms of the coordinate displacements as 


3 
As?= У Ax‘ Ax* (12.8) 
The increments in the physical coordinates Ax“ can be related to changes in the 
generalised coordinates Аё! by 


Ax = © AC (summation over i implied) . (12.9) 


Consequently the small distance 4s related to generalised coordinates becomes 


ЕТ 
As =} (2 с d£ 9 


=g AC AC (summation over i and j implied) , (12.10) 
where 
ôx" дх^ 
9u7 2, ga aH TE ` (12.11) 


Тһе metric tensor g;; relates the contributions to the distance As to small 
changes in the generalised coordinates Дё!, The metric tensor is discussed at greater 
length by Aris (1962, p. 142). In two dimensions the distances measured along š and 

п grid lines are given by As, —g1'? Аё and 45,= g; Ar, respectively (Fig. 12.3). 


M Азд = (xà еу) An 


% ея Ase = (x+y Ag 
| NAY 


x Fig. 12.3. Physical features of the computational grid 
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In two dimensions it is convenient to write (12.11) as a matrix 


-| (xš + yd) Per etel Gri +25) M 
> Lexy Y.) Gg yy) J^ | —( n + Symy) (6) | 


(12.12) 


where х„=дх/дё as above, and |J| is the determinant of the Jacobian matrix (12.3). 
The metric tensor written in matrix form is related to the inverse Jacobian (12.6) 
by 
gyre. 


Taking determinants gives 
ig^ -J |. (12.13) 


This can be easily demonstrated by direct substitution, particularly in two dimen- 
sions. 

The metric tensor g;; and the various transformation parameters, x,, etc., on 
which it depends, can be interpreted in relation to physical features of the 
computational grid (Fig. 12.3). The various formulae will be developed here, in two 
dimensions. The grid cell area (Fig. 12.3) is given by 


Area —|g|'? A¿An , (12.14) 


which, from (12.13), gives a physical interpretation of the inverse Jacobian deter- 
minant. The physical orientation of the computational grid (tangent to a ё 
coordinate line) relative to the x-axis is given by the direction cosine 


COS a= (12.15) 


Xe 
(911)? ` 


The grid aspect ratio AR is given by the ratio of the magnitude of the tangent 
vectors (with 4é = An) 


A 1/2 
AR-Cc"-(92) . (12.16) 
Ав; 911 


The local distortion of the grid is determined by the angle 0 between the ¿ and 5 
coordinate lines. Thus 


912 
cos0Çü=— —— . (12.17) 
(911 922)? 


The three-dimensional form of the physical grid parameters, as а function of the 
components of the metric tensor, is given by Kerlick and Klopfer (1982). 
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12.1.3 Restriction to Orthogonal and Conformal Coordinates 


The use of generalised coordinates permits quite arbitrary geometries to be 
considered. However, it is well-known that the accuracy of the solution is degraded 
by grid distortion. For high accuracy the grid should be orthogonal or near- 
orthogonal. For orthogonal coordinate systems some of the transformation terms 
disappear and the equations simplify. If the coordinate system is also conformal the 
governing equations simplify further. The use of completely orthogonal or con- 
formal coordinate systems implies relatively simple boundary shapes for the 
computational domains and some restriction on the disposition of the grid points. 

A two-dimensional orthogonal grid must have 0=90° (Fig. 12.3), or, from 
(12.17), 


g12 7 XgXq Vey, =O . (12.18) 
In three dimensions the orthogonality condition becomes 
2-0, ij. (12.19) 


If the coordinate system is orthogonal, і.е. the metric tensor contains only 
diagonal terms g;;, it is the convention to define 


h;-(gi)^,  i-13 (no summation) . (12.20) 


The terms h; can be interpreted as scale factors since a small change in the ¿: 
coordinate, on an orthogonal grid, produces a scaled overall movement given by 


As=h;4é' (no summation) . (12.21) 
In two dimensions the condition of orthogonality implies, from (12.12), that 
x, —y, AR and y,=x,jAR , (12.22) 


where AR is the grid aspect ratio (12.16). 

If AR=1 then (12.22) reduces to the Cauchy- Riemann conditions and the grid 
is conformal. If AR is constant, but not equal to unity a simple scaling of š or y will 
produce a related conformal coordinate system. 

The level of complexity in the governing equations in the various coordinate 
systems can be appreciated by considering Laplace's equation. In two-dimensional 
Cartesian coordinates, this is 


SGT T 
с С. 12.2 
axe T ду? (12.23) 


In generalised coordinates (2, n), (12.23) сап be written 


0 (аз T gy. 0T д gi2 0T gy, OT 
— - —|—————l1-0, 12.24 
дё (4% бё gi? on] en” gi? az gi? On (1229) 





121 Transformation Relationships 53 


where 4:> etc, are given by (12.12) апа 41/2 is evaluated from 


(gl =g —xiy,— х,у. (12.25) 


The term g is the determinant of the matrix g. To keep the structure of the 
equations more compact this notation is used instead of | gl, as in (12.14). 

Substitution for the various terms in (12.24) gives, after some manipulation, the 
conservation form (Sect. 12.3.2) 


_ (WET T 4167) | k= 
J š J n J 54 J on 


неті |ю (12.26) 





J 


In (12.26) J is the determinant of J (previously denoted by |J|) and V? č = čys + 2, 
etc. It will be seen that (12.26) involves a mixed second derivative and first 
derivatives, not present in Cartesian coordinates. In addition the terms V2 ë, V7 
involve second derivative transformation parameters, which are often difficult to 
evaluate accurately (Sect. 12.2.3). 

If the coordinate system is orthogonal, g,,=0 and (12.24) simplifies to 


ô /h ôT\ à (h, 0T 
e fmt), € (104 | g 12.2 
дё (; ЕЛІ т) ' (1227) 


where the orthogonal scale factors аге given by 
hi =(g,,)' 2 =(х + yz)? and й, =(9::)'? = (х3 + y? . 


Тһе equivalent conservation form of (12.27) is the same as (12.26) except that the 
mixed second derivative disappears. For a conformal grid h, =h, and the grid 
parameters satisfy the Cauchy-Riemann conditions 


X,7 —y, and y,-x,. (12.28) 
Since h, — h;, (12.27) reverts to Laplace's equation 
Ta +T, =0 , (12.29) 


Le. the equation is structurally no more complex than in Cartesian coordinates. 
The choice between conformal, orthogonal or generalised coordinates is 
usually dictated by the nature of the computational boundaries. If the geometry is 
simple enough and a grid can be constructed that is able to place grid points in 
regions of severe gradients, conformal coordinates should be used since they imply 
fewer terms in the governing equations and, consequently, a more economical 
algorithm. In three dimensions completely conformal or orthogonal grids are not 
usually possible, so that the equations must be expressed in generalised coordi- 
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nates, although with some simplification in particular coordinate directions or 
local computational regions. 


12.2 Evaluation of the Transformation Parameters 


If an analytic mapping from physical space (x, y) to the computational space (4, n) 
is available, as often occurs with simple conformal transformations, the trans- 
formation parameters, x,, etc, can be evaluated exactly. More typically the 
mapping is only defined at grid points and the transformation parameters must be 
evaluated numerically. For convenience this will be illustrated here for two- 
dimensional grids. The extension to three-dimensional grids is straightforward. 

The equations in generalised coordinates are discretised in the (©, у) domain 
and the mapping is usually arranged so that a uniform rectangular grid is specified 
in the (Z, у) domain (Fig. 12.2). 

The numerical evaluation of the transformation parameters can be performed 
by any convenient means of discretisation (Chaps. 3 and 5). Central difference 
formulae are used in Sect. 12.2.1, a finite element evaluation is described in 
Sect. 12.2.2 and Thompson et al. (1985, pp. 143-145) provide a finite volume 
evaluation. But it is recommended that the same means of discretisation be used for 
the evaluation of the transformation parameters and the derivatives in the govern- 
ing equations. 


12.2.1 Centred-Difference Formulae 


The evaluation of the transformation parameters is carried out most conveniently 
in terms of the variables xz, y,, etc. Thus for the point P (Fig. 12.4) a centred 
difference evaluation of хь, etc., gives 


k+1 





Fig, 12.4, Equivalent computational 


* — grid in the physical domain 
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x Хужа. Xj-1,k 
¿ 





* 


ek Sj- l.k 


X; —Xik- 
м ЬК+А dk-1 


ылы | (12.30) 


Мі” Прыі-і 





vit ik Yj-1,k 


Уг 





Суад  Sj- Lk 


a Yik+1 Vie 





y, ™ 
" "ук+ C "ы-і 

For (ће general case of а second-order equation transformed into generalised 
coordinates (Sect. 12.3.2) certain second-order transformation parameters are re- 
quired. For example 








Xj+i,k+1 Xp aka А-а-а 7 Хужім-і 
x САМ 7 ood = , (12.31) 
4ACAn 
x Хук TX pt Xp ey 
nn Аң? ? 


where a uniform (6, y) grid is assumed, i.e, Ač = čj}; —6;—6;— čj- etc. Ina similar 
way parameters у;:, etc., can be evaluated. 

Once the basic transformation parameters have been evaluated, using (12.30 
and 31) the inverse parameters č., etc, can be obtained from (12.7). Typical 
governing equations for fluid flow (Sect. 12.3.3) generally have a more compact 
structure when written with terms like é, appearing explicitly. Second derivative 
inverse parameters, e.g. &,,, can be related to the expressions in (12.31). The 
construction of such relations is indicated in (12.81). Given an evaluation of x,, etc., 
the grid related parameters, g;;, х, AR and 0, follow from (12.12, 15, 16 and 17), 
respectively. 

The transformation parameters could be evaluated with higher-order formulae 
than those given by (12.30 and 31). Normally the discretisation of the transform 
parameters will use the same formulae as used to discretise the derivative terms in 
the governing equations. This aspect will be pursued in Sect. 12.2.3. 

If the governing equations are solved on an orthogonal grid, terms pro- 
portional to the off-diagonal elements, g,,, of the metric tensor may be deleted. For 
а two-dimensional orthogonal grid, g,;- x;x,-- уу, = 0. If the transformation 
parameters, x, etc., are evaluated numerically it is important to establish that the 
discrete evaluation of g;; is zero. Thus for a two-dimensional orthogonal grid, g, ; 
could be evaluated, using centred differences, as 


дол (Xj 1, — Xj- i Xii — Xy y 1) 


Tei Уу, 7 Yja-i)70 . (12.32) 
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k+l Fig. 12.5. Discrete orthogonality 





The geometric interpretation of (12.32) is shown in Fig. 12.5. Discrete orthog- 
onality requires that lines AB and CD are perpendicular. 

Consequently, if the transformation parameters are to be evaluated numerically 
on an orthogonal grid it is important that the grid is constructed (Sect. 13.2.4) so 
that discrete orthogonality is achieved. 


12.2.2 Finite Element Evaluation 


Equations (12.30, 31) also arise if the finite element method is used to evaluate the 
transformation parameters. Using the isoparametric construction (Sect. 5.5.3) on 
four contiguous elements (A, B, C and D in Fig. 12.4) with bilinear interpolation 
and averaging the value x4 etc. at P it is possible to obtain (12.30). If the 
isoparametric construction is used on one quadratic Lagrange element, with P as 
the internal node, both (12.30 and 31) can be obtained. 

To obtain better control of the Jacobian distribution it is useful to consider a 
rectangular but non-uniform grid in (С, y) space (Fig. 12.6) in which r; and r, 
determine the grid growth. In this more general situation, first derivative trans- 
formation parameters like x, are still given by (12.30), but (12.31) are replaced by 


k+? 


Fig. 12.6. Non-uniform rectangular 
computational grid 
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l X; 
Хы 1---- хур 
2 1 , Fz ; Fg 











Хы ар, AE? 2 
А Хуружлар ра Xj od (12.33) 
m (I+rƏ(1+r,)Aç 47 
1 Xi; k+1 
_ 2 Xj k-1 | eras ғ, 
"rr, Аң? 


12.2.3 Additional Errors Associated with the Use of Generalised Coordinates 


An effective way of determining, a priori, the influence of generalised coordinates 
on the solution error is to develop an expression for the truncation error and to 
expect, on a sufficiently refined grid, that factors causing an increase in the 
truncation error will also increase the solution error. However, as is clear from 
Sect. 10.1.5, the correspondence is not precise. 

As an illustration we consider the representation of 2Т/дх in generalised 
coordinates as 


OT 
ұт 7.--",1,., (12.34) 


OT 
where Т. = JE etc. 


We will further assume that the generalised coordinates only involve a stretch- 
ing in the x direction, so that y= y. Then (12.34) reduces to 


д 
OT m (12.35) 
Ox х; 
Using centred difference formulae, (12.35) can be discretised as (Fig. 12.7) 
OT T; Tni Ti-a | (12.36) 


physical domain computatianal domain 
Tj-1 Tj T. Ti-1i Т; Tiel 
- Ах —}— fy Ax te Ас A Ac 


Fig. 12.7. One-dimensional mapping 
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А Taylor series expansion of the various terms in (12.36) about node j in the 
computational domain gives 


Аё? T, 
{+ =, =) 


XX Аё? x | 
ізі і-і х; 1+ © 8 |... 
6 x, 





Assuming that Ač is small, this can be rewritten as 


Tis Tin RAE (Тш Sus]. (12.37) 


Clearly (12.37) is consistent and at first sight appears to be second-order accurate in 
c. However, further algebraic expansion of (12.37) gives 


Т,1- Тү-\ E T ‚4° 
X/+1 C Xj-1 6 


x 
1 


[T.. (xƏ° + 37,, Хк; | Ts (12.38) 
The transformation parameters x, and x; are evaluated as 


Xj+a — Xj-1 2 Ax 2 
mo A =O. — A 
xe оа) en) 5042), 





A 
+ O(42) =(r, — DA O(Az) . 


Substitution in (12.38) gives 


Т... ~ Т, 1/1 2 - 
HH 051 ш r.+| Í J ATUS ) ат. |+ (12.39) 


Хіыі7Х;-і 6 2 2 








The term involving Xx in (12.38) has introduced а first-order error into an 
expression that would be second-order with a regular grid (ғ, = 1) in the physical 
domain. To ensure that (12.36) is accurate to O(Ax?) requires that r,=1+O(Ax). 
That is, for second-order accuracy in the evaluation of 7, using three-point centred 
difference formulae, it is necessary that the grid in the physical domain grow only 
slowly. It is also clear that the use of a non-uniform grid has introduced diffusive 
and dispersive (Sect. 9.2) terms. 

It is of interest to compare the above result (12.38, 39) with the truncation error 
in representing &T/Ox with x, evaluated exactly. Thus (12.36) is replaced by 


27 Т.Т, 


j— 1 


Ox ^ 24Ех, 





and the Taylor series expansion of the right-hand side leads to 


о T. AE 
ТаТар (4) Ë T, 3x T. о) re] +з, (12.40) 
Хе 
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in place of (12.38). Thus the use of exact evaluation of x, introduces an additional 
term, and a dominant term, in the truncation error. Clearly the numerical evalu- 
ation of хг, with the same discretisation as Ту, is to be preferred since it leads to а 
cancellation of the (xzz¢/x;)7, term in the truncation error and this implies а 
smaller solution error. 

In addition the use of higher-order formulae or exact evaluation of x, and хь 
may lead to a failure to satisfy certain metric identities (Thompson et al. 1985, 
p. 185), thereby introducing a spurious source term, if the equations are discretised 
in conservation form (see below). However x, and Xz are evaluated, the use of a 
rapidly growing grid produces large magnitudes for x; and xz, which increases the 
truncation error of evaluating дТ/дх. 

At a more general level it is clear that the truncation error now depends on the 
transformation parameters as well as the grid size and higher-order derivatives, as 
is the case for a uniform grid. 

A discretisation of 02 T/Ox? in the one-dimensional computational domain, 
Fig. 12.7, can be obtained as 





кы =( 24ё ) [= -27;-7;,|) 
Xj 


ax? 17 Xj-1 245: 
yp —2x) 4X04) Ta -T 
B m a (пыта) | (12.41) 
Xj+1 — Xj-1 


A Taylor series expansion about node j indicates the finite difference expression 
on the right-hand side is of the form 


RHS=T,,[1—2(r,_,)2]+°-°. (12.42) 


That is, it is consistent with error of O(Ax?) as long as ғ, == 1 + O(Ax). However, if 
this doesn't hold, the discretisation of 7,, in the computational domain is actually 
inconsistent. This indicates that the accuracy of representing second derivatives 
using generalised coordinates falls off more rapidly with grid growth than for 
discretisations of first derivatives. 

The use of generalised coordinates in multidimensions introduces additional 
terms in the truncation error if the grid is not orthogonal. Typically these errors are 
proportional to cos 0 ( Thompson et al. 1985), which is given by (12.17). However, it 
is generally accepted that departures from orthogonality of up to 45? can be 
tolerated. 

For computing flow involving shocks or containing severe gradients it is often 
desirable to express the equations in conservation form (12.54) and to discretise in a 
way that maintains the conservation form. When used with generalised coordinates 
additional difficulties arise. This can be illustrated by the discretisation of the first 
derivative 7,. Thus 


J 1 T,=(Ty,), — (Ty), = Т:У,- ТУ . (12.43) 
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The first equality expresses T. in conservation form in the computational co- 
ordinates. The second equality is a non-conservative form. Using centred differ- 
ences the first equality becomes (assuming Ač = 45 = 1) 


(J ! T4, «0.5 [(Ty,);+ Lk (Гу) Lk (3; каа РОГУ) к-а] . (12.44) 


If the transformation parameters are also evaluated by centred differences, (12.44) 
becomes 


(/717,),,х0.25(7),| (Y jui ki — Yici.k-i)— Tia j- iei — Yj- i,k- 1) 


— Tik+i[Viri,k+1 — Yj-i, kei) + Тук-\(Ур+ї,к-1 = у;-1,4-1)] . 
(12.45) 


If T is uniform it can be seen that the right-hand side of (12.45) will be zero as 
required. 

However, if y, and у; in (12.44) are evaluated analytically there is no guarantee 
that the right-hand side of (12.43) will be zero when 7'is uniform, Consideration of 
the non-conservative form shown in (12.43) indicates that 7,—0 if T is uniform, 
however y, and у; are evaluated. 

The importance of the conservation form of the governing equations prompts 
the following advice (Thompson 1984). The transformation parameters, y,, etc., 
should be evaluated numerically rather than analytically and with the same 
discretisation formulae as used to represent derivatives of the dependent variables. 

The other important result to appear from the error analysis is the need to keep 
the grid growth parameters, e.g. r, in Fig. 12.7, close to unity, particularly if the 
governing equation involves second derivatives in the physical variables. Strict grid 
orthogonality reduces the number of terms in the transformed governing equa- 
tions, and is therefore more economical. But it does not significantly increase the 
accuracy compared with the use of a near-orthogonal grid. 


12.3 Generalised Coordinate Structure of Typical Equations 


In this section the relationships developed in Sect. 12.1.1 will be used to express 
typical partial differential equations in generalised coordinates. Two-dimensional 
first and second-order partial differential equations of general form are considered 
іп Sects. 12.3.1 and 12.3.2. The formulae developed are applied to some of the 
specific equations governing fluid flow in Sect. 12.3.3. 


12.3.1 General First-Order Partial Differential Equation 


Here a general first-order equation will be transformed into an equivalent gener- 
alised coordinate form. The equations governing inviscid fluid flow, when written 
in conservation form, have a structure no more complicated than the present 
example. 
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The following two-dimensional equation will be considered: 
4--Е.-6,-0, (12.46) 


where Ё, =0Е/0х, etc. 

It will be assumed that the grid in the physical domain (Fig. 12.1) does not 
change with time. That is, the generalised coordinates (č, у) are a function of (x, y) 
only. Thus 


¿=¿(x,y), n=n(x,y). (12.47) 


The more general situation where the grid is time dependent, іе, č = (x, y, t), 
n=n(x, y, t), is considered by Steger (1978) and by Thompson et al. (1985). 


Introducing 
д 
= — d 
д д 


allows (12.46) to be written as 
4) S| fo SG: nF, SO, 
(4) + J + J + J + J =0, (12.48) 


where 


1 
4-4,.",-4,ң----Оо--. (12.49 
о” XY Х,У; ) 


The parameter J, defined by (12.49), is the determinant of the transformation 
Jacobian (12.3). 
Terms like €,F./J can be written as, using (12.7), 


GF, (EF ¿Y (AF 
PG ree рғ 2% 


Substitution into (12.48) causes terms like (у,): to cancel out and the result is 











##+Еї+б#=0 , where (12.51) 


_ S F+, G 


F* and G* 


F+n,G 
a. (12.52) 


It is apparent that the structure of (12.51) is the same as in (12.46) once new 
dependent variables, g*, F* and G*, have been introduced. 

Comparing (12.46) and (12.51), a direct transformation of the spatial terms can 
be written down, 
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F.+G,=J(F*+G5) , (12.53) 
where F* апа G* are given in (12.52). 


12.3.2 General Second-Order Partial Differential Equation 


In this subsection, (12.46) will be extended to second order in two ways. First, 
qet Fe +G = Ryst Syt Ty (12.54 


To suit the structure that appears in fluid flow equations with position-dependent 
fluid properties, the following equation is also considered: 


4  F, +G, = (XR) (BS), +(óS.), +(yT;), , (12.55) 


where x, В, ô and y тау be functions of (x, y). 

The transformaton (12.53) is used in two stages to convert the second-order 
terms іп (12.54) into equivalent generalised coordinate terms. First (12.54) is written 
as 


4t+F,+G,=RHS and (12.56) 
RHS-[R,-2$,],- [(1—5)$, 7,], , (12.57) 
where в is a parameter which determines how the cross-derivative term S,, is 


distributed between the two bracketed terms. Using (12.53), (12.57) can be written 
as 


RHS 

cp P: + On , where (12.58) 

pots R S m 1 S +T d 12.59 
=Í xté - FU —&) x+ y] an ( e, 


Q= (R +eS)+ PE — cs, T,] or 
J J 
p EREU E)E, S]a +6547, GROSS OST 
— мр6 feos mss 


Using (12.53) again, P can be written as 


k “| k 
J z J n 


SR +8 + Cyy Т 
— J . 








(12.60) 


Similar manipulation allows Q to be put in the form Q= 4; B,+ C. Evalu- 
ation of (12.58) and combination with (12.53) permits the second-order partial 
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differential equation (12.54) to be written in strong conservation form as 











qe +FE*4+GE*=RE+SE4T7%, , where (12.61) 
q*=4/J , 
pese ржа 55535,7 

J 3 
gax age Т RA May + yy T 

J 

2R SET 
geret TOT | (12.62) 
d . and 
p» Is Rr nan S + n; T 
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Although the parameter £ was introduced to derive (12.61 and 62) it cancels out 
of the final equations. The same strong conservation structure has been retained in 
(12.61) as in (12.54), at the expense of more complicated dependent variables. The 
treatment of the second derivative terms, R,,, etc., now gives a contribution to first 
derivative terms іп é and y. 

It was noted in Sect. 12.2.3 that unless terms like х,. associated with grid 
stretching are small the accuracy of the discretisation, and by implication the 
solution, may be seriously degraded. This effect shows up in the terms like č., in 
F** and G**. Terms like 2,, can be related directly to terms like х„.; an example is 
provided by (12.81, 82). 

For the more general second-order partial differential equation, (12.55), the two- 
stage implementation of (12.53) again produces (12.61) but with the following 
replacing (12.62): 


F** —F* 4+ [fats К -(B6:),8 (05,8 c (96), T] G) ; 

G** = G* + Дол). R Pn) S +n) S +(yn;), T ] (5) 

R*- DR eese T) > (12.63) 
S*=[2%2 R+B +O) (Cxmy + 6,n) S + 2y&,n, Т1 (5) ; 


l 
Т%-Гоң:Е--(В--6)ң,ң,5--уң271 G) . 
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12.3.3 Equations Governing Fluid Flow 


The continuity and Euler equations are first-order partial differential equations, 
whereas the momentum and energy equations for viscous flow are second-order 
partial differential equations. 

The continuity equation (11.10) can be written directly in the form of (12.51) by 
defining 


4-0, F=ou and G=ov. 
Then F * and 6% become 


OSU rer) | Gg OU tyr) 


Е* = 
J J 


(12.64) 


It is useful to introduce the contravariant velocities US апа V°, the velocity 
components along ё and » lines respectively, by 


U*—éG.u-é,, and V^-m,udmn,v. (12.65) 


Then the continuity equation in generalised coordinates becomes 


Q QU* QV^Y ` 
ELEA a 


which has a structure very similar to that in Cartesian coordinates. 
For incompressible, viscous flow the x-momentum equation (11.83) in non- 
dimensional conservation form can be written 








1 
t (u^. p) (40), = (u + Uyy) (12.67) 


This corresponds to (12.54) if 
q-u, F=u*+p, б-ш, R=T=u/Re and 8-0. 
As a result (12.61 and 62) become 
1 
да + FE GI y (REESE TE) , where (12.68) 


q*=u/J , 


1 
неш (а ur 0). 
eK — с Ңұх "уу 1 
G =| ur +( Re ) (5) (12.69) 
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On an orthogonal grid, the above expression for S*=0, which simplifies the 
implementation of approximate factorisation schemes (Sect. 8.2). 

It was noted in Sect. 12.3.2 that the appearance of terms like £,, in F ** and G** 
in (12.69) may introduce an error if significant grid stretching is permitted. 
However, it is clear that for large values of the Reynolds number, Re, in (12.69) this 
problem will not be as serious since, for many situations, 


Exx + Ç 
Utp Z ер, 12.70 
Re (12.70) 
For two-dimensional laminar compressible flow the x-momentum equation 
(11.26) can be written in conservation form as 


CT CT y 
Ххх | ЖУ 12.71 
ôx ду ^ (12.71) 





(Qu), --(Qu? + p), +(Quv), = 


where the viscous stresses т,, and т,, are given by 


4 2 
Tax = АМИ, — НО and T,,=pu,+pr, . (12.72) 


Substitution into (12.71) gives 


4 2 
(ои), - (qu? +, +(ошу (5 шы.) -($ i) t (ut), - (uu,), . (12.73) 


This equation has the same structure as (12.55) with 


q=ou, Е=ои?+р, G-gu , R=T=u, S=v, and (12.74) 


Consequently (12.73) can be transformed into generalised coordinates in the 
form of (12.61) with 


Qu 
xov 
q J^ 
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4 

F**= еш 45 (nbd ш), | +|- 
4 

G** =| our" 45 (и) um) | 4- 


e- (eee e (5) ee (5) 
ғ" 6 ЖАС ШЕ je. Ny + EM) (9 
rea] (әбей ше (Sn (5) 


Тһе governing equations for fluid dynamics in conservation form and 
generalised coordinates are discussed by Eiseman and Stone (1980). The use of 
generalised coordinates in solving flow problems is illustrated in Sects. 15.4.2 
and 18.4. 


(Hox), ноб. | santa 


(и), - (un). енер 
(12.75) 


шө кә шз кә 


12.4 Numerical Implementation of Generalised Coordinates 


To solve practical problems using generalised coordinates requires the casting of 
the governing equation in generalised coordinates (Sect. 12.3), the (typically) 
numerical evaluation of grid-related parameters (Sect. 12.2) and the construction 
and solution of the discretised equations. These various processes are illustrated for 
Laplace’s equation which will be solved in a generalised-coordinate finite 
difference form for the domain previously considered to illustrate the finite volume 
method (Sect. 5.2.3). 


12.4.1 LAGEN: Generalised Coordinate Laplace Equation 
Solutions to Laplace’s equation 


0$ 0%. 


20 0% 4. 12.76 
dx? ay? (12.76) 


will be sought in the domain shown in Fig. 12.8, with the following Dirichlet 
boundary conditions: 


on WX, ф-0, 


in0 
оп XY, Ó= - 





(12.77) 


Fxy 
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+ £ 





Y 
Z k= KMAX 
Y 
' 
š 
1 
y wz 
Ө k=1 
x w X w^ х' 
141 j= JMAX 
Fig. 12.8. Solution domain for (12.76, 77) 
1 
on YZ, ф---. 
ryz 
sin д 
ол ZW, f= . 
ryz 
Equations (12.76, 77) have an exact solution, 
ѕіп Ө 
= —, (12,78) 


r 


which will be used to assess the accuracy of the computational solutions. 
Laplace’s equation, in generalised coordinates, is available from (12.26). Thus 
(12.76) becomes 


499459 469,409 46H]. 


where 
4-42-62) DB=2(2¿¿n +Š, n), vyenem. 
J=¿, n —¿ n and V = +, , etc 





If the various terms, e.g. (x/J), іп (12.79) can be evaluated at each grid point, the 
discretisation of (12.79) using centred differences is quite straightforward. 

As indicated in Sect, 12.2, it is easier to start from the numerical evaluation of the 
transformation parameters xz, etc., given by (12.30 and 31). The various terms in 
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(12.79) сап be expressed іп terms of x, etc. The conversion of terms «/J, B/J, y/J is 
available from (12.12) as 








a х2 ру? 
GTT =-= A , 
J J^! 
2 
GwraP.. JU Y) (12.80) 
J J 
2 2 
_7_Х:+У: 
GWW =-= 
20%” 


where the determinant of the inverse Jacobian J `! —x,y,— х,у; The notation 
СТТ, etc., is introduced to suit the program LAGEN (Fig. 12.9). 
Everything on the right-hand side of (12.80) can be evaluated using (12.30). 
Starting from the two-dimensional form of (12.7) differentiation of č, gives 


C ¿ya Eh ya ЈЕ TOV.) 
сх = NE " H J^! " ` (12.81) 





Obtaining similar expressions for 2,, and further manipulation allows the terms 
(V7E/J) and (V^n/J) to be written 





— VG _ GTT(x,yg — y,xg) , GWT(xyya УХ) 
DELZI = = + 


J Jo TU 
„УУ Yea (12.82) 
DELET «V? ОТТО хау), GWT Oten X:ya) 
J J^ IU 
GNO ху | (12.83) 


Everything оп the right-hand sides of (12.82, 83) can be evaluated using (12.30, 
31, 80). With СТТ, etc., evaluated from (12,80-83) at each nodal point, (12.79) is 
discretised using three-point centred difference formulae to give 

—0.5[(DELZI.¢),. ,., (РЕГІ. $);- 1,4] 

—Q.S[(DELET. ф), +i (DELET. p) k1] 

T[(GTT.4),- 1, —2(GTT.9); -“(СТТ.ф);,1,,1 

+0.25[(GWT.ó) 1.1 (СМТ. ф); 1,441 F(GWT.9),-1,.-1 

-(GWT.d);. 4-1] 

-[(GWW.6);,-i -4(GWW.9),,-(GWW.0);,,1]—0 . (12.84) 
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In forming (12.84) the grid size in the computational domain is 4¢ = Ay = 1. 
Equation (12.84) is solved iteratively using successive over-relaxation (Sect. 6.3). 
Equation (12.84) provides an estimate of $77! as 


o*,={-OS[(DELZI.$");, ;,, - (DELZI. ф"); к] 
—OG,5S[(DELET.$^);,,; -(DELET.$*); 11 
+ [(GGTT.$^),., ,F(GTT.$"), 1,4 (СМУ. 0") 1 + (СУЗУ. Фф”), 4.1] 
4025[(GWT. фла (GWT) (ОМТ. ф"), ү 
(ОМТ. p") 1-11 {2(GTT,, + GWW,,)} ! , (12.85) 
and the improved solution is 


к mA 45); (12.86) 


where 4 is the relaxation parameter. The above formulation has been incorporated 
into a computer program, LAGEN. А listing of LAGEN and subroutines GRID, 
TRAPA and ITER are provided in Figs. 12.9-12. The main parameters used by 
program LAGEN are given in Table 12.1. 

After reading in the various parameters, LAGEN calls GRID to determine the 
grid points which are stored in augmented arrays, XG, YG. The grid points in the 
computational domain (Fig. 12.8) are augmented by additional rows of points 
(/= 0, ЈМАХ +1, К=0, КМАХ + 1) lying just outside the computational domain. 
This permits the transformation parameters Xz, etc, to be evaluated on the 
boundary using the same formulae (12.30, 31) as in the interior. 

The various grid point parameters GTT, etc., in (12.85) are evaluated in 
subroutine TRAPA and the iterative solution of (12.85 and 86) is carried out in 
subroutine ITER. LAGEN subsequently generates the solution output. 


Table 12.1. Parameters used in program LAGEN 


Parameter Description 

JMAX Number of points in the radial direction 
KMAX Number of points in the circumferential direction 
NMAX Maximum number of iterations 

RW rw (Fig. 12.8) 

RX ry (Fig. 12,8) 

RY ry (Fig. 12.8) 

RZ rz (Fig, 12.8) 

THEB "n (Fig. 12.8) 

THEN 0,, (Fig. 12.8) 

EPS Tolerance for convergence of SOR 

OM Relaxation parameter 4 in (12.86) 

PHI ф 

PHIX Exact solution for ф, (12.78) 

PHD ф* in (12.85) (subroutine ITER) 

XG. YG Augmented grid coordinates (subroutine GRID) 


RMS фф", dió"! — pex l rms 


тыс 1 à Qn ь Co e 


сз сусу су nm 


ena 


LAGEN APPLIES THE FINITE DIFFERENCE METHOD TO LAPLACES 
EQUATION IN GENERALISED COORDINATES ON A MODIFIED POLAR GRID. 
THE DISCRETISED EQUATION IS SOLVED BY SOR 


DIMENSION XG(23,23) ,YG(23,23),GWW(21,21) , GKT(21,21) , GTT (21,21), 
lDELZI(21,21),DELET (21,21) ,PHI(21,21),PHIX (21,21) 

COMMON /GRIDP/XG,YG,PHIX,PHI 

COMMON /TRAPP/GWW,GWT,GTT,DELZI,DELET 


OPEN (1, FILE-'LAGEN.DAT') 
OPEN (6, FILE-'LAGEN.OUT') 
READ (1,1) JHAX, KMAX, NMAX, IEX, IPR 
READ (1,2) RW, RX, КҮ, RZ, THEB, THEN, EPS, OM 
READ (1, 2) BX1, BXX1,CX1I, СХХІ 
1 FORMAT (815) 
2 FORMAT (8E10. 3) 


WRITE(6, 3) 
WRITE(6,4) ЈМАХ, КМАХ,НМАХ, IEX, EPS,OM 
WRITE(6,5) RW, RX, RY, RZ, THEB, THEN 

J FORMAT(' LAPLACE EQUATION BY GEN. COORD. FDM',//) 

4 FORMAT(' JMAX-',I12,' KMAX-',I2,' NMAX=',15,' IEX=',12, 


1' ЕР5=',Е10.3,' OM-',F5.3) 
5 FORMAT(" RWi-',F5.3,' RXz',F5.3,' RY-',F5.3,"' RZ-',F5.3, 
15X,' THEB-',F5,.1,' ТНЕН-",Е5.1,//) 
АКМ = KMAX - 2 
AJM = JMAX - 2 
SET UP GRID 


CALL GRID(JMAX,KMAX, THEB, THEN, RW, RX, RY,RZ) 
SET BOUNDARY VALUES OF PHI 


DO 8 J = 1,JMAX 

PHI(J,1) = 0. 

PHI(J,KMAX) = PHIX(J,KMAX) 
8 CONTINUE 
DO 9 K = 1,KMAX 
PHI(1,K) = PHIX(1,K) 
PHI(JMAX,K) = PHIX(JMAX,K) 
CONTINUE 


фо 


SET GRID RELATED PARAMETERS 

CALL TRAPA(JMAX,KMAX) 

ITERATE USING SOR 

CALL ITER(JMAX, KMAX,NMAX,N,OM,EPS) 
COMPARE SOLUTION WITH EXACT 


10 SUM = 0. 
DO 15 K = 1,KMAX 
WRITE(6,11)K 
11 FORMAT(/,' K=',12) 
DO 12 J = 1,JMAX 
DIF = PHI(J,K) - PHIX(J,K) 
SUM = SUM + DIF*DIF 
CONTINUE 
WRITE (6,13) (PHI(J, K) ,J=1,JMAX) 
WRITE(6,14) (PHIX(J,K) , J=1, JMAX) 
13 FORMAT(' PHIs',10F7.4) 
14 FORMAT(' PHX-',10F7.4) 
15 CONTINUE 
RMS = SQRT(SUM/AJM/AKM) 
WRITE(6,16)N,RMS 
16 FORMAT(/,' CONVERGED AFTER ',13,' STEPS, ЕМ5-",Е12.5) 
17 CONTINUE 
STOP 


1 


кю 


END Fig. 12.9. Listing of program LAGEN 
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1 SUBROUTINE GRID (ЈМАХ, КМАХ, THEB, THEN, RW,RX,RY,RZ) 
с 

4 C SET THE AUGMENTED GRID, INITIAL AND EXACT PHI 
с 

5 DIMENSION XG(23,23),YG(23,23) , PHIX(21, 21) , PHI (21,21) 

1 COMMON /GRIDP/XG,YG,PHIX,PHI 

8 JMAP = JMAX - 1 

9 KMAP = KMAX - 1 

10 AJM - JMAP 

11 АКМ = КМАР 

12 DRWX = (RX - RW) /АЈМ 

13 DRZY = (RY - RZ) /AKM 

14 DTH = (THEN-THEB)/AKM 

15 PI = 3.1415927 

16 KPP = KMAX + 2 

17 JPP = JMAX + 2 

18 C 

19 С SET XG, YG, EXACT AND INITIAL PHI 

20 С 

21 DO 7 K = 1,KPP 

22 AK = K - 2 

23 THK = (THEB + AK*DTH)*PI/180. 

24 CK = COS(THK) 

25 SK = SIN(THK) 

26 DR = DRWX + (DRZY - DRWX)*AK/AKM 

27 RWZ = RW + (RZ ~ RW) *AK/AKM 

28 DO 6 J = 1,JPP 

29 M = Ј- 2 

30 R = RWZ + AJ*DR 

31 XG(J,K) = R*CK 

32 YG(J,K) = R*SK 

33 IF(K .EQ. 1 .OR. K .EQ. KPP)GOTO 6 

34 IF(J .EQ. 1 .OR. J .EQ. JPP)GOTO 6 

35 JM = J-1 

36 KM = K - 1 

37 PHIX(JM,KM) = SK/R 

38 PHI(JM,KM) - PHIX(JM,KM) 

39 6 CONTINUE 

40 7 CONTINUE 

41 RETURN 

42 END 


Fig. 12.10. Listing of subroutine GRID 


Typical output for a 6х6 grid is shown in Fig. 12.13. For this particular case 
the grid is orthogonal and the terms B/J and V2n/J in (12.79) are zero. The 
convergence rate on this grid (Table 12.2) is seen to be approximately second-order 
and the solution accuracies are similar to those achieved by the finite volume 
method (Table 5.24). The effect of grid distortion on the generalised-coordinate 
solution is also indicated in Table 12.2 (case B, ғ,--2.00). As might be expected the 
accuracy and the convergence rate with grid refinement are both lower than for 
case A, 
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SUBROUTINE TRAPA(JMAX, KMAX) 
FROM GRID COORDINATES CALCULATES TRANSFORM PARAMETERS 


DIMENSION XG(23,23),YG(23, 23) , PHIX (21, 21) , PHI (21,21) 
DIMENSION GYW(21,21),GWT(21,21),GTT (21,21) , DELZI (21,21) , 


со -3 C^ Cn Pa w рә кә 
aaa 


1DELET (21,21) 
9 COMMON /GRIDP/XG, YG, PHIX, PHI 
10 COMMON /TRAPP/GWW,GWT,GTT,DELZI,DELET 
11 DO 2 K = 1,KMAX 
12 KP = K+1 
13 KPP = K + 2 
14 DO 1 J = 1,JMAX 
15 JP = J + 1 
16 JPP = J + 2 
17 C 
18 С BASIC TRANSFORM PARAMETERS 
19 C 
20 XZI = 0.5*(XG(JPP,KP) - XG(J,KP)) 
21 YZI = 0.5*(YG(JPP,KP) - YG(J,KP)) 
22 ХЕТ = 0.5*(XG(JP,KPP) - XG(JP,K)) 
23 YET = 0.5*(YG(JP,KPP) - YG(JP,K)) 
24 XZZ = XG(J,KP) - 2.*XG(JP,KP) + XG(JPP,KP) 
25 YZZ = YG(J,KP) - 2.*YG(JP,KP) + YG(JPP,KP) 
26 XEE = XG(JP,K) - 2.*XG(JP,KP) + XG(JP,KPP) 
27 YEE = YG(JP,K) - 2.*YG(JP,KP) + YG(JP,KPP) 
28 XZE = 0.25*(XG(JPP,KPP)-XG(J,KPP)+XG(J,K)-XG(JPP,K)) 
29 ҮТЕ = 0.25*(YG(JPP,KPP)-YG(J,KPP)+YG(J,K)-YG(JPP,K)) 
30 АЈ = XZI*YET - XET*YZI 
31 С 
32 C MODIFIED METRIC TENSOR COEFFICIENTS, G11,G12,G22 
33 C 
34 GWW(J,K) = (XZI*XZI + YZI*YZI)/AJ 
35 GWT(J,K) = -2.*(XZI*XET + YZI*YET)/AJ 
36 GTT(J,K) = (XET*XET + YET*YET)/AJ 
31 C 
38 C MODIFIED DEL**2ZI AND DEL**2ETA 
39 С 
40 DUM = GTT(J,K) * (XET*YZZ-YET*XZZ)/AJ 
41 DUM = DUM + GWT(J,K) * (XET*YZE-YET*XZE) /AJ 
42 DELZI(J,K) = DUM + GWW(J,K)*(XET*^YEE-YET*XEE) /AJ 
43 DUM = GTT(J,K) *(YZI^XZZ - XZI*YZZ)/AJ 
44 DUM = DUM + GWT(J,K)* (YZI*XZE-XZI^*YZE)/AJ 
45 DELET(J,K) = DUM + GWW(J,K)* (YZI*XEE-XZI^YEE)/AJ 
46 1 CONTINUE 
41 2 CONTINUE 
48 RETURN 
49 END 


Fig. 12.11. Listing of subroutine TRAPA 
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SUBROUTINE ITER(JMAX,KMAX,NMAX,N,OM, EPS) 
с ITERATE USING SOR APPLIED TO DISCRETISED EQUATIONS 


DIMENSION GWW(21,21),GWT(21,21) ,GTT(21,21) , DELZ1(21,21), 
1DELET (21,21) , PHI(21, 21), PHIX(21, 21) ,XG(23, 23) , YG(23, 23) 
COMMON /GRIDP/XG, YG, PHIX, PHI 

COMMON /TRAPP/GWW,GWT,GTT,DELZI,DELET 


«o бо 1 a Ал > CO b) v 
a 


10 KMAP = KMAX-1 

11 JMAP = JMAX-1 

12 АКМ = KMAP-1 

13 AJM = JMAP-1 

14 С 

15 DO 3 N = 1,NMAX 

16 SUM = 0. 

17 DO 2 K = 2,KMAP 

18 KM =K- 1 

19 KP = K +1 

20 DO 1 J = 2,JMAP 

21 JM “4-1 

22 JP = J + 1 

23 PHD = -0.5*(DELZI(JP,K) *PHI (JP, К) -DELZI (JM, К) *PHI ( JM,K)) 
24 PHD = PHD-0.5* (DELET(J, KP) *PHI(J, KP) -DELET(J, KM) *PHI (J, KM) ) 
25 PHD = PHD + GTT(JM,K)*PHI(JM,K) + GTT(JP,K)*PHI(JP,K) 

26 PHD = PHD + GWW(J,KM)*PHI(J,KM) + GWW(J,KP)*PHI(J,KP) 

27 PHD = PHD + 0.25*(GWT(JP,KP)*PHI (JP, KP) -GHT (JM, KP) *PHI (JM, KP) 
28 1 + GWT(JM,KM)*PHI(JM,KM) - GWT(JP,KM) *PHI (JP, KM)) 

29 PHD = 0.5*PHD/(GTT(J, K) £GWW(J, K)) 

30 DIF = PHD - PHI(J,K) 

31 SUM = SUM + DIF*DIF 

32 PHI(J,K) = PHI(J,K) + OM*DIF 

33 1 CONTINUE 

34 2 CONTINUE 

35 RMS = SQRT(SUM/AJM/AKM) 

36 IF(RMS .LT. EPS)RETURN 

31 3 CONTINUE 

38 WRITE(6, 4) NMAX, RMS 

39 4 FORMAT(' CONVERGENCE NOT ACHIEVED IN',15,' STEPS, RMS=', 
40 1E12.5) 

41 RETURN 

42 END 


Fig. 12.12. Listing of subroutine ITER 


Table 12.2. Generalised-coordinate solution errors with grid refine- 
ment (ry — rz —0.1, ғу — 1.0, Oy , —0, 07, =90, A= 1.5) 








Case GRID li — dalles No. of iterations 
to convergence 
А, 6х6 0.1338 15 
ry = 1.00 11х11 0.0473 19 
21х21 0.0138 53 
В, 6x6 0.2541 15 
ry = 2,00 11х11 0,1176 21 


21 x21 0.0430 66 


73 
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LAPLACE EQUATION BY GEN. COORD. FDM Fig. 12.13. Typical output from LAGEN 


JMAX- 6 KMAX= 6 NMAX- 100 IEX- 0 EPS= .100E-04 OM=1.500 
RW= .100 RX=1.000 RY=1.000 RZ= .100 THEB- .0 THEN= 90.0 


К= 1 
PHI= .0000 .0000 .0000 .0000 .0000 .0000 
PHX= .0000 .0000 .0000 .0000 .0000 .0000 


К= 2 
PHI= 3.0902 1.2454 .7453 .5209 .3931 .3090 
PHX- 3.0902 1.1036 .6718 .4828 .3768 .3090 


K= 3 
PHI= 5.8779 2.3498 1.4048 .9834 .7444 .5878 
PHX- 5.8779 2.0992 1.2778 .9184 .7168 .5878 


K= 4 
PHI= 8.0902 3.1813 1.9002 1.3351 1.0166 .8090 
PHX- 8.0902 2.8893 1.7587 1.2641 .9866 .8090 


К= 5 
PHI= 9.5106 3.6228 2.1688 1.5352 1.1804 .9511 
PHX- 9.5106 3.3966 2.0675 1.4860 1.1598 .9511 


К= 6 
PHI=10,0000 3.5714 2.1739 1.5625 1.2195 1.0000 
PHX-10.0000 3.5714 2.1739 1.5625 1.2195 1.0000 


CONVERGED AFTER 15 STEPS, RMS= .13384Е+00 


12.5 Closure 


The use of generalised coordinates permits finite difference methods to be effective 
in computational domains with complicated boundary shapes, primarily by 
making the boundaries coincide with particular generalised coordinate lines and, 
thereby, avoiding a local interpolation to implement the boundary conditions. 

In generalised coordinates the governing equations (Sect. 12.3) include ad- 
ditional terms that contain the mapping information between the irregular grid in 
the physical domain and the regular grid in the computational domain. The 
number of additional terms in the governing equations are reduced if orthogonal or 
conformal grids can be constructed for the particular computational domain. 

The discretisation of the governing equations in generalised coordinates intro- 
duces the additional problem (usually) of discretising the transformation par- 
ameters, It is generally recommended that the same formulae be used as for 
discretising derivatives of the dependent variables. 

That the discretisation is undertaken on a typically uniform computational grid 
may imply that higher accuracy can be achieved. Although this is true in the 
computational domain it is not generally true in the physical domain. If the grid 
growth or stretching parameter (r, in Fig. 12.7) is not small then a reduction in 
accuracy is to be expected. 
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In general this problem is more severe if the governing equation contains 
second or higher derivatives. However, for flow problems the terms responsible for 
the additional second-derivative reduction in accuracy are typically multiplied by 
1/Re. Consequently for high Reynolds number flows this additional error does not 
usually have a large effect. 

The implementation of generalised-coordinate finite difference schemes 
(Sect. 12.4) is no more complicated than the implementation of the finite volume 
method and produces solutions of comparable accuracy. 


12.6 Problems 


Transformation Relationships (Sect. 12.1) 


121 For a two-dimensional transformation derive the equivalent of (12.7) by 
direct multiplication of J J `! = I. 

122 Show by direct substitution that (12.13) is true. 

123 Use(12.15-17) to show that the transformation parameters can be expressed 
іп terms of x, АВ, бала J as 


_ сова Е sing 
“(АВ /віһбу200 PTAR Jsin0)12 ° 


AR 1{2 | АВ 1/2 
s costó (755) ; ДЕ A | . 


Evaluation of the Transformation Parameters (Sect. 12.2) 





Xe 








12.4 Starting from the two-dimensional equivalent of (12.7) derive the 


equations 

ё Sx Vint Mx Ys JE ъё J; ' 
хх ЈГ) Jo} 

and 


тумун ЈЕ +Ë n J, | 

“Сіз c суа ©. 

12,5 Derive (12.38). 

12.6 Fora one-dimensional grid, equivalent to that in Fig. 12.7, with physical and 
computational grid growth ratios ғ, and ғ,, respectively, show that the 
equivalent of (12.39) is 


ху 
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Hence derive a relationship between ғ, and ғ; for second-order accuracy. 
Would this be a practical way of choosing ғ, for arbitrary 0.8 <r, x 1.20, to 
give second-order accuracy? 


Generalised Coordinate Structure of Typical Equations (Sect. 12.3) 

127 Transform the equations 
u +b =Ü and u,—v,=0 
into generalised coordinates on a conformal grid and show that 
UF+VvF=0, UF-Vi=0, 


where U*=J~'(E,v+n,u) and V*=J (о-н). 
128 Transform the vorticity transport equation 


1 
(нг), +(v), 7 Re (Сх + 5) =0 


into generalised coordinates. How would the resulting equation simplify for 
i) an orthogonal grid, ii) a conformal grid? 

129 The following equations govern two-dimensional incompressible turbulent 
boundary layer flow (Sect. 11.4.2) 


u,+v,=0 , 


l ё ди 
шукш, Ры =, CHD | ; 


where ут is an eddy viscosity (11.76). Convert these equations to generalised 
coordinates and decide whether additional terms can be dropped consistent 
with the boundary layer assumption (Sect. 11.4.1). Assume the boundary 
layer develops on a surface of constant у. 


Numerical [Implementation (Sect. 12.4) 


12.10 Obtain solutions using LAGEN for the following cases: i) 6x6 grid, 
i) 11х11 grid, iii) 21 x21 grid for parameter values ry=r,=0.1, 
ry=1.0, r,— 3.00, 0,40, 0,,-<-90, 4=1,5. Compare the accuracy and 
convergence rate with the results shown in Table 12.2 and with FIVOL 
applied to the same computational domain. 

12.11 Modify subroutine GRID so that grid lines can vary like ag-- a,r-4- a;r? in 
the radial direction and like bọ +b, 8+ b,07, in the circumferential direction. 
Adjust the parameters do, а), а:, bo, b, and b, to place more grid lines close 
to WZ and ZY. Determine whether this produces more accurate solutions 
for the same number of grid points than the solutions presented in Table 
12.2. 


12.12 


12.13 
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For the solution domain shown in Fig. 12.8 the generalised coordinates (6, n) 
and the physical coordinates (x, y) can be related analytically by noting that 


9 — 507, - (1—5)(02y буу), 
г гу + (Р Рр) (Р Рр) én[(ry—rz)—(rx—^rw)] 


and x —r соѕ 0, y=r sin 0. 

These relationships permit the transformation parameters, £,, etc., to be 
determined analytically. Replace the numerical evaluation of £,, etc., in 
subroutine TRAPA by analytic evaluations and determine what the effect is 
on solution accuracy and convergence rate. 

Application of the group finite element method (Sect. 10,3) with bilinear 
interpolating functions on rectangular elements (Sect. 5.3.3) produces the 
following equations in place of (12.84): 


—M, & L(DELZI.$),,— M; & L (DELET. $); 

4 M,G Le(GTT.$),,+L:@ L(GWT.9),,-- M; L,(GWW.d),,—0 , 
where M.—M,- 11/6, 2/3, 1/6}, Le= L; =0.5{—1,0, 1} 

and Lj, = Li {1, -2,1) 

Thus the term M, @ 1(ОТТ.ф),  =1[(GTT.Ó);- , 44; 
—2(GTT.ó) «1 (ОТТ. ф) 142i] 

H3[GTT. 4), -2(GTT. ), (ОТТ. ф) 4] 
FAGTT.9),.,.,4-, -20GTT.$), к. HGTT.$)5 44i] - 


Construct an SOR algorithm based on the above equation in place of (12.85) 
and obtain solutions for 1) 6 x 6 grid, ii) 11 x 11 grid, iii) 21 x 21 grid for the 
parameter values given in Table 12.2. Compare the accuracy and conver- 
gence rate. Would you expect the results to change if the transformation 
parameters, x;, etc., are evaluated analytically? 


13. Grid Generation 


In this chapter grid generation will be discussed in relation to the establishment of 
the correspondence between points (x, y) in the irregular physical domain and 
points (£, n) in the regular computational domain. A conceptual approach to grid 
generation is to fix the values of € and у on the physical boundaries first. 
Subsequently interior points are located by determining the intersection of co- 
ordinate lines of opposite families drawn between corresponding boundary points. 

In a sense the problem of grid generation can be posed as a boundary value 
problem: given €=¢,(x,y) and y=n,(x,y) on the boundary ôR, generate 
€=€(x, y) and у= у(х, y) in the region R bounded by ӘК (Fig. 13.1). The physical 
coordinates (x, y), typically Cartesian, are the independent variables, and the 
generalised coordinates (2, у) are the dependent variables. 






Š = Epl x.y) 


V 


"| 
Кір, 13.1. Grid generation as а boundary value problem 
x In the physical domain 


In practice the grid is generated with less computational effort by working in 
the computational domain. Thus fixing the location of the points on the boundary 
gives x —x,(£ y) and y=y,(¢, n). The generation of the grid in the interior is 
expressed as the following boundary value problem: given x=x,(é, у) and 
y=y,(¢,7) on OR (Fig. 13.2) generate x=x(é, у) and у= y(č, y) in the region R 
bounded by дК. 

Since the interior points in the computational domain form a regular grid and 
the boundaries coincide with coordinate lines, the determination of x(£, n), y(é, y) 
is easier than working in the irregular physical domain, particularly if a partial 
differential equation is to be solved to generate the solution, x(é, n), y(£, n), as in 
Sect. 13.2.6. 
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x = xp(E,n) Fig. 13.2. Grid generation as a boundary 
y *Yb(£,n) value problem in the computational domain 





The specification of the above boundary value problem has been based on 
Dirichlet boundary conditions. However, it is often desirable to introduce Neuman 
boundary conditions. For example these would be appropriate if it were required 
that the coordinate lines intersect the physical boundary normally. This implies 
that on certain segments of the boundary, the angle of intersection (90^ typically) of 
the coordinate lines with the boundary is specified, and the location of the 
intersection points on the boundary are determined as part of the overall solution 
to the boundary value problem. Ап obvious extension is to a mixed boundary 
condition specification where it is desirable to maintain control of both the 
location of the grid points on the boundary and the orthogonality of the grid at the 
boundary. 

The two broad approaches to solving the boundary value problem for the 
interior grid point locations are either to solve a partial differential equation 
(Sect. 13.2) or to interpolate the interior region (Sect. 13.3). Before describing 
specific techniques, typical topological correspondences between the physical and 
computational domains will be considered (Sect. 13.1). 

In defining the relationship between points in the physical and computational 
domains, ie. x= x(¿, n) and y — y(£, n), it is necessary that there be а one-to-one 
correspondence. It would be unacceptable for a single point in the physical domain 
to map into two points in the computational domain, and vice-versa. This is 
equivalent to the requirement that coordinate lines of the same family must not 
cross and that coordinate lines of different families may only cross once. 

Once the mapping, x=x(é,7) and y=y(é, n), has been established, the re- 
quirement of a one-to-one mapping can be determined by evaluating the deter- 
minant of the transformation Jacobian, |J |, from (12.3). For the mapping to be one- 
to-one, |J| must be finite and non-zero. Depending on how the grid has been 
generated, |J| can be evaluated at each grid point, analytically or numerically 
(Sect. 12.2), to check for a one-to-one mapping. Such a check can be readily coded 
into a computer program. During development, computer plotting of the grid will 
quickly locate any points where the mapping is double-valued. 
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13.1 Physical Aspects 


In this section typical boundary mappings between the physical and computational 
domains will be indicated for simply connected and multiply connected regions, А 
particular choice for the gross boundary correspondence can have a marked 
influence on the distortion of the interior grid. 


13.1.1 Simply Connected Regions 


A simply connected region implies that any closed contour in the region can be 
shrunk to zero length without containing a boundary of the region. 

The simplest type of mapping is to require that a region defined by four curves 
is transformed to a rectangle in the computational domain. The mapping shown in 
Fig. 12.2 is of this type. 

If the physical domain has an overall shape, it may be appropriate to preserve, 
approximately, the same overall orientation in the computational domain. Thus 
Fig. 13.3 indicates that a distorted L-shaped region in the physical domain can be 
mapped into a regular L-shaped region in the computational domain. In Fig. 13.3 
only sufficient of the interior grid is shown to indicate the gross features. By 
preserving the overall shape approximately, it is easier to avoid excessive grid 
distortion [i.e. lack of orthogonality (12.18) ]. 





x ç 


Fig. 13.3. L-shaped region with gross shape preserved 


This same L-shaped region in the physical domain could be mapped into a 
rectangular region in the computational domain (Fig. 13.4). However, now slope 
discontinuities at А and D in the physical domain occur on lines of constant y (at A’ 
and D') in the computational domain. 

It is easier to set up the solution algorithm for the domain shown in Fig. 13.4 
than for that shown in Fig. 13.3, but the greater distortion in the physical domain 
close to А and D implies that the local solution accuracy may be more seriously 
affected than for the grid in Fig. 13.3. 
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Fig. 13.4. L-shaped region transformed to a rectangle 


А converse situation occurs when а corner point in the computational domain 
corresponds to a continuous part of the physical boundary (Fig. 13.5). Clearly, in 
this case, the grid adjacent to points А, B, etc., in the physical domain is rather 
distorted, with an expected deterioration of the local solution accuracy. Also, 
traversing the boundary through А” in the computational domain, changes from 
an y coordinate line to a č coordinate line. This may require special procedures to 
set up the discretised equations. 
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Fig. 13.5. Fictitious corners in the physical domain 


Generally the more complicated the boundary in the physical domain, the more 
choices in laying out the computational grid. For example, the same physical 
domain shown in Figs. 13.6-8 can be mapped in a number of different ways. 

For the bump shown in Fig. 13.6 the introduction of a concentrated grid for 
small values of y will resolve the solution close to B and D, but implies a fine grid 
adjacent to A and E. However, if BCD represented an obstruction in a viscous flow 
with AG as an inlet, points B and D would be stagnation points. If the interest were 
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Fig. 13.6. Single bump flattened 


on the maximum velocity or shear adjacent to C it might be acceptable to have a 
relatively coarse and distorted grid adjacent to B and D, as in Fig. 13.6. 

In Fig. 13.7 points B and D are collapsed onto the same point in the com- 
putational domain. This grid allows more grid points to be clustered close to BCD, 
with fewer total grid points, than does the grid in Fig. 13.6. However, a more 
distorted grid is produced close to C in Fig. 13.7. If a flow with GF as the inlet and 
outlet through AB and DE is being modelled the grid configuration in Fig. 13.7 is 
possibly acceptable. 


G F 


d A B D E 
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Fig. 13.7. Single bump transformed to a plate 


If points G and F are in a freestream well away from an obstruction BCD then a 
preferred boundary mapping might be as shown in Fig. 13.8. This mapping has 
some similarity with that shown in Fig. 13.6, except that here the most severely 
distorted part of the grid occurs at G and F. Since the flow is uniform at G and F the 
errors due to the locally distorted grid can be kept smaller than for the grid 
configuration shown in Fig. 13.6. 

The way the boundary is mapped from the physical to the computational 
domains should take into account the resulting grid distortion is relation to the 
expected flow solution. That is, local grid distortions have less impact on the global 
accuracy, if they occur in regions where the flow is uniform and if they can be 
removed from the region of interest. 
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Fig. 13.8. Single bump flattened with good local resolution 


131.2 Multiply-Connected Regions 


An example of a multiply connected region is the external flow around one or more 
obstacles, e.g. a turbine blade or aerofoil and flap. An obstruction in a duct, e.g. 
flow through a heat exchanger, is another example. The preferred boundary 
mapping typically depends on the shape of the obstruction. 

For a bluff body it may be appropriate to map the body to a square or rectangle 
in the computational plane and, thereby, retain a multiply connected region. Such a 
situation is shown in Fig. 13.9. This generally produces a relatively undistorted grid 
in the physical plane. If the body is slender it is often advantageous to map it into a 
slit in the computational domain as in Fig. 13.10. The main problem here is the 
distorted grid in the physical plane adjacent to A. 





Fig. 13.9. Bluff body mapping 


An effective way of overcoming the problem is to introduce a branch cut in the 
physical plane to generate a simply connected computational domain, as shown in 
Fig. 13.11. This type of grid is called an O-grid due to the gridline pattern in the 
physical domain. The introduction of the branch cut in the physical domain implies 
that grid points on АГ and C'D' in the computational domain coincide. Con- 
tiguous points across the branch cut may be required when evaluating derivatives 
on or adjacent to АГ and C'D'. 
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"| 
" , › Fig. 13.11. Smooth body plus branch cut: 
A В c O-grid 


However, care must be taken, in crossing through boundary АГ and reentering 
C D', that the č, y coordinate directions appropriate to the A'T boundary аге 
retained. It is conceptually useful to extend A'I' and C'D' as overlapping regions. At 
the coding level this can be done by defining dummy rows of points outside АГ 
and C'D' that are used to compute derivatives and are upgraded when the 
corresponding points at the other end of the computational domain are up- 
graded. 
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n , , 
L. И А В с” D” Fig. 13,12. Smooth body with sharp 
E trailing edge: C-grid 


If the immersed body is slender but blunt at the front and sharp at the rear, e.g. 
a turbine blade or aerofoil, it is convenient to introduce a branch cut which 
generates a C-grid, as in Fig. 13.12. 

Similar comments apply to Fig. 13.12 as were made about the branch cut in 
Fig. 13.11. Here the solution is continuous in crossing from A'T into C' D' and vice 
versa. However, in contrast to the situation for the O-grid, crossing from Alto CD 
or from CD to АІ is a traverse in the negative y direction in the computational 
domain. 

In addition a traverse along the branch cut from C to D is in the positive c 
direction, but a traverse from A to F is in the negative é direction. Thus care must be 
taken in calculating derivatives adjacent to the branch cut. The use of a dummy 
row of points is recommended. 

The occurrence of multiple isolated bodies typically requires either multiple 
embedded rectangles as in Fig. 13.9 or multiple branch cuts as in Fig. 13.12. Some 
of the choices are discussed by Thompson (1982, pp. 1—31). 

The extension of the above concepts to three dimensions is straightforward, 
although the book-keeping associated with contiguous surfaces, etc., can become 
tedious. Typical examples are provided by Rubbert and Lee (1982) and Thomas 
(1982). 
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It has been implicit in the above description that the grid being generated is not 
time-dependent. However for time-dependent problems or for resolving initially 
unknown severe gradients, e.g. associated with internal shocks, it is desirable to 
allow the grid to change with time or, equivalently, to adapt to the developing 
solution. The added level of complexity that this involves is reviewed by Thompson 
(1984) and described in more detail by Thompson et al. (1985, Chap. 11). 


13.2 Grid Generation by Partial Differential Equation Solution 


In transforming the governing equations for fluid dynamics into generalised 
coordinates it was pointed out (Sect. 12.1.3) that the governing equations have a 
simpler structure if the grid is conformal or orthogonal. 

For both classes of grid the transformation between the physical and com- 
putational domain can be obtained by solving a partial differential equation; (13.2) 
for conformal grids and (13.24) for orthogonal grids. With no restriction on the grid 
the transformation can be obtained by solving a Poisson equation (13.35). 


13.2.1 Conformal Mapping: General Considerations 


For conformal transformations it is possible to write the relationship between the 
physical (x, y) and computational domains as, in two dimensions, 


"P ms —hsina Із 
=| 7 . (13.1) 
dy hsin х hcosa || dn 
The scale factor h is related to the components of the metric tensor by (12.20), Le. 
h=gi =g}7 . The angle «is the angle between the tangent to the é coordinate line 
and the x-axis (12.15). Clearly once h and « are known for a particular conformal 
transformation, x.( = h cos а), ete., follow directly from (13.1). 

When a conformal transformation is used the computational grid (£, n) is linked 
to the physical grid (x, y) by Laplace's equations 


с tSyy =O , Nx t+ y, = 0 > (13.2) 


and the Cauchy-Riemann conditions £,—5, and €,= —n,. Since simple exact 
solutions to (13.2) exist it is possible to construct the solutions ¿(x, y) and n(x, y) by 
superposition and by complex transformations (Milne-Thomson 1968). 

Using complex variables, z 2 x - iy and £ = Ë + ig, a conformal transformation 
can be expressed symbolically as Z — F (C) or, in a more useful form, 


dZ-Hdi or 2-|НЖж, where (13.3) 
Н « he? = h(cosa--isina) . (13.4) 


Thus, from (13.1), H contains the transformation parameters x;, etc. 
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Traditionally (Milne-Thomson 1968), conformal mapping has been used to 
obtain potential flow solutions (Sect. 11.3) about relatively complicated shapes 
given the flow behaviour about a simple shape, such as a circle with a unit radius 
(unit circle). 

Here conformal mapping is used as a grid generation technique, with no 
restriction on the type of flow. In practice the generated gridlines may be chosen to 
coincide with the streamlines of an equivalent potential flow problem. This feature 
often aids the stability of the computational method used to solve the more general 
problem. 

As a complete technique for grid generation, conformal mapping may be 
interpreted as consisting of two stages: 


i) the construction of a single mapping or sequence of mappings to obtain the 
correspondence between boundary points in the physical and computational 
domains, 

ii) the generation of the interior points in the physical domain given the boundary 
correspondence from stage i). 


It is understood that, as with the general philosophy of grid generation, the 
computational domain is typically a simple rectangle in which interior points are 
laid out on a regular grid. 

Two approaches will be considered. The first approach (Sect. 13.2.2) is ap- 
propriate to streamlined shapes like aerofoils or turbine blades which can be 
transformed via a sequence of mappings into a unit rectangle. The second approach 
(Sect. 13.2.3) uses a one-step mapping based on a Schwarz-Christoffel transform- 
ation of a polygon with N straight sides into a straight line. Various modifications 
of the Schwarz-Christoffel transformation are now available which make it ap- 
plicable to quite general shapes. 


13.2.2 Sequential Conformal Mapping 


The sequence is often built around the von Karman- Trefftz transformation 
(Milne-Thomson 1968, p. 199), 


Z'-a (Z-AMF 
аге. (24) i (13.5) 





where a,b in the Z'-plane and A and B in the Z-plane are chosen to suit the 
geometry considered. The von Karman-Trefltz transformation maps an aerofoil 
in the Z-plane into a near-circle in the 7” plane. This technique will be illustrated 
for the aerofoil shown in Fig. 13.13. 

The parameters in (13.5) are chosen as 


Z,— Z 
а= —b= n t 


13.6 
T X (13.6) 





and К=2—т/л. 
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Fig. 13.13. Sequential mapping for an aerofoil 


The location Z, is the trailing edge and Z, is a point midway between the nose 
of the aerofoil and its centre of curvature. The transformation is singular at these 
two points. The parameter k is related to the trailing edge included angle z by (13.6). 
The choice of parameters given by (13.6) maps the aerofoil in the Z plane to a near- 
circle in the Z' plane (Fig. 13.13), approximately centred at C. It can be seen that 
the angle т has been expanded to 180^ in the Z' plane. 

It is convenient to execute (13.5) in the following sequence: 


22-4 





v=o, (13.7b) 
=” ‚ (13.76) 
— t 


Equations (13.7a and c) involve only linear transformations. However, (13.7b) 
introduces the complication that multiple values of p exist for each value of o. If the 
aerofoil has a cusped trailing-edge, т = 0, and two values of v arise for each value of 
w. For the more general case of a non-zero value of < an infinite number of values of 
v are available for each value of о. 

Computational strategies for selecting the correct value of v are discussed by 
Ives (1982, p. 114). Broadly the transformation is tracked to the point of interest 
from a 'safe' point such as upstream infinity in the physical (Z) plane. 

. The near-circle in the Z' plane is conveniently transformed to a near-circle in 
the Z" plane centred at the origin by 


Z'-z-C. (13.8) 
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The point C is the approximate centroid of the near-circle іп the Z’ plane. This 
mapping is included to improve the convergence of the Theodorsen-Garrick (1933) 
transformation from the near-circle in the Z” plane to a unit circle in the 2 plane. 

To implement the Theodorsen-Garrick transformation it is necessary to be 
able to define arbitrary points on the surface of the near-circle in the Z" plane. 
Introducing polar coordinates, Z” =r(@) exp(i0), it is customary ( Ives 1976) to fit 
Inr as a function of 0 with a periodic cubic spline. Cubic spline fitting is discussed 
by Ahlberg et al. (1967) and Forsythe et al. (1977). 

The Theodorsen-Garrick transformation can be written as 


N 


кәр (аву) . (13.9) 


j-0 


The coefficients А, and B; in (13.9) are chosen by mapping 2N equally spaced 
points around the unit circle in the $ plane to equivalent points in the Z” plane. А 
particularly efficient technique, based on the discrete fast Fourier transform 
(Cooley and Tukey 1965), is described by Ives (1976). 

The region outside of the unit circle in the ¿ plane (the intermediate com- 
putational domain) is mapped to the inside of a rectangle (1 < R < Rmax, 0 < 8 S27) 
by letting 

¿= rei? 


М 


and setting 
К=ехр(ш”) and В-ф. (13.10) 


Consequently the sequence of transformations (13.7-10) maps the region ex- 
terior to an isolated streamlined body in the (x, y) plane to the interior of a 
rectangle in the (К, B) plane. 

In principle a uniform grid can be laid out in the (R, B) plane and the inverse 
mapping used to provide the corresponding grid in the physical domain. However, 
Ives (1982, p. 128) notes that although the establishment of the boundary cor- 
respondence between the physical and computational domains, by the above 
sequence of transformations, is relatively efficient, the inverse transformation often 
is not. Therefore, for the general case of sequential mapping, Ives recommends that 
a fast elliptic solver (Temperton 1979) be used to generate the interior grid 
by solving 


Хек X470 and Yez + y, = 0 3 (13.11) 


With the boundary values already determined by stage 1. 
The sequential mapping procedure described above can be extended to multiple 
isolated bodies, e.g. an aerofoil and flap (Ives 1976). 
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13.2.3 One-Step Conformal Mapping 


In this section a computationally efficient implementation of the Schwarz- 
Christoffel transformation due to Davis (1979) is described. This particular imple- 
mentation can be extended to bodies with curved sides. The traditional Schwarz- 
Christoffel transformation allows a region bounded by a simple closed polygon in 
the physical plane Z to be mapped into the upper half of the transform plane w. The 
polygon coincides with the real axis in the o plane. 

By introducing a branch cut, Fig. 13.14, it is possible to consider the region 
between the polygon and infinity in the Z plane as being the bounded region. 
Consequently the Schwarz-Christoffel transformation can be used to obtain 
exterior grids. However, in this section the Schwarz—Christoffel transformation will 
be described for an internal flow geometry, a two-dimensional duct (Fig. 13.15). 






о) plane 
— а) 
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| | Fig.13.14. Schwarz-Christoffel transformation 


In the conventional form (Milne-Thomson 1968, p.277) the Schwarz- 
Christoffel transformation is written 


47 M V [(o—bj -o (13.12) 
do ^ ji ) ; l 
where the x;s are the angles turned through at each corner (anticlockwise positive). 
The b;s are unknown locations on the real axis in the transform plane; three of the 
b;s may be chosen arbitrarily. M is a complex constant, typically related to the 
geometry of the physical domain. 

The body in the physical domain does not need to be closed. Thus the region 
inside an arbitrary duct, Fig. 13.15, can be mapped to the upper half plane by 
(13.12) so that Zy, at the top of the inlet to the duct, is mapped to a downstream 
point in the o plane. 

In principle a uniform grid can be laid out in the w plane and the inverse 
mapping used to generate the corresponding grid in the physical plane. However, 
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Fig. 13.15. Transformation of a 
Е two-dimensional duct 


for a duct flow it is convenient to make a second transformation from the upper 
half w plane to a straight duct parallel to the real axis in the ¿ plane (Fig. 13.15). 

The Schwarz-Christoffel mapping for the duct from the Z plane to the o plane 
is given by 


и! П (och tn Jar | (13.13) 


Equation (13.13) has been written so that it involves only angles and poles 
actually in the duct. In (13.13), «; are the corner angles of the jth segment in the Z 
plane. M is related to the duct height and orientation to the x-axis, and can be 
obtained explicitly (13.17). The b;s are poles in w plane, corresponding to the 
corners in the physical plane. These are unknown and must be determined 
iteratively by repeatedly integrating (13.13). 
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The mapping from the o plane to the ¢ plane is given by 
1 . 
¿= - ueri . (13.14) 


If it is assumed that the duct extends far upstream as а straight duct (equivalent to 
w— оо), (13.13) becomes 


dZ M 

do^ (13.15) 
Integrating (13.15) and combining with (13.14) gives 

Z=nM(i-O)4+Zo . (13.16) 


Applied to the upper and lower duct surface, (13.16) produces the following 
expression for M: 


Z, —Z,=iHe® = —aMi , (13.17) 


where H and @ are defined in Fig. 13.15. 

In principle, (13.13) could be integrated numerically, to generate the grid, if the 
pole locations b; were known. However, difficulties would be experienced in the 
neighbourhood of 5; due to the singular nature of (13.13) at о = b;. The integration 
path can be located at о + ie in the œ plane which is equivalent to marching just 
inside the duct axis. However, a better way (Davis 1979) is to use a composite, 
second-order marching scheme which incorporates the analytic integration at each 
pole. This scheme is given by 








£ _ Z M о — b) suf (o р) =" 
k+1 44 n i ( k+1 7 Dj k d . (13.19) 


Cea б NUTUS j= (ок) "7 
А corresponding finite difference representation of (13.14) can be written 


Og 1 — Oy = —ЛОк+1у2(бк+1— C4) . (13.19) 


Combining (13.18) and (13.19) provides a direct link between the physical plane 
Z and the computational plane ¿ which is valid for any integration path in the 
computational domain. 

Since the pole locations b, are unknown, (13.18) must be integrated to obtain 
2;-2)-1. where v is the iteration index. But the converged values, Z^, etc., are 
known, in the physical plane. Therefore the unknown 5+! are upgraded from 


2 2-0 y— O44), (13.20) 


1 _ +1 
-і 
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and the upgraded bj*! are obtained from (13.14) as 
bit =exp[a(i-¢3**)] . (13.21) 


The whole process (13.18-21) is repeated until Z} is sufficiently close to Z$ for all j. 
Typically this takes 10-15 iterations for agreement to five decimal places, and 
appears to be independent of the number of segments, N. Further details are given 
by Anderson et al. (1982, p. 507). 

The repeated integrations to establish the correct b; locations are along the 
computational boundaries (и =0 and Ymax in Fig. 13.15) and generate the corre- 
spondence between boundary points in the physical and computational domains 
(stage 1, Sect. 13.2.1). Subsequently, with known b; values, (13.18) is numerically 
integrated along lines of constant š and y in the computational domain to generate 
the interior grid in the physical domain. 

An interesting feature of the present approach is that in the computational 
domain the potential flow in the duct is given by 


ф+ =, (13.22) 


where ф is the velocity potential, is the streamfunction and there 15 а unit velocity. 
Thus constant values of 4 and € will give streamlines and isopotential lines. 
Consequently the corresponding grid lines in the physical plane will correspond to 
the streamlines and isopotential lines for potential flow through the actual duct. 
For a viscous flow through the duct the gridlines will still be a reasonable 
approximation to the actual streamlines. 

The general construction of conformal mappings via the Schwarz—Christoffel 
transformation and approximate methods of numerical integration are surveyed by 
Trefethen (1980). 

Traditionally the Schwarz-Christoffel transformation has been applied to 
straight-sided domains, with discontinuous changes in body slope associated with 
the turning angles о; in Fig. 13.14. However, Woods (1961) has extended the 
Schwartz-Christoffel transformation to bodies with curved surfaces, replacing 
(13.12) with 


dZ 1 
22 = Mesp| © [Into- yap | , (13.23) 


where b is a segment of the real axis in the œw plane апа df is the corresponding 
incremental angle turned through in the Z plane. Davis (1979) provides a numerical 
implementation of (13.23) and obtains appropriate mappings for the region outside 
an aerofoil in the physical plane to a rectangle in the w (computational) plane. 

Although conformal mapping is not available in three dimensions, flow geo- 
теігіев in three dimensions have been successfully analysed by using a sequence of 
two-dimensional transformations at successive values of the third coordinate 
(Moretti 1980). 
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13.2.4 Orthogonal Grid Generation 


Orthogonal coordinate systems require the metric parameters g;; = 0, ij. This 
implies that the physical (x, y) and computational (4, 7) domains must be related, 
in two dimensions, by 


h, h, h, h, 
— | =0 d -2 —]|-20 13. 
(= =) +Í a) an (ы; + UIS (13.24) 


in the interior and 
= п and h,2,= —hjm, (13.25) 
on the boundary. The ratio h,/h, is the grid aspect ratio (12.16) where 
h,—(xi-y" and А, = (х2 + уд) 2. (13.26) 


Orthogonal grids тау be constructed from an existing ог preliminary non- 
orthogonal grid by generating orthogonal trajectories. This permits points to be 
specified on three surfaces (say EA, ABC and CD in Fig. 13.16), with points on the 
fourth surface (ED in Fig. 13.16) determined by the orthogonal trajectory. 


D 
Vevy 
Н 
(27 ! 
E А В ‚ C 
y J= ЈМАХ 


Fig. 13.16. Preliminary configuration for orthogonal trajectory construction 


If an orthogonal grid is required with points specified on all four surfaces it is 
possible (Thompson 1984) to construct a conformal grid and to apply separate one- 
dimensional stretchings іп the č and у directions. Equation (13.44) provides ап 
effective stretching function. Alternatively (13.24) can be solved with an iteratively 
prescribed form, й, /h, =f (š, y). This technique will be described in Sect. 13.2.6. 

If the orthogonal grid is only required close to a specific boundary (say ABC in 
Fig.13.16) it is possible to construct a locally orthogonal grid by specifying a 
metric-related parameter, say J, in addition to the orthogonality constraint, 
g,2=0. This produces a hyperbolic system of equations that can be marched away 
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from the specified boundary to construct the grid. Steger and Sorenson (1980) 
describe such a technique. 

In this section the orthogonal trajectory method will be described in more 
detail. The starting point is to lay out a family of curves, as in Fig. 13.16. The 
location along a particular member (v — v,) of the family may be determined by a 
simple shearing transformation, e.g. 


x - (1 6) EA (4) + u CD*(v,) , 
y-(1—-U)EA*(v,) cu CD*(v,) , and (13.27) 
ш —(u—imylumax — 1). 


The prescribed functions EA"(v), etc., determine the grid point distribution on EA 
and CD (Fig. 13.16) and the clustering of grid lines adjacent to ABC. If the v = v, 
lines must also be orthogonal to EA and CD a cubic representation in р’, equivalent 
to (13.49), can be introduced (Eiseman 1982a, p.209) to replace (13.27). The 
distribution of points on ABC (и = џ;) is prescribed. 

The construction of an orthogonal grid (Z, n) requires defining trajectories 
starting at и = uy, finishing at the target boundary ED and intersecting each 
intervening coordinate line (v = v,) at right angles. Clearly not only are the 
locations of the interior grid points determined by this process but also the grid 
point locations on ED. 

The construction of an orthogonal (š, n) grid is accomplished by setting n, = v, 
and č = €, (constant) lines orthogonal to the y = 5, lines. A suitable equation 
defining the trajectory of the ¢ = ё; line can be obtained as follows. 

Given that x = x(u, v) and у = y(u, v), the slope ofa v = v, line can be expressed 
as 


dy 
dx 





ду/ди 
_ | 13.28 
дх/ди ) 





у= Yk 


Since у = v, a line orthogonal to a v = v, line is a constant £ line. Consequently 
the slope of a constant (¢ = £;) line can be written, from (13.28), 











dy дх/ди 

MEA = — . 13.29 

dx |. s бу/ди ( 
But since ё = ¿(u, v) and у = v, 

dy) П@у/ёш)и/ а): ==, + Oy/Ov] - (13.30) 

dx= ПОх/ди)ан/ау)-., + дх/ду] 





Equating (13.29) and (13.30) produces an ordinary differential equation defining the 
trajectory of the č = č; line in the (u, v) plane. That is, 
2 2 
ТЕЛ 
dv hen, ду би др ду ди ди 
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A comparison with (12.12) indicates that (13.31) can be written in the general form 


du) 12 


= , 13.32 
dy і-е; gii 


where g, and g,, are components of the metric associated with mapping from the 
physical (x, y) plane to the non-orthogonal (gy, v) plane. Clearly the right-hand side 
of (13.31) can be evaluated since the (u, v) grid is defined (Fig. 13.16). 

Initial values for (13.31) are given by u= u; on ABC. Typically (13.31) is 
integrated numerically. At the intersection with each у = v, line, the physical 
coordinates (x, y) follow from the equation defining the (u, v) grid, e.g. (13.27). 

Equation (13.32) is a characteristic equation (Sect. 2.2) for the hyperbolic 
equation 


а due oy (13.33) 
бу 41100 

so that the orthogonal traJectory method is essentially а method of characteristics. 
The method is discussed at greater length by Eiseman (1982). 

Generally strictly orthogonal grids are restricted to two dimensions, since it is 
not possible to construct completely orthogonal grids in three dimensions and still 
retain sufficient control over boundary grid point locations (Eiseman 1982). 
However, it is possible to construct grids that are orthogonal to specific surfaces 
and to construct three-dimensional grids from a stack of two-dimensional orthog- 
onal grids. In this case the grid distribution in the third direction may not be very 
smooth (Thompson 1984). 


13.2.8 Near-Orthogonal Grids 


Although the use of a strictly orthogonal grid permits certain terms in the 
governing equations (Sect. 12.1.3) to be dropped, a near-orthogonal grid is very 
easy to construct and will avoid errors due to grid distortion. 

The following is an effective technique for generating a near-orthogonal grid. It 
is assumed that the family of grid lines shown in Fig. 13.16 has been constructed. 
The procedure starts with specified points, и = u; on ABC, as in Sect. 13.2.4. The 
present procedure is a predictor-corrector scheme designed to obtain a point on the 
'= v> line that is approximately orthogonal (Fig. 13.17) to the point (,, v,). The 
normal to the v = v, line is drawn to the intersection of the v — v, line. At the 
intersection point the normal, — dx/dy|, . ,, is calculated and the intersection point 
moved until this normal passes through the original point ( и}, v; ). The final point 
(uj, v?) on the v, line, in "orthogonal correspondence" with the point (u;, v,), is 
taken as the average of the two intersection points. This is equivalent to using a 
characteristic direction defined by 


; dx dx 
=0.5{ —— 13.3 
ау | dy u l % 


оф 











Vint 
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(uj, v>) Fig. 13.17. Near-orthogonal construction 


V=V, 








V=v, 
“а 


В 


Once all the grid points have been set on the v = v, line the process is repeated 
to establish the near-orthogonal grid points on the v = v, gridline. The process is 
continued until the outer boundary, e.g. ED in Fig. 13.16, is reached. 

Typical code to construct the predicted intersection with the у = v, grid line is 
provided in subroutine SURCH (Fig. 13.29). The construction described here was 
originated by McNally (1972). 


13.2.6 Solution of Elliptic Partial Differential Equations 


In this section more general techniques for coordinate generation will be con- 
sidered, which do not necessarily produce grids that are conformal or orthogonal. 
However, the present techniques do permit more control over the clustering of 
interior grids points. 

As indicated at the beginning of Chap. 13 the problem of interior grid point 
generation can be posed as a boundary value problem, and preferably in the 
computational (С, y) domain. Since an elliptic partial differential equation is to be 
solved it is necessary to specify the grid point locations or the local grid line slopes 
at the boundaries, as boundary conditions. 

The most common partial differential equation used for grid generation is a 
Poisson equation in the form 


д? 2 2 2 

анаар). 2101-06. (1335) 
where Р апа О аге known functions used to control interior grid clustering. 

The use of an elliptic partial differential equation to generate the Interior grid 
points brings with it certain advantages. First, the grid will be smoothly varying 
even if the boundary of the domain has a slope discontinuity. By contrast if a 
hyperbolic partial differential equation were used to generate the interior grid any 
slope discontinuities at the boundary would also appear in the interior grid. 

Elliptic equations like (13.35) satisfy the maximum principle, for reasonable 
values of P and О. That is, the maximum and minimum values of ё and y must 
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occur on the boundary. Thompson (1982) indicates that this normally guarantees a 
one-to-one mapping. However, extreme choices for P and Q may cause a local grid 
overlap. 

The actual solution of (13.35) is carried out in the computational (é, у) domain. 
In this domain (13.35) transform to 


x 0%х O^ x Óx Óx 

ех RÍO усх рс 0 |=0 | 
T PD | o) | (13.362) 
^y Oy ey ду ду 

—, - 2p—— — +ó P= — |=0, 13. 
ЕЛШЕМ: az + Co (19.360) 


where &=g 3,8 =G;2,y=g,, and ô = 9, the determinant of the metric tensor (12.12). 

To specify boundary conditions to suit (13.36) it is useful to consider the specific 
example shown in Fig. 13.18. On contour ABC(A'B'C), у = 5, and x = x 4gc(£), 
y = yaa ce (š). for č, < £ < £,, where the functional relations, x , Í (£) and y „вс(ё), are 








n 
nen, k=KMAX 
= k =] 
n n, А B’ С^ 
j=1 j= JMAX 


Fig. 13.18. Typical mapping 
for elliptic PDE grid gener- 
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known and specify the distribution of grid points on ABC. In a similar way, on 
contour DFI(D'F'I'), п = n> and x = xppj($), y = Yorr(G), for 6, < ç < š;, where 
хн (Ә) and урғт(&) specify the distribution of grid points on DFI. The boundary 
grid point specification is facilitated by the one-dimensional stretching function 
described in Sect. 13.3.1. 

It is emphasised that boundary conditions must not be specified on A'T or 
C'D' since the corresponding lines in the physical plane are interior lines (and 
coincide). 

Equation (13.36a) can be discretised using centred difference formulae to give 


a (Xj ik — 2X; + хур) = OSB (Xii -Хҙ- +1 — Хурда Ж Xj- i-i) 
ty (Xp ы-і -2х;, +X; 441) + 0.50 Р(х), х;у) 
+ 0.56'Q(X) 644 = хуа) 70 , (13.37) 


where 


w = 025[(xj a1 — Xpk-ciY (ууа Урк-1)°1› 

В -025[ GG. ik 7 X; i ade Хр) 
(Yea Yi gai — Урк-1)]› (13.38) 

у = 0.25[(х;., — Xj ia t gei Ура) , 

à = (ху хуа к) (Урава = Удаа) 


— (Xj. 41 — Xy aci) Yitik Уа А) 1716 . 


Equation (13.36b) is discretised in an equivalent manner. In forming (13.37 and 
38) it has been assumed that 4 č = An = 1. This choice does not affect the grid in the 
physical domain. 

The appearance of the branch cut (AI/ CD) in Fig. 13.18 causes some increase іп 
coding complexity for points on A'I'(j = 1) or C'D'(j = J МАХ). For example 
0%х/042 located on A'T is evaluated as 


^x 
og = Хумдх- 1,8 7 2X1, k X2, - 

In addition, the solution j = 1 and / МАХ is identical, so that iterative adjust- 
ments to the solution on j= 1 and J = МАХ should be made at the same time. 

Equations (13.37) are nonlinear simultaneous algebraic equations that can be 
Solved iteratively by the techniques discussed 1n Sect. 6.3. Thompson et al. (1977b) 
apply point SOR and note that the acceleration parameter 2 may be greater than 
unity if (x) > (0.55'Р)? and (у)? >(0.56’Q)*. Not surprisingly, the optimum 2 
and the number of iterations to convergence is a function of the choice of P 
and Q. 
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The following choice for P and Q is recommended by Thompson et al. (197 Tax 
L 
P(E п = — у, asgo — &)ехр(—с|ё — čl) 
ісі 


M 
T > Б, sen(é — é,, exp[ —4„[(&— En)” tn — tm)? 17] (13.39) 


Q( = — > a, sgn(y — n,)exp( — с — ml) " 


1= 1 


M . 
— Y by sen(y — ng expl —dn{(E— En)? Gn, 171, — (1340) 


m=i 


where coefficients а), b,, c; and а, are chosen to generate appropriate grid 
clustering. The sgn function has the property 


sgn(x)=1 if x is positive, 
=0 if x=0, 
= —1 if x is negative. 


The first term in (13.39) has the effect of moving 2 = const lines towards the 
č = С, line, and the first term in (13.40) has the effect of moving y = const lines 
towards the у = ү, line. Thus the choice 5, = 5, (Fig. 13.18) and a large value of a, 
would tend to cluster lines close to the surface ABC. The second terms in (13.39, 40) 
attract č = const lines and y = const lines to the point (ém, Nm}. For a slender body 
the second terms could be used to concentrate points close to the leading and 
trailing edges, B and А/С in Fig. 13.18. 

The use of large values of P and Q to generate clustering slows down the 
convergence and restricts the choice of initial (x, y) values from which convergence 
can be achieved. Consequently it is recommended that a solution 1s obtained 
initially with little or no clustering, as this situation has a wider radius ol 
convergence. The converged solution is used as the starting solution for P and Q 
corresponding to increased clustering. This procedure can be continued until the 
required clustering is achieved. 

Thompson et al. (1977a, b) provide many examples of grids generated using the 
above formulation. A computer listing, TOMCAT, is provided by Thompson et al 
(1977b). The extension to three dimensions and the generalisation of (13.35) tc 
provide greater grid control is discussed by Thompson (1982). More recent 
developments are indicated by Thompson (1984) and Thompson et al. (1985). 

It is possible to modify the Thompson technique to generate orthogonal grid: 
with specified boundary grid points and some control over the interior grid ро! 
distribution. This is achieved by defining 


h 


2 gi? 
hy, ga G n), 
1 
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where f(é, 7) is to be specified, in principle. The particular choice 


| of І г (1) 
Р------ and ------|- 13.41 
hh; OE PEDE (1341) 


allows (13.36) to бе written 


ô f „дх 6f1éx\_ 0 f ду a (1 ay\_ 
alts) ta a)". ШЕРГЕ (13.42) 


Equations (13.42) аге the governing equations for generating orthogonal grids. Тһе 
function (Ё, n) may be chosen on the boundary. The interior values of f (£, n) are 
typically (Ryskin and Leal 1983) generated by transfinite interpolation (Sect. 13.3.4) 
of the boundary values. 

In practice a non-orthogonal grid is generated initially with specified х(2, n), 
y(£, п) оп the boundaries. The definition f =(g2./g,,)'’? and (12.12) are used to 
evaluate f (£, n) on the boundary. Transfinite interpolation generates correspondng 
interior values of f (é, n). The discretiscd version of (13.42), equivalent to (13.37) 1s 
iterated for a few steps. The modified x(£, n), y (£, n) solution allows a new f(é, n) to 
be calculated on the boundary, and the whole process 1s repeated until the grid no 
longer changes. Ryskin and Leal present typical grids requiring 50—100 iterations 
for convergence. Most of the interior point control comes from the boundary point 
distribution; the transfinite interpolation step provides some additional adjust- 
ment. 








13.3 Grid Generation by Algebraic Mapping 


Algebraic mapping techniques interpolate the boundary data to generate the 
interior grid. The explicit interpolation may be in one dimension (Sects. 13.3.2 and 
13.3.3) or multidimensions (Sect. 13.3.4). A key requirement 15 that the generated 
grid should be well-conditioned Le. smoothly varying, close to orthogonal and with 
local grid aspect ratios close to unity. For fluid flow problems the solution is often 
Changing rapidly close to a particular surface. It is important to construct a grid 
that is orthogonal or near-orthogonal adjacent to such a surface. All three methods 
to be described in this section have this capability. 

The distribution of grid points in the interior is mainly governed by the 
Stretching functions on the boundaries. Consequently the two-boundary 
(Sect. 13.3.2) and multisurface (Sect. 13.3.3) techniques are still able to generate 
smoothly varying near-orthogonal grids (Fig. 13.30) with only one-dimensional 
explicit interpolation. 

The distribution of points along the boundary of the domain is handled 
effectively by defining normalized one-dimensional stretching functions along 
boundary segments, typically corresponding to each side of the computational 
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rectangle in the (Z,n) plane. A suitable one-dimensional stretching function is 
described in Sect. 13.3.1. Boundary stretching functions are applicable whether the 
interior grid is generated by solving a partial differential equation (Sect. 13.2) or by 
an algebraic mapping (present section). 


13.3.1 One-Dimensional Stretching Functions 


One-dimensional stretching functions are widely used for distributing points along 
a particular boundary so that specific regions of the domain can be resolved 
accurately. For the viscous flow around an isolated symmetric body (Fig. 13.16) it 
would be appropriate to introduce one-dimensional stretching functions on AE 
and CD so that grid points are clustered close to ABC to resolve the high gradients 
expected in that area. 

For relatively simple geometries it may be possible to combine one-dimensional 
boundary stretching functions with a simple shearing transformation, e.g. (13.27), 
to establish the interior grid. 

It is desirable to express the dependent and independent variables in the 
stretching function in normalised form. For a one-dimensional stretching function 
applied to EA in Fig. 13.16 an appropriate normalised independent variable would 
be 





ER 13.43 
T Hg UA 


so that0<n*<lasn,SnSnhk. 
Ап effective stretching function due to Roberts (1971), and modified by Eiseman 
(1979), is 


(13.44) 





5a  tanh[Q(1 —7*)] 
s= Ри +(1 н! ќапһ Q J j 
where Р and О are parameters to provide grid point control. P effectively provides 
the slope of the distribution, sz Ру*, close to у* = 0. Q is called a damping factor 
by Eiseman and controls the departure from the linear s versus y* behaviour. Small 
values of Q cause small departures from linearity. However, if P is close to unity the 
departure from linearity will be small and will occur only for y* close to unity. 

Once s is obtained it is used to specify the distribution of x and y. For example, 
defining 


> Xa f(s), P YA gs) , (13.45) 


ХАТ XE УАТ YE 


generates x(s) and y(s) directly. A simple choice would be f(s) = 9(5) = s, so that 
(13.45) gives 


X=X445S(X4—Xe), Y=VatS(Va-Ye) - (13.46) 
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Fig. 13.19. Grid distributions using (13.44) 


Typical distributions of points on EA (Fig. 13.16) using (13.46), for various 
values of P and Q, are shown in Fig. 13.19. For values of P > 1.0 it is possible to 
cluster points close to E. However, this requirement could be handled better by 
defining 4* = (n — ng)/(n 4 — ng) in (13.43) and f(s) = g(s) = 1 —s in (13.45). 

An alternative two-parameter stretching function is given by Vinokur (1983). 
The two parameters are the slopes ds/dy* at each end of the interval y* = 0 and 
n* = 1.0. These are appropriate since multiple contiguous stretching functions can 
be used to cover a particular boundary with continuity of s and Əs/dn* at the 
interfaces. However Vinokur's stretching function cannot be reduced to a single 
equation like (13.44), so coding is slightly more complicated. 


13.3.2 Two Boundary Technique 


This method will be illustrated for a curved two-dimensional channel, Fig. 13.20. It 
will be assumed that stretching functions, s ,,(7*) and sgc(5*), have been defined, to 
control the distribution of points on the inlet and outlet boundaries. The normal- 
ised parameter у* == (n — 5,)/(n; — n, } Equations equivalent to (13.44) could be used 
to generate s,5(7*) and sgc(r*). 

To obtain the value s between surfaces AD and BC a simple linear interpolation 
is recommended. Thus 


S — S4p + C*(Sgc —S4p) , (13.47) 


where ¿* = (¢— č, )/(č2 — 61). 





Е-Е, 





x Fig. 13.20. Curved two-dimensional channel 
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In a similar way the distribution of grid points along AB and CD are controlled 
by one-dimensional stretching functions r4,(¢€*) and rpe(č*). If гав and rpe are 
interpreted as normalised coordinates measured along the surface then x s (rip), 
Улв(Ғав) follow directly; and similarly for xpe, Урс: 

The two-boundary technique provides a means of interpolating the interior 
between the two boundaries, AB and DC. In so doing the interior grid is completely 
specified. A simple interpolation is provided by 


x(&, m) = (1 —s)x4p(rag) - SXpc(rpc) and 
y(& n) = (1 — s)y aslan) - SVpcírpc) ; (13.48) 


where s is given by (13.47). Considerable control over the clustering of the grid 
points in the interior can be obtained through the boundary stretching functions, 
Sap» Spc» Гав АПА rpe- 

A difficulty with the interpolation given by (13.48) is that grids adjacent to the 
surface may become distorted if corresponding boundary points (x 45, y 45) and 
(хьс Урс) are out of alignment. By replacing (13.48) with 


x(&, n) = ui S) x An(ran) + ux(S)xpc(rpc) + Т, ШЕ * (a) 


+ тым) P ъа). (13.49) 


y(& m = и, (5)у An(ran) + u;(s)ypc(rpc) — rus (n (2) 


Taal) Sere roe о). 
where 


ш,(5) = 253 352 +1, pols) = —2s3 + 35° 
из(5) = 5 — 252 +5, м06)-5-57, (13.50) 


a grid is generated which is locally orthogonal to the boundaries AB and DC 
(Fig. 13.20). 

The parameters Т, and 7, are used to control how far into the grid interior 
orthogonality is enforced. Choosing too large a value for Т, and Т, may cause a 
doule-valued mapping in the interior (Smith 1982). 

Typical grids generated by the two-boundary technique are indicated in 
Figs. 13.21 and 13.22. Figure 13.21 indicates how r4,(¢) and rpe(¢) control the 
spacing in the ё direction. Grid point concentration corresponds to a small slope; a 
coarser grid corresponds to a large slope of r4,(€) and r5 (£). Figure 13.22 has а 
more uniform distribution in the é direction, but has a concentration of grid lines 
close to the 7* = 0, due to the s(n*) distribution. 
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Fig. 13.22. Effect of control function s(*) 


The extension of the two-boundary method to include interpolation between 
two surfaces for three-dimensional grid generation is described by Smith (1982). 


13.3.3 Multisurface Method 


Additional control over the interior grid distribution can be obtained if inter- 
mediate surfaces are introduced, between boundary surfaces AB and CD in 
Fig. 13.20, on which the x,(r;) and yj(r;) behaviour is specified. 

By connecting corresponding points (same r; value) on adjacent surfaces a 
sequence of directions are specified. In the multisurface method of Eiseman (1979) it 
is the sequence of directions which are interpolated. This provides two direct 
advantages. 

First by adjusting the grid point correspondence between a bounding surface, 
say AB, and its neighbouring intermediate surface it is possible to make the grid 
locally orthogonal at the boundary. 
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Second, the grid distribution in 5 is obtained by integrating the interpolation of 
the sequence of directions. This provides a very smooth s distribution and, 
incidentally, does not require that the interior grid interpolates the intermediate 
surfaces. In principle there is no limit to the number of intermediate surfaces. In 
practice good control over the interior grid can be obtained with two intermediate 
surfaces. 

The distribution of points on the ith surface will be combined into a single 
vector function Z,(r) with components x,(r) and y,(r), in two dimensions. А 
sequence of surfaces is shown in Fig. 13.23. In general there will be N — 2 inter- 
mediate surfaces. 


Z pel S401) 


Zi(r.si) 





vM . 
Aes Zi a(nsi-1) 


Fig. 13.23. Intermediate surfaces Z, and tangent 
vectors, V, 


The parameter r defines the location in all the surfaces simultaneously. How- 
ever, different choices for the functions Z;(r) will allow adjustment of the relative 
orientation of (x; у) on each surface for a single choice of r. It is assumed that 
corresponding points (x;, y;) on each surface, associated with a particular value ol 
r=r,, are joined by straight lines between surfaces (Fig. 13.23). 

The tangents to these straight lines between the surfaces define a family of 
vector functions, V,(r) fori = 1,..., N— 1. The tangent vector functions V; can be 
connected to the surface vector functions Z; by defining 


V(r) = Ail Z;,,(r) - Z;(r)] , i= 1, 1.2.» N- 1 . (13.51) 


The parameters A, will be determined later so that the final grid interpolation 
fits properly into the interval 0 € s <1. An interpolation through the family ol 
semi-discrete tangent vector functions V,(r) provides a tangent vector function 
V(r, s) that is continuous in both r and s. Thus 


V(r,s)= У WSV}, (13.52 


i=] 


where 1/5) are interpolating functions, to be determined, such that y;(s,) = 1 i 
i=k and is zero if i#k. However, from the way that the V,(r) have beer 
constructed it 1s clear that 


27. М-і 
3» (s) = (ъз) = vii, (13.53 


іші 
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where Z (r, s) is the continuous function that will generate the grid in the physical 
plane for given values of r and s (and hence 6 and n). Z(r, s) is obtained by 
integrating (13.53) over the interval O<s<1. This interval corresponds to 
т Sn Š n; in Fig. 13.20. Thus, with the aid of (13.51), 


Z(s)- Ze) + Y AGOZ) 240] , (13.54) 
where =! 
биз) = |89065. (13.55) 


The parameters А, аге chosen so that 4,6;(1) = 1. Then (13.54) gives Z(r, s) = Zy(r) 
when s = 1, as required. Consequently (13.54) is written as 


e G(s) 


Z(r,s) = Z, (r) + > Gal) 





[Z (r) — Z,(r)] , (13.56) 


which 18 the general multisurface transformation. 

The interpolating functions w;(s) must be continuously differentiable up to an 
order that is one less than the level of smoothness (continuity of derivatives) 
required in the grid. An appropriate family of interpolating functions, ;, is 


y.) = T 6-5) | (13.57) 


It 


The simplest case within the present structure 15 N =2. For this case (13.56) 
becomes 


Z(r,s)= Z, (r) +s[Z,(r)— Z, (r)] . (13.58) 


There аге по intermediate surfaces and the mapping (13.58) is equivalent to the 
linear two-boundary formula (13.48). A typical grid, for N = 2, is shown in 
Fig. 13.24a. 

For the case № =3 one intermediate surface is introduced and (13.56), based on 
(13.57), takes the form 


Zir, s) - (1 —s Z, (r) -2s(1 —s)Z, (r) - s? Z4(r) . (13.59) 


A typical grid generated by this mapping is shown in Fig. 13.24b. The ellipse in 
Fig. 13.24 has axis lengths 1.00 and 0.25. The outer rectangle with smooth corners 
is of length 8 in the x direction and 4.8 in the y direction. For the N =2 case it is 
apparent that interior grid points are distributed along straight lines in the s(n) 
direction. For the N —3 case an intermediate surface (surface 2) is located at a 
distance As =0.1 from the surface of the ellipse (surface 1). Points on surface 2 are 
adjusted so that a line joining points on surfaces 1 and 2 with the same r value is 
perpendicular to the surface of the ellipse. This has the effect of producing a grid 
which is locally orthogonal to the surface of the ellipse. 
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Fig. 13.24. Typical grid generated by the multi-surface method; (а) N 22, (b) N=3, (c) N=4 
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The use of N surfaces (counting the boundary surfaces) provides N degrees of 
freedom. Two of the degrees of freedom are utilised in requiring the у grid to match 
the bounding surface specifications Z,(r) and Z,(r). Other degrees of freedom can 
be used to control the character of the interior grid. 

For example, with N —4 (two interior surfaces) it is possible to generate a grid 
that is orthogonal to both bounding surfaces at =, and у= ү. In Fig. 13.24c 
surface 3 is located at a distance 4s —0.1 inside the outer rectangle (surface 4). 
Points on surface 3 are adjusted to generate a grid locally orthogonal to the surface 
of the rectangle. The М =4 case is discussed at greater length in Sect. 13.4.1. 

It should be emphasized that the interior surfaces are introduced to control the 
interior grid distribution and shape and do not coincide with the final grid location. 
The introduction of interior surfaces gives a level of control that is additional to 
that obtained by distributing points in the ё direction on the bounding surfaces 
(Sect. 13.3.1), through the choice r4,(¢) and rpe (2), as in Figs. 13.21 and 13.22. The 
ability to distribute points in the s direction, as in (13.47) is also available with the 
multisurface method. 

Fiseman (1982a, b) has extended the multisurface method to make it more 
effective in three dimensions. In three dimensions better control over the interior 
grid distribution can be obtained if the interpolating functions, v; in (13.57), аге 
given a local rather than a global interpretation. Eiseman (1982a) provides 
examples where the interior mapping can be made locally cartesian (in physical 
space) away from у=, in Fig. 13.20, whilst still retaining the boundary-fitting 
capability of having a grid which is locally orthogonal at the surfaces AB and DC. 

In three dimensions the bounding surfaces, e.g. Z, and Z,, will depend on two 
parameters r and t and do not need to be planar, e.g. Z, might coincide with the 
surface of an automobile. This requires that the coordinate system is at least C?. 
That is, continuous derivatives up to order 2 exist. This implies that the interp- 
olating functions, v; in (13.57), must be C! functions. Eiseman (19826) discusses the 
use of such local functions in the multisurface method. 


13.3.4 Transfinite Interpolation 


Both the two-boundary and the multi-surface techniques interpolate in only one 
direction (s or у) and assume that a continuous mapping is available on the 
bounding surfaces y = 5, and у = 5, in the other (r or 2) direction. 

However, with transfinite interpolation (Gordon and Hall 1973) it is possible to 
specify continuous mappings Z „в(“, ni) on AB, Zpe(ć, n2) on DC and in addition, 
Zap(€,, у) on AD and Zgc(£5, у) on BC (Fig. 13.20). In the interior an interpolation 
in both č and у, or equivalently r and s, is introduced. 

As in the two-boundary and multisurface methods the parametric coordinates 
(г, 5) are introduced as an intermediate step in obtaining the transformation Z (š, n) 
to construct the grid in the physical plane. It is assumed that r and s are normalised 
coordinates, Le. 


0zrzl as AG sis, > 


(13.60) 
05551 as 5/52. 
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The following blending (interpolating) functions are defined: 


ф=д„. і-0,1 апа y,(s)=6,,, К-0,1, (13.61) 
where 
6,=1 ifj=r and 6,=lifk=s 
=0 ifj#r =Oifk#s. 


Thus фо- 1, Фі-0 оп AD; фо-0, 6, =1 on BC, Wo =1, y, =0 on AB and Yo =0, 
Ww,=1 on CD. 
An interpolation in the r direction would be 


Zr, 5) = bolt) Zan, 5) + Ф. (Р) вс(1, s) , (13.62) 


where Z „р, Zac are the continuous mappings between the (£, у) and (x, y) planes on 
the two boundaries ё =, and ¿= ,. Z,(r, s) is the continuous mapping produced 
by interpolating between Z,, and Zajc for intermediate values of r. 

Шш a similar way 


Zr, 5) = Vos) Zar, 0) - Vi(S) Zep(r. 3) . (13.63) 


Z, and Z, are equivalent mappings to those used in the two-boundary and simplest 
(М = 2) multisurface methods. 

To obtain two-dimensional interpolation a product interpolation can be de- 
fined as 


£r, 5)= Z, Z, . (13.64) 


The product interpolation agrees with the boundary functions, Z „в, etc., only at 
the four corners (0, 0), (0, 1), (1, 0) and (1, 1). This is the type of interpolation used in 
two-dimensional finite element methods (Sect. 5.3.3). 

To achieve exact matching with the mapping functions everywhere on the 
boundaries of a two-dimensional domain it is necessary to define a Boolean sum 
interpolation, 


Zr, s)=Z,(r, 5)+ Z,(r, s)— Z,,(r, 5) . (13.65) 


This construction is central to transfinite interpolation (Gordon and Hall 1973). 
In practice (13.65) is implemented in two stages. In the first stage 


1 
Z(r,s = У ójnZ Gs. (13.66) 
і-9 


where b indicates the appropriate boundary, AD or ВС. In the second stage 


1 
Z(r,s) = Z,(r,s) + у WOLZ, ) — Z,(r, К)]. (13.67) 
k=0 
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The blending functions ф; and v, can be chosen in much the same way as in the 
two-boundary or multisurface methods. The choice 


фіб-і-ғе, (ner, wWe(s-l-s,. 41(9-5 (13.68) 


produces a transfinite bilinear interpolation (13.67), which suffers from the same 
problem as (13.48). Although they can cluster points through the form of the 
boundary functions 2, „в, etc., (13.67 and 68) cannot make the grid orthogonal 
adjacent to boundary surfaces. 

The extension of the transfinite interpolation method can follow paths parallel 
to either the two-surface or multisurface methods. Gordon and Thiel (1982) discuss 
the introduction of interior surfaces to obtain better control of the interior grid. 
Eriksson (1982) specifies parametric derivatives, e.g. 0"2/05", to provide near- 
orthogonal smoothly varying grids. Eriksson (1982) prefers to specify derivatives 
up to n=3 rather than formally enforcing orthogonality as in (13.49). Eriksson 
claims that this provides more precise control over the grid distribution, particu- 
larly in three dimensions. 

The transfinite interpolation method extends naturally to three dimensions. 
The implementation algorithm (13.66, 67) then has a third stage 


1 
Z(r,s, t) 2 Zi(r, s t) Y oftlZ,(r, s)—Z,0,5)]. — (13.69) 
i-0 

where Z, (r, s, t) is equivalent to Zr, s) in (13.67) and c(t) are blending functions 
with equivalent properties to $;(r) and y, (s). Rizzi and Eriksson (1981) describe the 
application of three-dimensional transfinite interpolation to the problem of 
wing/body combinations. Rizzi and Eriksson define data only on boundary 
surfaces. To obtain more control of the interior grid they specify both the mapping 
Z and out-of-surface derivatives 0"Z/0£", ete., on the wing surface, with n= 1, 3. In 
the spanwise direction a simple linear interpolation, equivalent to (13.68), is used. 
In the coordinate direction wrapping around the wing, equivalent to é in Fig. 13.12, 
no interpolation is introduced. The grid distribution in this direction is controlled 
by the boundary specifications. The transfinite interpolation concept is sufficiently 
flexible that different orders of interpolation can be introduced in the different 
parametric coordinates r, s and t. 


13.4 Numerical Implementation of Algebraic Mapping 


In this section some of the techniques discussed previously will be combined to 
produce a computer program capable of generating a grid between two bounding 
curves. 

For the domain shown in Fig. 13.25 the bounding surfaces consist of a 
symmetric slender body extended downstream, ABC, and a farfield boundary, 
FED. Between these two boundaries half of a C-grid (Fig. 13.12) is to be generated. 
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Fig. 13.25. Computational domain for algebraic mapping 


Because of the inherent symmetry the complete C-grid can be obtained by 
reflection about the x-axis. 

As indicated at the beginning of Chap. 13, grid generation is split into two parts. 
First grid point locations on all boundaries are determined. The one-dimensional 
stretching function (13.44) is used to control the distribution on the boundaries. 

Subsequently the interior grid is generated by the multisurface technique. Two 
intermediate surfaces, Z,, and Z,, are introduced, one each adjacent to the 
bounding surfaces ABC and FED. The parametric (r) correspondence of surfaces 
Z, апа Z, to their neighbouring bounding surface is adjusted so that grid lines 
intersect the bounding surfaces orthogonally. The mechanism of choosing x(r), y(r) 
on surfaces Z, and Z, requires an orthogonal projection, conceptually similar to 
the near-orthogonal grid construction discussed in Sect. 13.2.5. 


13.4.1 ALGEM: Grid Generation for a Streamlined Body 


The surface AB in Fig. 13.25 represents an aerofoil profile of the МАСА-007 
family. The t indicates the percentage thickness as a two digit number. Thus a 
NACA-0012 aerofoil would imply a symmetric aerofoil with a 12% thickness based 
on a unit chord. The profile of the NACA-O00't' family is given by 


1/2 


у= ах? ca; x ax? a4x? Fasx*) , (13.70) 
5 


where 


41-1.4779155, a= —0.624424 , а;=1.727016, а,=1.384087 , 
а, = — 0.489769 and t is the aerofoil thickness. 


It is assumed that 0< <] over the physical surface ABC and that increment- 
ing j increments ё by AÉ. 

To relate the physical coordinates (x, y) of surface ABC to the computational 
coordinate c it is necessary to introduce a surface measure, r. On the surface AB the 
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surface measure, r, is given by 


XA dy 271/2 
r= | БЕ | dx , (13.71) 


where dy/dx is evaluated from (13.70). Equation (13.71) is integrated numerically in 
subroutine FOIL (Fig. 13.28) to provide ғ, as a function of x ,, where x, is the local 
aerofoil coordinate, 0 € x, € 1. The total surface length between A and C is given by 


ГАС, тах = Ag + Xc — Ха. (13.72) 


However, the stretching function (13.44) produces a normalised parameter кї such 
that 
0<ғіс5Е1 as 0551. (13.73) 


Consequently the physical surface coordinate r дс р is obtained as 


Fac p ҒАС ТАС, max. » (13.74) 


where r4c is evaluated in subroutine STRECH (Fig. 13.27) and ғас max is given by 
(13.72). For rac  €r 45 the physical coordinates (x( j), у()) of the bounding surface 
segment AB are obtained by interpolating r and x, and using (13.70) to give the 
corresponding y. This is carried out in subroutine FOIL when INT=1. For 
Fac p > ав the surface coordinates follow from a linear interpolation of xg € x < xc. 

The physical coordinates of ABC are denoted by XS(1, J), YS(1, J) in the 
program ALGEM (Fig. 13.26), since they are the x and y components of surface Z, 
in Sect. 13.3.3. 

In a similar manner the bounding surface X S(4, J), YS(4, J), corresponding to 
boundary FED, is generated by interpolating a normalised surface coordinate ғ? 
to give the surface coordinate Ғрр,р. The surface coordinate rrj, р is measured 
along the circular arc FE and the straight line ED. 

The grid point locations on AF and CD (Fig. 13.25) depend on the stretching 
parameters s,, and sep. However, the physical coordinates of the grid points on 
AF and CD are obtained explicitly as part of the multisurface algorithm (13.76). 

The multisurface method (Sect. 13.3.3) is implemented here with four surfaces. 
The bounding surfaces ABC and FED constitute surfaces Z, and Z,. Initially 
surfaces Z, and Z, are constructed by linearly interpolating surfaces Z, and Z, by 


Zi=Z,+5(Z,-Z,) and Zi-Z,4sZ,—-2,). (13.75) 


At this stage surfaces Z, апа Z, are in the correct physical location but do not have 
the correct r correspondence. If the multisurface algorithm (13.76) were im- 
plemented with Zi and Zi, given by (13.75), the resulting » grid lines would be 
straight lines joining locations with the same j index on ABC and FED (as in 
Fig. 13.24, N = 2). 

Therefore the dependence of Z, and Z, on r must be altered so that lines 
through points on 7; and corresponding points (same r) оп Z,, are orthogonal to 
Z,, and lines connecting Z, and 7, are orthogonal to Z,. The nature of the 
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1c 
2С ALGEM APPLIES А MODIFIED MULTI(4)-SURFACE TECHNIQUE TO 
3c THE GENERATION OF A GRID ABOUT A NACA-00'T' AEROFOIL 
4c AT ZERO INCIDENCE. THE UPPER HALF GRID IS GENERATED 
5С 

6 DIMENSION Х(51,51),Ү(51,51),ХВ(6),ҮВ(6),Х5(4,51),Ү5(4,51) 
7 DIMENSION RAC(51),RFD(51) ,SAF(51) ,SCD(51) , SH(4) , ХА (51), RA(51) 
8 COMMON RA,XA 
9c 

10 OPEN(1,FILE-'ALGEM.DAT') 

11 OPEN(6,FILE='ALGEM.OUT') 

12 READ(1,1) JMAX,KMAX, IPR, IRFL,T,$2,53,AW 

13 1 FORMAT(4I5, 4E10. 3) 

14 READ (1,2) РАС, QAC, PFD, QFD, PAF ,QAF,PCD,QCD 

15 2 FORMAT (8E10. 3) 

16 WRITE(6, 3) 

17 WRITE (6,4) JHAX, KMAX, IPR,T,52,53,AW 

18 3 FORMAT(' MULTISURFACE GRID GENERATION") 

19 4 FORMAT(' JMAX KMAX=',213,' ІРА=',12, 

20 1' Tz',E10.3,5X,' $2,53=',2E10.3,' AW=',F6.3,//) 

21 WRITE(6,5)PAC,QAC,PFD,QFD 

22 WRITE(6,6)PAF,QAF,PCD,QCD 

23 5 FORMAT(' PAC-',E10.3,' ОАС=',Е10.3,' PFDz',E10.3,' QFDz',E10.3) 
24 6 FORMAT(' PAF-',E10.3,' QAF=',£10.3,' PCD=',£10.3," QCD-',E10.3) 
25 С 

26 С DEFINE CORNER POINTS OF THE BOUNDARY 

27 € 

28 DATA XB/2.00,3.00,5.00,5.00,2.25,0.00/ 

29 DATA YB/0.00,0.00,0.00,2.25,2.25,0.00/ 

30 PI = 3.14159265 

31 C 

32 C GENERATE STRETCHING FUNCTIONS 

33 C 

34 CALL STRECH(JMAX,PAC,QAC,RAC) 

35 € 

36 CALL STRECH(JMAX,PFD,QFD,RFD) 

31c 

38 CALL STRECH(KMAX,PAF,QAF,SAF) 

39 с 

40 CALL STRECH(KMAX, PCD,QCD,SCD) 

41 C 

42 WRITE(6,7) (RAC(J) , 21, JMAX) 

43 WRITE(6,8) (RFD(J) ,J=1,JMAX) 

44 WRITE(6,9) (SAF (J), J=1, JMAX) 

45 WRITE(6,10) (SCD(J) , J=1, JMAX) 

46 7 FORMAT(' ВАС=',18Е7. 4) 

47 8 FORMAT(' RFDz',18F7.4) 

48 9 FORMAT(' SAF=',18F7.4) 

49 10 FORMAT(' SCD=',18F7.4,/) 

50 C 

51 C OBTAIN SURFACE COORDINATES OF BODY, AB 

52 C 

53 CALL FOIL(O,T,RAB,XD,YD) Fig. 13.26. Listing of program ALGEM 
54 C 


multisurface algorithm (Sect. 13.3.3) then ensures the grid adjacent to surfaces Z, 
and Z, is orthogonal. 

Since Z,(r) is known it is sufficient to take each grid point, XS(1, J), YS(1, J), 
and to project a straight line normal to Z, through XS(1, J), YS(1, J) until it 
intersects Z,. The intersection point becomes X S(2, J), YS(2, J). This construction 
is equivalent to the predictor stage shown in Fig. 13.17. Since a given node J fixes r 
on Z,, point XS(2, J), YS(2, J) also has the same r value and is orthogonal to Z, at 
XS(1, J), YS(1, J). The orthogonal adjustment of the grid points on Z, is carried 
out in subroutine SURCH (Fig. 13.29). The grid points on surface Z4, XS(3, J) and 
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55 RACKX = RAB + XB(3) - XB(2) 

56 RFE = 0.5*PI*(YB(5) - YB(1)) 

57 RFDMX = RFE + XB(4) - XB(5) 

58 IF(IPR .EQ. 0)GOTO 13 

59 WRITE(6,11) (XA (L) , L21, 51) 

60 WRITE(6,12) (RA(L) ,L=1, 51) 

61 11 FORMAT(' =',18F7.4) 

62 12 FORMAT(' RA=',18F7.4) 

63 € 

64 C GENERATE BOUNDING SURFACES 1 AND 4 
65 C 

66 13 DO 17 J = 1,ЈМАХ 

67 RACD = КАС(Ј) «КАСМХ 

68 IF(RACD .LT. RAB)GOTO 14 

69 Х5(1,2) = XB(2) + (RACD - RAB)*(XB(3) - XB(2))/(RACHX-RAB) 
70 Ү5(1,2) = 0. 

71 GOTO 15 

72 С 

73 14 CALL FOIL(1,T,RACD,XD,YD) 

74 С 

15 Х5 (1,7) = XD*(XB(2) -XB(1)) + XB(1) 
76 YS(1,J) = YD*(XB(2)-XB(1)) + YB(1) 
77 15 RFDD = RFD(J)*RFDMX 

78 IF(RFDD .LT. RFE)GOTO 16 

79 Х5(4,0) = XB(5) + (RFDD-RFE)*(XB(4)-XB(5))/(RFDMX-RFE) 
80 Ү5(4,2) = ҮВ(5) 

81 GOTO 17 

82 16 RR = ҮВ(5) - YB(1) 

83 THE = RFDD/RR 

84 Х5(4,2) = XB(5) - RR*COS (THE) 

85 Ү5(4,2) = RR*SIN(THE) 

86 17 CONTINUE 

87 C 

88 C SURCH GENERATES SURFACES 2 AND 3 SO THAT THE GRID 
89 c ADJACENT TO SURFACES 1 AND 4 IS ORTHOGONAL 
90 C 

91 CALL SURCH(JMAX,S2,83,X5,YS) 

92 C 

93 DO 21 L = 1,4 

94 VRITE(6,18)L 

95 18 FORMAT (10H SURFACE ,11) 

96 DO 21 J = 1,JMAX,18 

97 ЈА = j 

98 JB = JA + 17 

99 WRITE(6,19) (XS(L,J€) , JC2JA, JB) 
100 WRITE (6,20) (YS (L, JC) , JC2JA, JB) 


101 19 FORMAT(' XSz',18F7.4) 
102 20 FORMAT(' YS=',18F7.4,/) 
103 21 CONTINUE 


105 c GENERATE INTERIOR GRID uU 
106 C Fig.13.26. (cont) Listing of program ALGEM 


YS(3, J), are adjusted to be orthogonal to surface Z, at points Х5(4, J) YS(4, J). 
This is also carried out in subroutine SURCH. 

Given the coordinates of the surfaces, Z, to Z4, the multisurface algorithm for 
four surfaces (Eiseman 1979) is implemented as 


4 4 
x( J, K)= > SH(L)XS(L, J) , y(J, К)- > SH(L)YS(L, J) , (13.76) 
=1 = 1 
where i i 


SH(1)=(1 —s)?(1—ays) , 
SH(2)= (1—5) (а, +2) , (13.77) 
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107 Al = 2./(3.*AW-1.) 

108 A2 = 2./(3.*(1.-AM) - 1.) 

109 AJM = JHAX - 1 

110 DZI = 1./AJM 

111 DO 24 K = 1,KMAX 

112 DO 23 J = 1,JMAX 

113 AJ = J - 1 

114 ZI = AJ*DZI 

115 S = SAF(K) + ZI*(SCD(K)-SAF(K)) 
116 SE(1) = (1.-S)**2*(1.-A1*S) 

117 SH(2) = (1.-8) **2*S*(A1*2.) 

118 SE(3) = (1.-8) *S*S* (A242.) 

119 SH(4) = 5%5%(1.-А2%(1.-5)) 

120 X(J,K) = 0. 

121 Ү(Ј,К) = 0. 

122 ро 22 L = 1,4 

123 Х(Ј,К) = Х(Ј,К) + SE(L) *XS (L, 2) 
124 Ү(Ј,К) = Y(J,K) + SH(L)*YS(L,J) 


125 22 CONTINUE 
126 23 CONTINUE 
127 24 CONTINUE 


128 C 

129 С REFLECT GRID ABOUT X-AXIS 
130 C 

131 IF(IRFL .EQ. O)GOTO 28 

132 ОҢАР = JMAX - 1 

133 DO 27 K = 1,KMAX 

134 ро 25 J = 1,JMAX 

135 ЈА = 2*JMAX - J 

136 JB = JA - ОМАР 

137 X(JA,K) = X(JB,K) 

138 Y(JA,K) = Y(JB,K) 

139 25 CONTINUE 

140 DO 26 J = 1,ЈМАР 

141 JA = 2*JMAX - J 

142 X(J,K) = X(JA,K) 

143 Y(J,K) = -Ү(ЈА, К) 

144 26 CONTINUE 

145 27 CONTINUE 

146 JMAX = JHAX + ОМАР 

147 C 

148 28 DO 33 K = 1,KHAX 

149 WRITE(6,29) K, SAF (K) , SCD(K) 
150 29 FORMAT(' Кш",13,5Х," SAFZ',E10.3,' SCDs',E10.3) 
151 DO 32 J = 1,JMAX,18 

152 ЈА = J 

153 JB = JA + 17 

154 WRITE(6,30) (Х(ЈС,К),ЈС=ЈА,ЈВ) 
155 WRITE(6,31) (Y(JC,K),JC=JA,JB) 
156 30 FORMAT(' X=',18F7.4) 


157 31 FORMAT(' Y=',18F7.4,/) 

158 32 CONTINUE 

159 33 CONTINUE 

160 STOP 

161 END Fig. 13.26. (cont.) Listing of program ALGEM 
5Н(3)=5(1—5)(а› +2) , 
SH(4)—s*(1—a,(1—s)) , and 
a,=2/3a,—1) and a,-2/Q—3a,). (13.78) 
In (13.77 and 78) s is a normalised parameter in the у direction. To provide 

more control s is linearly interpolated in the š direction by 


8=Sa4p(K) + (J) [scp( K) 7 S44 (K)] . (13.79) 
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1 SUBROUTINE STRECH(N,P,Q,5) Fig. 13.27. Listing of subroutine 
2c STRECH 
зс COMPUTES ONE-DIMENSIONAL STRETCHING FUNCTION, 

4 © S = P*ETA + (1.-P)*(1.-TANH(Q*(1.-ETA))/TANH(Q)), 

5С FOR GIVEN CONTROL PARAMETERS, P AND Q. 

6c 

1 DIMENSION 5(51) 

8 AN = N-1 

9 DETA = 1./AN 

10 ТОТ = 1./TANH(Q) 

11 C 

12 DO 1 L = 1,N 

13 AL = 1-1 

14 ЕТА = AL*DETA 

15 DUM = Q*(1. - ЕТА) 

16 DUM = 1. - TANH(DUM)*TQI 

17 S(L) = P*ETA + (1.-Р) «рум 

18 1 CONTINUE 

19 RETURN 

20 END 


Table 13.1. Parameters used in program АСЕМ 


Parameter Description 

JMAX, KMAX number of points in the č and у directions 

IRFL .GT.0, reflect grid about the x-axis 

T aerofoil thickness 

52, S3 preliminary interpolation parameters for surfaces #5, Za, (13.75) 
AW interior grid uniformity parameter a,, (13.78) 

PAC, QAC stretching control parameters for AC (similarly for FD, AF and CD) 
RAC rac 

RACMX rac. max in (13.72) 

RACD РАС, В 

ХА, RA aerofoil axial and surface coordinates x, and r,, (13.71) 

XD, YD interpolated aerofoil coordinates returned by FOIL 

XB, YB boundary corner points A, B, C, D, E and F, Fig. 13.25 

XS, YS multisurface coordinates 

X, Y grid points to be generated 

S mterpolating parameter s, (13.77) 

SH weightimg functions, (13.76) 

EMI—EM4 tangents to surfaces 1—4 (SURCH) 

XS2. YS2 surface 2 coordinates after orthogonalisation (SURCH) 

Х53, YS3 surface 3 coordinates after orthogonalisation (SURCH) 


The present grid generation scheme is coded as the program ALGEM 
(Fig. 13.26) and subroutines FOIL (Fig. 13.27), STRECH (Fig. 13.28) and SURCH 
(Fig.13.29) The various parameters used in the program are described in 
Table 13.1. A typical grid for a NACA-0018 aerofoil is shown in Fig. 13.30. The 
ability of the method to cluster points and to generate an orthogonal grid at the 
boundaries is clearly evident. This example has been constructed to illustrate the 
method and would not necessarily be suitable for a computational solution. 
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1 SUBROUTINE FOIL(INT,T,RAB,X,Y) 
2c 
3 C SURFACE PROFILE IS МАСА-00'Т' AEROFOIL 
4c IF INT = 0, NUMERICALLY INTEGRATE TO OBTAIN SURFACE 
5c COORDINATE 
ec IF INT = 1, INTERPOLATE SURFACE COORDINATES TO OBTAIN 
7€ CORRESPONDING (X,Y) 
8 С 
9 DIMENSION A(5),XA(51),RA(51) 
10 COMMON КА,ХА 
11 DATA A/1.4779155,-0.624424,-1.727016,1.384087,-0.489769/ 
12 PI = 3.14159265 
13 IF(INT .EQ. 1)GOTO 2 
14 C 
15 С NUMERICALLY INTEGRATE TO OBTAIN RA(L) AS А FUNCTION OF XA(L) 
16 С 
17 RA(1) = 0. 
18 ХА(1) = 0. 
19 XA(2) = (A(1)/(1./T - A(2)))**2 
20 RA(2) = 0.5*PI*XA(2) 
21 DUM = 3.*A(4) + 4.*A(5) *XA(2) 


22 DUM = 2.*A(3) + DUM*XA(2) 
= T*(0.5/SQRT(XA(2)) + A(2) + DUM*XA(2)) 


24 FLP = SQRT(1. + DUM*DUM) 

25 DO 1 L = 2,50 

26 AL = L 

27 LF = L + 1 

28 XA (LP) = 0.02*AL 

29 DX = XA(LP) ~ XA(L) 

30 FL = FLP 

31 DUM = 3.*A(4) + 4.*A(5) *XA(LP) 

32 DUM = 2.*A(3) + DUM*XA (LP) 

33 DUM = T*(0.5/SQRT(XA(LP)) + A(2) + DUM*XA(LP)) 
34 FLP = SQRT(1. + DUM*DUM! 

35 RA(LP) = RA(L) + 0.5*(FL + FLP)*DX 

36 1 CONTINUE 

37 RAB = RA(51) 

38 RETURN 

39 С 

40 С INTERPOLATE RA(L) TO OBTAIN X CORRESPONDING TO RAB 
41 C SUBSEQUENTLY OBTAIN Y FROM ANALYTIC NACA-00'T' PROFILE 
42 C 

43 2 DO 3 L = 2,51 

44 IF(RAB .GT. RA(L))GOTO 3 

45 LM = L - 1 

46 X = XA (LM) + (XA(L) -XA (LM) ) * (RAB-RA(LM))/(RA(L)-RA(LM)) 
47 IF(X .LT. 1.0E-06)X=1.0E-06 

48 DUM = A(4) + A(5)*X 

49 DUM = A(3) + DUM*X 

50 DUM = A(2) + DUM*X 

51 Y = T*(A(1) *SQRT(X) + DUM*X) 

52 RETURN 

53 3 CONTINUE 

54 WRITE(6,4) КАВ, RA(1) , RA(51) 

55 4 FORMAT(' RAB OUTSIDE RANGE',5X,' RABs',E10.3, 
56 1° RA(1)2',E10.3," RA(51/)5',E10.3) 

51 RETURN 

58 END 


Fig. 13.28. Listing of subroutine FOIL 


13.4 Numerical Implementation of Algebraic Mapping 


SUBROUTINE SURCH(JMAX,S2,53,X5,YS) 


1 
с 
2 с GENERATES SURFACES 2 AND 3 ТО CREATE ORTHOGONAL 
ac BOUNDARY GRIDS 
c 
5 DIMENSION Х52(51),Ү52(51),Х53(51),Ү53(51),Х5(4,51),Ү5(4,51) 
1 ОМАР = ЈМАХ ~ 1 
8 С 
9c PRELIMINARY GENERATION OF SURFACES 2 AND 3 
10 C 
11 DO 1 J = 1,7МАХ 
12 DXS = Х5(4,2) - XS(1,J) 
13 DYS = Ү5(4,2) - YS(1,3) 
14 XS(2,J) = XS(1,J) + S2*DXS 
15 Ү5(2,2) = YS(1,J) + S2*DYS 
16 Х5(3,2) = XS(1,J) + S3*DXS 
17 YS(3,J) = YS(1,J) + S3*DYS 
18 1 CONTINUE 
19 € 
20 C PROJECT ORTHOGONALLY FROM SURFACE 1 ONTO SURFACE 2 
21 C 
22 DO 9 J = 2,JMAP 
23 ІҒ(АВ5(Х5(1,2%1)-Х5(1,2-1)) .GT. 1.0E-06)GOTO 2 
24 ЕМІ = 1.0Е06%(Ү5(1,2%1)-Ү5(1,2-1)) 
25 GOTO 3 
26 2 ЕМІ = (Ү5(1,2%1)-Ү5(1,2-1))/(Х511,2%1)-Х5(1,2-1)) 
27 3 ІҒ(АВ5(Х5(2,0)-Х5(2,2-1)) .GT. 1.0E-06)GOTO 4 
28 EH2 = 1.0Е+06* (YS (2, 2) -Y3(2, 2-1)) 
29 GOTO 5 
30 4 EM2 = (Ү5(2,2)-Ү5(2,2-1)2/(Х5(2,2)-Х5(2,2-1)) 
31 5 X2 = (EHL*(YS (1,3) -YS (2, 2) *EM2*X8 (2,20) *XS (1,7)) / (1.+ЕН1*ЕМ2) 
32 Y2 = YS(2,0) + EM2*(X2 - Х5(2,2)) 
33 STJM = SQRT((X2-X3(2,J-1)) **2 + (Ү2-Ү5(2,2-1)) **2) 
34 SJJM = SQRT((XS(2,J)-XS(2,J-1)) **2 + (YS(2,2) -YS (2, 71) ) **2) 
35 IF(STJM .LT. SJJM)GOTO 8 
36 ІҒ(АВ5(Х5(2,2%1)-Х5(2,2)) .GT. 1.0E-06)GOTO 6 
37 EM2 = 1.0E*06* (Y3(2, 241) -ҮЅ(2,7)) 
38 GOTO 7 
39 6 EM2 = (YS(2,7*1) -$(2,2)) / (X8(2, 241) -X8 (2, 2)) 
40 7 X2 = (EM1* (YS (1,2) -YS (2, 2) FEM2*XS (2,2) ) XS (1,2) ) / (1 *EML*EM2) 
41 Y2 = Y8(2,J) + ЕУ2%(Х2-Х5(2,2)) 
42 8 Х52(2) = X2 
43 YS2(J) = Y2 
44 9 CONTINUE 
45 C 
46 C PROJECT ORTHOGONALLY FROM SURFACE 4 ONTO SURFACE 3 
47 c 
48 DO 17 J = 2,JMAP 
49 IF (ABS (XS (4,J+1)-XS(4,J-1)) .GT. 1.0E-06)GOTO 10 
50 EM4 = 1.0Е%06%(Ү5(4,2%1)-Ү5(4,2-1)) 
51 GOTO 11 


52 10 EM4 = (YS(4,J41) - YS(4,J-1))/(XS(4,J+1) - Х5(4,2-1)) 
53 11 IF(ABS(XS(3,J) - Х5(3,2-1)) .GT. 1.0E-06)GOTO 12 

54 EM3 = 1.0Е-06%(Ү5(3,7)-Ү5(3,2-1)) 

55 GOTO 13 


Fig. 13.29. Listing of subroutine SURCH 
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56 12 EM3 = (Ү5(3,0)-Ү5(3,2-1)1/1(Х5(3,2)-Х5(3,2-1)) 
57 13 X3 = (EM4*(Y3S(4,J)-YS(3,J)+EM3*XS(3,J))+XS(4,J))/ (1.+EM3*EM4) 


58 Y3 YS(3,J) + EM3*(X3 - XS(3,J)) 

59 STJM = SQRT((X3-KS(3,J-1)}**2 + (Y3-YS(3,J-1))**2) 

60 SJIM = SQRT((XS(3,J)-XS(3,J-1))*&2 + (YS(3,J)-YS(3,J-1)) **2) 
61 IF(STJM .LT. SJJM)GOTO 16 

62 ІҒ(АВ5(Х5(3,7%1)-Х5(3,2)) .GT. 1.0Е-06) СОТО 14 

63 EM3 = 1.0Е+06* (ҮЅ (3, 3*1) -YS (3, 2)) 

64 GOTO 15 


65 14 EM3 = (Y$(3,J7*1) -YS (3, 2) ] / (X5 3, 241) -X8 (3,2)) 
66 15 X3 = (EMÁ*(YS(4,J) -YS (3,J) EM3*X8 (3, ) ) XS (4,7) ) / (1.+EM3*EM4) 


67 ҮЗ = Ү5 (3,7) + EM3*(X3 - XS(3,J)) 
68 16 XS3(J) = X3 

69 Ү53(0) = Y3 

70 17 CONTINUE 

71 C 

72 C STORE SURFACE 2 AND 3 LOCATIONS 
13 С 

14 DO 18 J = 2,JMAP 

75 XS(2,J) = Х52(2) 

76 YS(2,J) = Ү52(2) 

11 XS(3,J) = XS3(J) 

78 YS(3,J) = YS3(J) 

79 18 CONTINUE 

80 RETURN 

81 END Fig. 13.29. (cont.) Listing of subroutine SURCH 





Fig. 13.30. C-grid generated by program 
ALGEM 





It is recommended that s, =0.100 and s, = 0.900 be used to give control over the 
orthogonal grid at the boundaries. The parameter a,, aflects the uniformity of the 
interior grid. This parameter is set, typically in the range 0.5 to 0.6, most easily with 
P, =Prp= Par = Рер= 1.0. For this situation the boundary stretching functions 
are linear and а„ can be adjusted to give the required grid point distribution. 


13.5 Closure 


In this chapter various techniques for grid generation have been considered. If the 
geometry of the physical domain permits a conformal grid to be constructed, this 
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should be exploited, as the structure of the governing equations is then simpler. 
However, conformal grids sometimes generate extreme clustering and extreme 
sparsity of the grid. In this case one-dimensional stretching functions (Sect. 13.3.1) 
can produce a more even grid but at the expense of generating an orthogonal rather 
than a conformal grid. 

In the more general case it is desirable to arrange the gross boundary cor- 
respondence (Sect. 13.1) so that severely distorted grids or sparse grids occur well 
away from the region of interest and preferably in a uniform flow region. 

Where possible grid points on all boundaries should be specified since, through 
the use of one-dimensional stretching functions, this provides a direct means of 
controlling the distribution of interior points. 

Strict orthogonality with adequate control of the grid point distribution is 
difficult to achieve, particularly when the transformation parameters х., etc., are 
evaluated numerically. It is recommended that grids with near-orthogonal distri- 
butions, particularly adjacent to boundaries, be generated so as to minimise 
truncation errors. 

The main advantage of generating grids by solving elliptic partial differential 
equations, such as (13.36), is that discontinuities on the boundary data are not 
transmitted into the interior and the smoothness of the interior grid is likely to 
allow numerical evaluation of the transformation parameter x,, etc., with smaller 
truncation errors. 

The main advantage of algebraic grid generation schemes is good control over 
the interior grid, particularly in relation to generating locally orthogonal grids at 
boundaries, and the computational efficiency of the grid generation process. This 
advantage is likely to be particularly significant where the grid must be regenerated 
during the solution development to obtain a more accurate solution. Techniques 
for constructing such adaptive grids are discussed by Thompson et al. (1985, 
Chap. 11). 


13.6 Problems 


Grid Generation by PDE Solution (Sect. 13.2) 
13.1 Apply the Joukowski mapping, 


z Z—2c y? 
Ez 2) (13.80) 





Z—c \Z+2e 


to a NACA-0012 aerofoil [coordinates given by (13.70) and the subroutine 
FOIL]. The parameter с in (13.80) is the approximate radius of the near- 
circle in the Z’ plane corresponding to the aerofoil in the Z plane with a unit 
chord. Using (13.6) c is related to the aerofoil nose radius ғ, by 


с=0.25 N 


13.81 
8 , ( ) 
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13.2 


13.3 
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with r, obtained from (13.70) as 


a, Vv 
eoa) | (582) 


The origin for the aerofoil coordinates is {1 — 2с, 0.) so that the trailing edge 
coordinates are (2c, 0}; the leading edge coordinates are { — (2c + 0.5ry), 0). 

i) For equal increments along the aerofoil chord obtain coodinates on the 
surface of the near-circle corresponding to points on the surface of the 
aerofoil. Equations (13.7) are useful for this. 

Interpolate the near-circle surface data at equal angular increments and 

use the inverse transformation (13.80) to obtain corresponding points on 

the aerofoil surface. Comment on the distribution of points on the 
aerofoil surface. 

11) For a uniform polar grid external to the near-circle use the inverse 
transformation to obtain the corresponding grid in the physical plane. 
The smallest radius of the polar grid should be chosen to be slightly 
larger than the largest radius of the near-circle. 

The Schwarz-Christoffel transformation, 





il 


— 


dZ h((41)? 
d Um (13.83) 


transforms a step of height h in the Z plane into a flat surface (the real axis) in 
the © plane (Milne-Thomson 1968, p. 285). Equation (13.83) can be integrated 
analytically to give the inverse mapping 


t-log(C- JC —1) , (13.84) 
Z=" (c+ sinh t). 


Potential flow over the step is given by 


AUS. (13.85) 
л 





$4 iy = 


where U , is the velocity far upsteam of the step. Take the lines of constant 
potential (ф) and stream function (y) to define the grid in the ¢ plane. Use the 
inverse mapping (13.84) to obtain corresponding grid points in the physical 
(Z) plane. 

The program ALGEM is to be modified to construct an orthogonal grid 
using (13.31). To achieve this interpolate (XS(1, J), YS(1, J)) and (XS(4, J), 
¥S(4, J)) for equal increments of s to generate nine intermediate surfaces 
in the same manner that Z, and Z, are created initially at the beginning 
of the subroutine SURCH. The nine intermediate surfaces and the two 
bounding surfaces define the non-orthogonal (и, v) grid of Sect. 13.2.4 if 
u-(J—1)/(JMAX- 1) and v=(K — D/(KMAX- 1). 


13.4 


13.5 
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Starting from surface ABC, (13.31) is integrated numerically to give 

и; + Au on the v, grid line that corresponds to an orthogonal grid. The 

surface XS(v,), YS(v,) is interpolated to obtain the orthogonal grid point 

at (uj-- Ap, vk). This process is repeated until the outer surface FED is 
reached. 

і) Examine the control over the orthogonal grid point distribution by the 
deployment of points on ABC and by the number and disposition of the 
intermediate (v,) surfaces. 

ii) Devise a strategy to prevent grid lines crossing in the concave region 
near B. 

Repeat Problem 13.3 for the near-orthogonal grid construction described in 

Sect. 13.2.5. 

The program ALGEM is to be modified to generate the interior grid using 

the Poisson equations of Sect. 13.2.6. Use surfaces ( XS(1, J), YS(1, J)} and 

{XS(4, J), YS(4 J)} to generate boundary points on ABC and FED 

(Fig. 13.25). Use an equivalent construction to obtain boundary points on 

AF and CD. 

i) Solve (13.37) using an SOR algorithm with Р-О-0 and a uniform 
distribution of boundary points. 

ii) Determine the control over the interior grid using the boundary point 

stretching functions. 

iit) Determine the additional control provided by evaluating P and Q from 

(13.39 and 40). 


Grid Generation by Algebraic Mapping (Sect. 13.3) 


13.6 


13.7 


13.8 
13.9 


13.10 


Modify the program ALGEM to obtain solutions with two (N =2) and three 
(М =3) multisurfaces. For N=3 make the grid orthogonal to surface АВС 
only. Compare the interior grid quality with the N —4 case. 
Modify the program ALGEM to obtain the grid between an ellipse and a 
rectangle and recreate Fig. 13.24. 
Modify the program ALGEM to implement (13.49 and 50). 
Obtain Vinokur (1983) and modify subroutine STRECH to incorporate the 
Vinokur stretching functions as an option. Use this option to cluster grid 
points close to A and B. That is, split ABC into two segments AB and BC 
with fine grids close to A and B and continuity of grid-point spacing at B. 
The grid on FDE may also need some adjustment. Observe the effect on the 
interior grid for N=2, 3 and 4. 
Modify the program ALGEM to introduce transfinite interpolation: 

i) For boundary function evaluation, equivalent to (13.48) on all surfaces. 
ii) Boundary function evaluation on AF and CD. Equation (13.49) on ABC 

and FED. 

HD Equation (13.49) on all surfaces. 


14. Inviscid Flow 


In this chapter the basic computational techniques developed in Chaps. 3—10 will 
be extended to construct effective computational methods for inviscid flow. 
Sects. 11.3 and 11.6.1 provide an appropriate framework for this process. Com- 
putational techniques will be selected on the basis of those that are considered to be 
the most effective without regard for the need to achieve a comprehensive review. 
This often means that newer methods are described at the expense of older but less 
efficient methods. 

Inviscid flows of engineering interest are governed by the continuity equation 
(11.10), the Euler equations (11.22-24) and the inviscid energy equation, i.e. (11.38) 
with the right-hand side set to zero. 

The different subcategories of inviscid flow permit particular equation systems 
to be exploited computationally. Some of these equation systems are shown in 
Table 14.1. Generally an equation system appearing higher in the list can be 
computed more efficiently than one appearing lower in the list. 

The linearised potential equation 1s solved efficiently by the panel method 
(Sect. 14.1) and is accurate for subsonic flow but is generally less accurate for 
supersonic flow. The full potential equation forms the basis of most transonic 
computations (Sect. 14.3) as long as only weak shock-waves Occur. 


Table 14.1. Equation systems for inviscid flow 











Equation system Subsonic Transonic Supersonic 

(М „<0Л) (07< М, <12) (М, 21.2) 
Linearised potential Requires slender body Not applicable Requires slender 
equation (11.109) ('exact' if M , =0) body and weak 

shocks 

Full potential Generally applicable Applicable if weak Not applicable if 
equation (11.103, 104) shocks occur strong shocks occur 
Steady Euler Generally applicable Generally Allows efficient 
equations (11.22-24) applicable marching schemes 
plus ĉ/ôt =0 (Sect. 14.2.4) 
Unsteady Euler Generally applicable Generally Generally applicable 


equations (11.22—24) applicable 
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For flows that are everywhere supersonic it is possible to march the steady 
Euler equations in the approximate flow direction (Sect. 14.2.4). For steady flows 
featuring mixed subsonic/supersonic regions and strong shocks it is necessary to 
integrate the unsteady Euler equations until a steady-state solution is obtained 
(Sects. 14.2.8 and 14.2.9). Both Euler categories also require computation of the 
continuity and energy (if applicable) equations. If strong shock-waves are present it 
is often necessary to introduce special procedures (Sects. 14.2.6 and 14.2.7). 


14.1 Panel Method 


Many practical flows are closely approximated by the assumption of irrotational, 
as well as inviscid and incompressible, flow. Consequently, as indicated in 
Sect. 11.3, the governing equations can be reduced to the Laplace equation for the 
velocity potential, 


Vip-0, (14.1) 


with boundary conditions specifying Ф or cb/cn on all boundaries. The external 
flow around a streamlined, isolated body (Fig. 14.1)is accurately represented by the 
solution of (14.1). Of practical interest is the pressure distribution at the surface of 
the body. This leads directly to the lift force on the body and provides pressure (or 
equivalently velocity) boundary conditions for the equations governing boundary 
layer flow (Sect. 11.4 and Chap. 15). 


—— 30 Fig. 14.1. Flow around a stream- 
ee ined body 


Although (14.1) can be solved by the finite difference, finite element or spectral 
methods, more effective methods are available which exploit the possibility of 
superposing simple exact solutions of (14.1) in such a way that the boundary 
conditions are satisfied. An additional feature of such an approach is that the 
effective computational domain is the surface of the body (Fig. 14.1) rather than the 
whole region external to the surface (as in the finite difference method). This 
produces an economical algorithm and permits complicated body shapes to be 
analysed with relative ease. 

In the aircraft industry these techniques are called panel methods (Rubbert and 
Saaris 1972) although, as indicated in Sect. 14.1.3, panel methods can be interpreted 
as boundary element methods. Panel methods are widely used in the aircraft 
industry (Kraus 1978) and automobile industry (Paul and LaFond 1983). 
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Here we will describe the panel method for the flow about a streamlined non- 
lifting, two-dimensional body (e.g. as in Fig. 14.1), initially. 


14.1.1 Panel Method for Inviscid Incompressible Flow 


The panel method takes its name from the subdivision of the surface of the body 
into a number of contiguous panels (Fig. 14.2) associated with which are source 
densities of strength с, to be determined as an intermediate part of the solution 
process. An individual source panel (Fig. 14.3) is closely related to an isolated 
source (Sect. 11.3). A source panel of density ¢ produces a velocity normal to itself 
of 0.50 on each side. The relationship between an individual source panel and an 
isolated source is discussed by Kuethe and Chow (1976, p. 107). 
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Fig. 14.2. Panel representation of a body surface 
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The distribution of source panels in a uniform stream of velocity U , parallel to 
the x-axis (Fig. 14.2) produces a potential Ф(х,, y,) given by 


1 М 
O(x,, Ve) = U, x, Tx > с, | In ry; ds; , (14.2) 
x = 
where 


r = [Gu х) HOR yY T^ (14.3) 
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and o; | ds; is the source strength of the jth panel. Equation (14.2), with (14.3), 
satisfies (14.1). The source densities с; are to be chosen to satisfy the boundary 
condition of no flow through the body surface. 

The velocity components are given by УФ, (11.50). In particular, the boundary 
condition of zero normal velocity at the body surface becomes 


edo 
D, = an X Vx) 
Hk 


= — U „ sin & + x Уе Se -n rg) ds;=0 , (14.4) 


where о, is the slope of the body surfaces at the kth control point (typically the 
midpoint of the kth panel, Fig. 14.2). Thus (14.4) represents a linear relationship 
between the source densities о; after the integrals have been evaluated. For the 
particular case k= j, the integral can be evaluated analytically, i.e. 


д 
к “к 


For j#k the integrals сап be evaluated as functions of the nodal points (ху, у; 
xj, уу). Specific formulae will be indicated below, (14.13). 

Equation (14.4) is repeated for each control point producing a linear system of 
equations 

Ao=R, (14.6) 


where a component of A 1s 
—0.58,; +s LZ -ün ry)ds, , (14.7) 


a component of R is 
R,—-U,smna, (14.8) 


and c is the vector of unknown source densities. The system of linear equations 
(14.6) can be solved directly or iteratively (Chap. 6). 

Once the distribution of source densities 1s determined the velocity components 
due to the presence of the body can be obtained from 








ds, 14.9 
ux 2\° Ле x) +02 yy” (142 
and 
ox, yo Y o; Y Yi ds, (14.10) 
| 2л j=1 ! (х= ху)? +(у— у)? ^" 


and the complete velocity field 15 just q— (U „ +u, v). 
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If the velocity components are evaluated at the control points on the body 
surface the surface pressure distribution follows directly from the Bernoulli 
equation (11.49) 


2 
c= P Ps (t | 
0.5002. U, 
A typical surface pressure distribution is shown in Fig. 14.4. Agreement is seen to be 
very good with 23 elements spanning half of a symmetric body. Agreement could be 
made even better by redistributing the panels to place more in the nose region of 
the aerofoil and less over the midsection. To suit the available experimental data 
the present computation is modified by the Prandtl-Glauert transformation 
appropriate to М, =0.4. The incorporation of the Prandtl-Glauert transform- 
ation in the panel method is described In Sect. 14.1.6. 
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Fig. 14.4. Pressure distribution for NACA-0012 aerofoil at z 20 and M, = 0.40 


In many problems the solution (velocity or pressure) is only required at the 
control points. Then the evaluation of (14.4) duplicates much of the evaluation of 
(14.9 and 10) Consequently Hess (1975, p. 156) recommends the following more 
efficient procedure. 

The contributions to (14.9, 10) are evaluated to give v}; = (uj, гу), the velocity 
components induced at control point (x,, y,) due to a unit source density over the 
jth panel. Equations (14.9 and 10) are then written as 


N 
IX, Ve) - Хауа). Xp у) = È ty (14.11) 
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The components u,; and vy; can be evaluated analytically as 
Uj = dk; COS х; — qu; Sina; , о; = qu COS; + qu SING, , (14.12) 
where 


tin (5, +0.545,)? + "i 
kj (&£ —0.5As +2 J” 





(14.13) 
ny AS; 


As; MV 
ge 


1 





q = 2tan ^ 


In (14.13) As, is the length of the jth panel and (č, n) is a local coordinate system 
based on the jth panel (Fig. 14.5). Approximate formulae that are much more 
economical to evaluate are available (Hess 1975, p. 156) if (x,, y.) is far from (ху, уу). 
The introduction of such approximate formulae has a negligible effect on the 
overall solution accuracy. 


(X, yk) = (Ek nk) 





Fig. 14.5. Panel-based coordinate system 


In (14.13) gj, and д, are the velocity components induced at the control point 
(X,, y,) due to a unit source density over the jth panel, in directions normal and 
tangential to the jth panel, respectively. If n, is the unit normal to the kth panel, A,, 
in (14.7) 1s evaluated as 


A, =n, ` vi; - (14.14) 


After (14.6) has been solved, the evaluation of (14.9 and 10) at the control points is 
replaced by (14.11). Thus the relatively expensive evaluation of v,, is done only 
once. The other computationally expensive part of the present procedure is the 
solution of (14.6). 

It may be noted that the solution for Ф, given by (14.2), satisfies the governing 
equation (14.1) exactly as N— oc. The source densities o; are chosen to satisfy the 
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boundary condition of zero normal velocity at the body surface (14.4). For! 
locations remote from the body the logarithmic function in (14.2) ensures that the 
solution reverts to a flow of velocity U „ parallel to the x-axis, i.e. 


Ф- U. Xk - 


The system of equations (14.6) has large diagonal elements but is not strictly 
diagonally dominant. However, iterative techniques, such as those discussed in 
бесі. 6.3, are effective and recommended (Hess 1975, p. 159) if the number of 
elements exceeds about 1000. For smaller number of elements, direct methods 
(Sect. 6.2) are more efficient. Since matrix A is full the computation time to solve 
(14.6), by a direct method, will increase like O(N?). Thus this part of the calculation 
dominates the execution time for large N. 

However, for a given execution time the panel method produces solutions of 
significantly higher accuracy than does a finite difference, or finite element, method 
applied on a conventional grid surrounding the body. This also implies that the 
panel method would have far fewer unknowns (source densities) than finite 
difference nodal unknowns for the same execution time. 


14.1.2 PANEL: Numerical Implementation 


In this section the panel method will be implemented to compute the flow about an 
ellipse. The overall structure of program PANEL is shown in Fig. 14.6 and the 
listings of the subroutines are given in Figs. 14.7-11. 

The surface profile of an ellipse is given by 


x*+(y/b?=1 or x-cos0, y=bsin0, (14.15) 


where b is the minor semi-axis length. In subroutine BODY (Fig. 14.8), (14.15) is 
evaluated for equal increments of 0. 


PANEL BODY MATELM 


Read in data Coordinates: х, y Elements Akj[FNk;) 
L— Control points: xc yc and Ry in (14.6) 


Element 
parameters : dsj, соза; 


sin e 


POINT SURVL FACT and SOLVE 


u, v, p at u, v, p at the Solution of (14.6) 
points (Xp, yp) contro! points (xL,yk) to give © 





Fig. 14.6. Structure of program PANEL 
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c PANEL CALCULATES VELOCITY AND PRESSURES ABOUT 
3€ AN ARBITRARY CLOSED BODY USING THE PANEL METHOD. 
М € DIMENSION X(50),Y(50),XC(50),YC(50),DS(50),FN(50,50) 
6 1 ,FT(50,50) ,RHS(50) , SDE(50) ,CI(50},S1(50) , AA (50,50) , IXS1(50) 
7 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI 

8 1 ,UINF,VINF,SDE 

9c 

10 OPEN (1,FILE="PANEL.DAT') 

11 OPEN(6,FILE='"PANEL.OUT') 

12 READ (1, 1) N, IPR, UINF, VINF , FHN, B 

13 1 FORMAT (215, 4E10.3) 

14 C 

15 WRITE(6,2)N,B 

16 WRITE(6, 3} UINF, VINF,FHMN 

17 2 FORMAT(1X,'PANEL METHOD WITH ',I2,' ELEMENTS, '5X, 
18 1 ‘ELLIPSE MINOR SEMI-AXIS =',F6.3,/) 

19 3 FORMAT(1X, ОМЗЕТ VELOCITY COMPONENTS = ',2F6.3, 
20 1 2X,'FREESTREAM MACH NUMBER = ',F6.3,//) 

21€ 

22 M=N+1 

23 PI = 3.14159265 

24 CPI-2.0/PI 

25 © 

26 € CALCULATE COORDINATES OF BODY AND CONTROL POINTS. 
21€ 

28 CALL BODY (N,M,IPR,FHN,B) 

29 С 

30 С CONSTRUCT THE MATRIX EQUATION. 

31 C 

32 CALL MATELM(N,M, IPR) 

33 C 

34 С TRANSFER FN INTO АА 

35 C 

36 DO 5 K = 1,N 

37 DO 4 J = 1,N 

38 4 AA(K,J) = FN(K,J) 

39 5 SDE(K) = RHS(K) 

40 c 

41 с FACTORISE АА INTO L.U 

42 С 

43 CALL ЕАСТ (М, АА,1К51) 

44 C 

45 C SOLVE FOR THE SOURCE DENSITIES, SDE(K) 

46 c 

41 CALL SOLVE(N,AA,IKS1,SDE} 

4) c 

is c CALCULATE VELOCITY AND PRESSURE AT THE BODY SURFACE 
oc 

51 CALL SURVL(N,B,FHN) 

52 с 

53 с CALCULATE FLOW AT GIVEN POINTS. 

54 c 

55 CALL POINT(N,FMN) 

56 STOP 

57 END 


Fig. 14.7. Listing of program PANEL 
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SUBROUTINE BODY (N,M,IPR,FMN,B) 


CALCULATES BODY AND CONTROL POINT COORDINATES 
FOR AN ELLIPSE WITH MINOR SEMI-AXIS, B 


DIMENSION X(50),Y(50),XC(50) , ҮС(50),р5 (50), FN (50,50) 


1 ,FT(50,50), RES (50), SDE(50) , CI(50) , 81 (50) 


COMMON X,Y,XC,YC,DS,FN,FT,RHS, PI,CPI,CI,SI 


1 ,UINF,VINF,SDE 


BODY POINTS 


FAC = SQRT(1.0 - FHN^FHN) 
NHLFF = N/2 + 1 
NHH=NHLFF+1 

AN = NHLFF - 1 

DTH = PI/AN 


DO 2 I=1,NHLFF 


TH = PI - TH 
X(I) = COS(TH) 
Ү(І) = BASIN(TH) 


PRANDTL-GLAUERT TRANSFORMATION 
Y(I} = Y(I)*FAC 
REFLECT FOR COORDINATES OF LOWER HALF. 


DO 3 I=NHH,N 
X(I)=X(N+2-I) 
Y(I) = ~ Y(NT2-I) 
X(M}=X(1) 

Ү(М) =7(1) 


PLACE CONTROL POINTS АТ THE CENTER OF PANELS. 


DO 4 I=1,N 
XC(I)=(X (I) +Х(1+1)) 40.5 
YC(I)=(Y(I)+Y(I+1))40.5 


CALCULATE PANEL SPANS,COS AND SINE OF ANGLES. 


DO 5 I=1,N 

SX=X(I+1)-X(I) 
SY=Y(I+1)-Y(I) 
DS(I)=SQRT(SX*SX+SY*SY) 
CI(I)=(X(I+1)-X(I))/DS(I) 
SI(I)=(Y(I+1)-Y(I)1/DS(I) 
IF(IPR .EQ. O)RETURN 


OUTPUT ELEMENT PARAMETERS 


WRITE(6,6) 

FORMAT (2X, ‘ELEMENT PARAMETERS ') 

DO 7 I =1,N 
WRITE(6,8)I,X(I), Y(I), XC (I), YCI), DS (I), CI (I), SI (I) 
FORMAT(2X,'I-',I2' X,Yz',2F8.4,' ХС,ҮС= ',2F8.4,' 
F8.4,' CI,SI- ',2F8.4) 

RETURN 

END 


Кір. 14.8. Listing of subroutine BODY 
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1 SUBROUTINE МАТЕҺМ(Н,М,ТРЕ) 

c 
2 c CALCULATES MATRIX ELEMENTS AND RHS. 
4 
5 DIMENSION Х(50),Ү(50),ХС(50),ҮС(50),05(50),ЕМ(50,50) 
6 1 ,FT(50,50) ,RHS(50),SDE(50),CI(50),SI(50) 
1 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI 
8 1 ,UINF,VINF,SDE 
9€ 
10 DO 2 K=1,N 
11 DO 1 J=1,N 
12 IF(K.EQ.J) FN(K,J)=2.*PI 
13 IF(K.EQ.J) ЕТ(К,2)-0.0 
14 IF(K.EQ.J} GO TO 1 
15 DYJ=SI(J)*DS (J) 
16 DXJ=CI(J)*DS(J) 
17 SPH=DS(J)*0.5 
18 XD=xXC(K)-XC(J) 
19 YD=YC(K)-YC (J) 
20 RKJ=SQRT(XD*XD+YD* YD) 
21 BK J=ATAN2(YD,XD) 
22 ALJ=ATAN2 (DYJ, DXJ) 
23 GKJ-ALJ-BKJ 
24 ZIK-RKJ*COS(GKJ) 
25 ETK=-RKJ*SIN (СКЈ) 
26 R1S=( (ZIK+SPH) ^*^2) +ETK*ETK 
27 R2S= ((2IK-SPH) **2) +ETK*ETK 
28 QT=ALOG (R15/R2S) 
29 DEN-ZIK*ZIK-ETK*ETK-SPH^SPH 
30 GNM=ETK*DS (J) 
31 QN=2.0*ATAN2 (GNM, DEN) 
32 UKJ=QT*CI (J) -QNASI (J) 
33 VKJ=QT* SI (J) +ONACI (J) 
34 FN(K, J) =-UKJ*S1(K) *VKJ^CI (K) 
35 ЕТІК, J) -UKJ*CI (K) *VKJ* SI (K) 
36 1 CONTINUE 
37 RES (К) -UINF^SI(K)-VINF^CI(K) 
38 2 CONTINUE 
39 € 
40 IF(IPR .LE. 1}RETURN 
41 3 WRITE(6, 4) 
42 4 FORMAT(2X,'MATRIX ELEMENTS = NORMAL VELOCITY COMPONENTS ') 
43 po 5 K=1,N 
44 5 WRITE(6,8) К, (FN(K,J},J=1,N) 
45 WRITE(6,6) 
46 6 FORMAT(2X,'TANGENTIAL VELOCITY COMPONENTS‘) 
47 DO 7 K=1,N 
48 7 WRITE(6,8)K, (FT(K,J),J=1,N) 
49 8 FORMAT(2X,15, (10F10.5)) 
50 WRITE(6, 9) 
51 9 FORMAT(2X, 'RIGHT HAND SIDE') 
52 WRITE(6,10) (RES(K) ,K=1,N) 
53 10 FORMAT(2X,10F10.5) 
54 RETURN 
55 END 


Fig. 14.9. Listing of subroutine MATELM 
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1 SUBROUTINE SURVL(N,B,FMN) 
2€ 
3c CALCULATES VELOCITIES AND PRESSURE AT TEE CONTROL POINTS 
4c QEX IS THE EXACT VELOCITY AT THE SURFACE OF THE ELLIPSE 
5С 
6 DIMENSION X(50),Y(50),XC(50),YC(50),DS(50),FN(50,50) 
7 1,FT(50,50),RHS(50),SDE(50),CI(50),SI(50) 
8 COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI 
9 1, UINF, VINF, SDE 
10 С 
11 FAC = SQRT(1. - FMN*FMN) 
12 GAM = 1.4 
13 C1 = 0.5* (GAM-1.)*FMN*FMN 
14 C2 = 0.5%САМАҒММАҒММ 
15 GMP = GAM/(GAM-1.) 
16 WRITE(6,1) 
17 1 FORMAT(2X,'VELOCITY AND PRESSURE AT THE CONTROL POINTS') 
18 DO 4 K=1,N 
19 OTS=0.0 
20 ONS=0.0 
21 DO 2 Ј=1,М 
22 OTS=OTS+FT(K, J) ASDE(J) 
23 2 QNS=QNS+FN(K,J)*SDE(J) 
24 С 
25 QNK = QNS + VINF^CI(K) - UINF*SI(K) 
26 ОТК = QTS + VINF*SI(K) + UINF*CI(X) 
27 UU=UINF-QNS*SI(K)+QTS*CI(K) 
28 VV=VINF+QNS*CI(K)+QTS*SI(K) 
29 UU = UU/FAC/FAC 
30 VV = VV/FAC 
31 PP=1.-UU*UU-VV*VV 
32 IF(FMN .GT. 0.05)PP = ((1.+C1*PP)**GMP-1.)/C2 
33 € 
34 DUM = B*B*XC(K) 
35 DUM = YC(K}*YC(K} + DUM*DUM 
36 QEX = (1. + B)*YC(K)/SQRT(DUM) 
37 C 
38 WRITE(6,3) XC(K) , YC(K) QNK,QTK, UU, VV, PP, QEX 
39 3 FORMAT(1X, "XC, YC=',2F6.3,' ON,QT=',2F6.3, 
40 17 U,V=",2F6.3,' Р-",Ғ6.3," QEX=',F6.3) 
41 4 CONTINUE 
42 RETURN 
43 END 


Fig. 14.10. Listing of subroutine SURVL 


To allow program PANEL to be extended to subsonic inviscid flow 
a Prandtl-Glauert transformation (Sect. 14.1.6) is made to the y coordinate as 
yi = Y(1 — M2)!7. Thus (x, yine) gives the surface profile of an equivalent body in 
incompressible flow for the actual flow with freestream Mach number М... 

The contributions to the matrix elements A,, in (14.6) are evaluated in sub- 
routine MATELM (Fig. 14.9) via (14.12-14). The elements A,; are stored in FN,;. 
The tangential velocity increments corresponding to unit source densities are 
stored in FT,; for subsequent use in the subroutine SUR VL (Fig. 14.10). The 
contributions to R, in (14.8) are calculated in MATELM under the slightly more 
general assumption of a two-component freestream velocity (U , , Va). 

Subroutines FACT (Fig. 6.15) and SOLVE (Fig. 6.16) are used to solve 
(14.6) for the source densities в. The velocities and pressure at the control points are 
evaluated in the subroutine SURVL (Fig. 14.10) using the equivalent of (14.11), but 
based on FT and FN. 
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SUBROUTINE POINT(N,FMN) 
CALCULATES THE FLOW AT GIVEN POINTS, (ХР,ҮР) 


DIMENSION Х(50),Ү(50),ХС(50),ҮС(50),р5(50),ЕМ(50,50) 
1,FT(50,50) ,RHS (50) ,SDE(50) , CI (50) , SI (50) 

COMMON X,Y,XC,YC,DS,FN,FT,RHS,PI,CPI,CI,SI 
1,UINF,VINF,S3DE 


ҒАС = SQRT(1. — FMN*FMN) 
GAM = 1.4 
= 0.5*(GAM-1.) *FHN*FHN 
C2 = 0.5*GAM^FHN*FHN 
GMP = GAM/(GAM-1.) 
CONTINUE 
READ(1,2) XP,YP 
FORMAT (2F8.5) 
ҮР = ҮР%ҒАС 
RPS = XP*XP + YP*YP 
IF(RPS .LT. 1.0E-O4) RETURN 


UUSUINF 

VV=VINF 

DO 3 J=1,N 
DYJ=SI(J)*DS (J) 
DXJ=C1I (J) *DS (J) 
SPH=DS (J) *0.5 
Хр=ХР-ХС (J) 

Үр=ҮР-ҮС (J) 

R=SQRT (XD*XD+YD* YD) 
BET=ATAN2 (YD, XD) 
ALJ=ATAN2 (DYJ, DXJ} 
GAM=ALJ~BET 

ZI=R*COS (GAM} 

ET=-R*SIN (GAM) 
R1S=((ZI+SPH) ^*2) -ETAET 
R282((ZI-SPH)**2) +ET*ET 
9Т-А106(В15/825) 
DEN=ZI*ZI+ET*ET-SPH*SPH 
GN = ЕТ*р5 (J) 

QN = 2.0*ATAN2 (GN, DEN) 
UJ=QT*CI(J)-QON*SI(J) 
VJ=QT*SI(J})+QN*CI (J) 
UUZUU-UJ*SDE(J) 
VV=VV+VJ*SDE(J) 


CONTINUE 

YP = YP/FAC 

UU = UU/FAC/FAC 
VV = VV/FAC 


Pp=1.—-UU*UU-VV+*VV 

IF(FMN .GT. 0.05)PP = ((1.*C1*PP)*^*GMP-1.)/C2 

WRITE(6,4) XP, YP, UU, VV, PP 

FORMAT[/,2X,'FLOW AT X,Yz',2F6.3,' U,Vz',2F6.3,' P=', 
1 F6.3) 

GO TO 1 

END 


Fig. 14.11. Listing of subroutine POINT 
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The velocity components and pressure at specified points (x,, у„) external to the 
body are calculated in the subroutine POINT (Fig. 14.11) using the equivalent of 
(14.11-13). The coordinates (x,, y,) are read from the input data file on logical 
unit 1. 

The parameters used by PANEL are described in Table 14.2 and typical output 
for the flow about an ellipse with a minor semi-axis length b=0.5 units is shown in 
Fig. 14.12. At each control point the velocity components normal and tangential to 
the local body slope are given by QN and QT in Fig. 14.12. The normal component 
QN is zero. It may be recalled that this boundary condition (14.4) is used to 
determine the source densities. The tangential component QT is compared with the 
exact tangential component QEX in Fig. 14.12 at the surface of the ellipse 


Table 14.2. Parameters used in program PANEL 





Parameter Description 
AA matrix 4 in (14.6) 
B minor semi-axis length of the ellipse 
FMN freestream Mach number М, 
FN(K. J) induced velocity normal to panel k at (х,. y,) due to unit o; 
FT(K, J) induced velocity tangential to panel k at (x,, y,) due to unit а; 
IPR >0 print X, Y, XC, ҮС, DS, СІ, SI in BODY 
=l print FN, FT, RHS in MATELM 
M number of element, end points 
N number of elements 
RHS vector R in (14.6) 
SDE source density vector o 
UINF, VINF freestream velocity components U, and V, 
X, Y coordinates of panel end points 
XC, YC coordinates of panel control points 
CI(J), SI(J) Cos x;, sin à, Fig. 14.5 
DS(J) panel length (span), ds; 
ALJ a;, Fig. 14.5, MATELM and POINT 
BKJ Вы, Fig. 14.55 MATELM; BET in POINT 
GKJ 7, Fig. 14.5, MATELM; GAM in POINT 
RKJ ғ), Fig. 14.5, MATELM; R in POINT 
QN, QT qk dk; in (14.13, MATELM and POINT 
QNK, QTK velocity components normal and tangential to the kth panel at (x,, у;) 
UKJ, VKJ Uk t; In (14.12), MATELM; UJ, VJ in POINT 
UU, VV, PP u, V, p at point (хь. ур) in SURVL and point (x,, Yp) in POINT 
QE exact tangential velocity at the surface of the ellipse, д, ex 
1+Ь 
ЙУ, . (14.16) 
(y* + Бх?) 


Agreement could be made better by introducing more panels, particularly in the 
nose (YC x0) and shoulder (ҮС ~0.5) regions. Also shown in Fig. 14.12 are the 
Cartesian velocity components and pressure at the control points and at a typical 
off-body point (0, 1.0). 
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PANEL METHOD WITH 20 ELEMENTS, ELLIPSE HINOR SEMI-AXIS = .500 
ONSET VELOCITY COMPONENTS = 1.000 .000 FREESTREAM MACH NUMBER = .000 


VELOCITY AND PRESSURE AT THE CONTROL POINTS 
xc,YC= -.976 .077 QN,QT= .000 .448 U,V= .135 .427 P= .800 QEX= „453 


ХС,ҮСз -.880 .224 QN,QT= .000 1.067 U,V= .762 .748 P= -.139 QEX= 1.071 
xc, YC= -.698 .349 0М,0Те .000 1.342 U,V« 1.200 .600 P= -.801 QEX= 1.342 
XC,YCs -.448 .440 QN,QT- .000 1.455 U,V= 1.410 .359 P=-1.117 QEX= 1.454 
xc, Yc= -.155 .488 QN,QT- .000 1.497 U,V- 1.492 .118 Р=-1.240 QEX= 1.495 
Xc,YC- .155 .488 QN,QT- .000 1.497 U,V- 1.492 -.118 Р=-1.240 QEX= 1.495 
XC,YCs .448 .440 QN,QT= .900 1.455 U,V= 1.410 -.359 Р=-1.117 QEX= 1.454 
xc, ¥C= .698 .349 QN,QT- .000 1.342 U,¥= 1.200 -.600 P= -.801 QEX= 1.342 
XC,YC= .880 .224 QN,QT- .000 1.067 U,V- .762 -.748 P= -.139 QEX= 1.071 
xc, ¥C= .976 .077 QN,QT- .000 .448 U,V- .135 -.427 P= .800 QEX- „453 
ХС,ҮС= .976 -.077 QN,QT- .000 -.448 U,V- .135 .427 P= .800 QEX= -.453 
ХС,ҮСя .880 -.224 QN,QT- .000-1.067 U,V- .762 .148 P= -.139 QEX=-1.071 
ХС,ҮС= .698 -.349 QN,QT= .000-1.342 U,V- 1.200 .600 P= -.801 QEX=-1.342 
Х,ҮСе .448 -.440 ОН,ОТе .000-1.455 U,V= 1.410 .359 Р=-1.117 ОЕХ=-1.454 
ХС,ҮСе .155 -.488 QN,QT- .000-1.497 U,V- 1.492 .118 Р=-1.240 0ЕХ--1.495 
XC,YC= -.155 -.488 QN,QT- .000-1.497 U,V= 1.492 -.118 Pz-1.240 QEX=-1.495 
ХС,ҮС- -.448 -.440 QN,QT= .000-1.455 U,V- 1.410 -.359 Р--1.117 QEX--1.454 
ХС,ҮСч -.698 -.349 QN,QT= .000-1.342 U,V= 1.200 -.600 P= -,801 QEXs-1.342 
ХС,ҮС= -.880 -.224 QN,QT2 .000-1.067 U,V- .762 -.748 P= -.139 QEX--1.071 
xc, YC= -.976 -.071 QN,QT= .000 -.448 U,V= .135 -.427 P= .800 QEX- -.453 
FLOW AT X,Y- .000 1.000 U,V= 1.257 .000 P= -.579 


Fig. 14.12. Typical output from program PANEL 


14.1.3 Connection with the Boundary Element Method 


The panel method described in Sect. 14.1.1 is particularly effective for the flow 
about isolated bodies in a uniform stream. However, for internal flows, e.g. the flow 
around an obstacle in a channel, an alternative formulation based on Green's 
theorem is often more convenient. This alternative technique seeks the solution Ф 
directly, without introducing the intermediate source panel distribution. 

For two-dimensional problems the potential at any point (x,, у,), in the general 
domain, can be related to the values of b and ОФ/дп on the computational 
boundary 8, i.e. 


1 дф д I 
P(x, wz Í (п "уз 9 ds — f 3, Un r. ) (s) | , (14.17) 


where (ху, уу) lies on S and r,; is given by (14.3). 

When (x,, у,) is restricted to the computational boundary S. (14.17) provides a 
compatibility condition between Ф(5) and 2Ф(5у2п. For the previous example of 
flow around an isolated body, 2Ф(8)/ди is known and (14.17) provides a Fredholm 
integral equation of the second kind for Ф(5). Typically the local behaviour of Ф(5) 
is assumed to be represented by the summation of one-dimensional interpolating 
functions (Sect. 5.3), N;(£), i.e. 


Ф()= ), NED; , (14.18) 


where € is an element coordinate and ®, are the nodal values of Ф(5). 
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This is the boundary element method (Brebbia 1978). Substitution of (14.18) 
into (14.17), and the requirement that the resulting equation is exactly satisfied at 
the nodes, generates a linear system of equations, equivalent to (14.6) but directly 
for Ф;. 

Often, for internal flows, Ф is given on part of the domain and 0Ф/дп is given on 
another part of the domain. By introducing (14.18) for the unknown (s) and a 
comparable trial solution for the unknown дФ(5)/дп it is possible to solve the 
problem directly, since (14.17) ensures compatibility of (s) and 0Ф(5)/0п. The flow 
around a circular cylinder in a channel is of this type, if b is interpreted as the 
stream function. The required steps to obtain the solution are provided by Fletcher 
(1984, pp. 180-183). 

The above Green's formula method can be recast as a generalised ‘source’ panel 
method by continuing the solution beyond the computational boundary. The 
details are provided by Jaswon and Symm (1977, pp. 41—43), 


14.1.4 Lifting Aerofoil Problem 


To simulate the flow around a lifting body such as an inclined aerofoil, the solution 
procedure described in Sect. 14.1.1 must be supplemented to provide a unique 
value for the lift produced by the aerofoil. The lift is related to the circulation Г 
around any closed path c in the fluid which encloses the body by 


L=oU,! , (14.19) 


where Г=} v: dc. For the body shown in Fig. 14.1 an appropriate path to evaluate 
Г would be the surface of the body. 

To represent the circulation an additional surface doublet (or dipole) distri- 
bution p(s) is introduced so that (14.2) takes the form 


д 
On(s) 





O(x,, y,) 2 Ux, + Í a(s) (In rj) ds— 5 j u(s) (In ry)ds . (14.20) 
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The doublet distribution и(5) сап be related to а vortex sheet (Rubbert and Saaris 
1972). A linearly varying doublet panel is equivalent to a constant strength vortex 
sheet. In practice, u(s) is chosen to give the appropriate value of Г to satisfy the 
Kutta condition, as indicated below. 

In practical implementations (Hess 1975, pp. 160-163) advantage is taken of the 
linear nature of (14.1) and the opportunity to superpose solutions, For an inclined 
aerofoil the solution after applying a conventional surface-source method 
(Sect. 14.1.1) would appear as shown іп Fig. 14.13а. This solution is a poor 
representation of the real flow since it implies an infinite velocity at the sharp 
trailing edge and that the lift is zero. 

The Kutta condition, that the velocity must be finite at the trailing edge, is 
invoked to fix Г and, thereby, to determine the lift, from (14.19). The circulation Г is 
generated computationally by a surface distribution of linearly varying doublet 
panels. This generates the purely circulatory flow shown in Fig. 14.13b. Addition of 
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Fig. 14.13. Superposition of 
— solutions: (a) non-lifting 
flow, (b) circulatory flow, 


a (c) combined lifting flow 


=\\\ 


= — ағара. --. 
— 
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this solution and the original surface-source solution, with the doublet strengths 
chosen to satisfy the Kutta condition, generates the physically realistic solution 
shown іп Fig. 14.13с. The Kutta condition is satisfied by requiring that the 
tangential velocities at corresponding control points adjacent to the trailing edge 
(Fig. 14.14) are equal. 


Fig. 14.14. Displacement 
thickness effects and the 
condition Kutta condition 





The circulatory flow shown in Fig. 14.136 is generated computationally by 
ascribing a unit strength vortex at each control point and determining what source 
distribution, by solving (14.6), will produce the same flow field. 

It may be recalled that v,; is the vector of velocity components at the kth 
control point due to a unit source at the jth control point. If v,; is rotated through 
90°, i.e. (в, у, — u,;), the result gives the velocity components at the kth control point 
due to a unit vortex at the jth control point. 

Thus the total velocity induced normal to the kth control point due to the 
distribution of unit strength vortices is given by 


0, = У (vy; Sin a, + ui; COS 0) , (14.21) 


J 
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and the corresponding source strengths generating this purely circulatory flow is 
given by the solution of 


Ас“ = — (v,;8in а. + Uy; COS 0%). (14.22) 
J 
If (14.6) has already been solved for uniform freestream flow using a direct method, 
the solution of (14.22) will only require the multiplication of the factored form of 4 
and the right-hand side of (14.22). This is a relatively economical, O(N’), process. 
The Kutta condition is invoked by solving 


У (tuj cos & — v, j Sina,)(G;+ то) + U , cos z, 
j 


= =), (Um, {COS à, — Um, j SÎN А) (9; 4- 105) U , COS x, (14.23) 
J 
for т. This gives the weighting to be applied to the solution associated with 
circulatory flow (14.22) so that the tangential velocity at the control point (k=1) 
just before the trailing edge is equal to the tangential velocity at the control point 
(k =m) just after the trailing edge in the clockwise direction. 
In terms of the parameters used in the program PANEL, (14.23) becomes 


— р (FT, + ЕТ j)o; +U , (cos zx, + cos а,„) —– V. (sin z, + sin ZI 
j 





T == 


‚ (14.24) 
У(ЕТ, FT, 76% 


J 


To generate more accurate pressure distributions, particularly for aerofoils (or 
turbine blades) producing lift, it is desirable to allow for boundary layer dis- 
placement thickness effects. This is done as follows. Given the surface pressure 
distribution resulting from the solution for the lifting aerofoil, Fig. 14.13c, the 
boundary layer solution (Sect. 15.1) is obtained and the displacement thickness 
distribution 6*(x) calculated (11.67). This is added to the original geometric shape 
(Fig. 14.14) and the pressure distribution obtained for the augmented shape. The 
overall process is repeated, perhaps four or five times, until convergence is 
achieved. Alternative strategies for imposing the Kutta condition, which allow for 
the displacement thickness, are discussed by Hess (1975, p. 163). 


14.1.5 Higher-Order Panel Methods and the Extension to Three Dimensions 


The accuracy of the panel method depends on the number of panels, N, introduced 
to represent the shape. For internal flow problems (e.g. engine intakes) or the three- 
dimensional flows around complete aircraft or automobiles the use of constant 
strength source densities over flat panels forces the introduction of a very large 
number of panels and an excessive execution time to achieve an acceptable 
accuracy. 


141 Panel Method 141 


The basic method, described in Sect. 14.1.1, can be extended to allow both 
curved panels and source densities that vary linearly or quadratically, etc., across 
the panel. For a two-dimensional flow, two degrees of freedom per panel would be 
required to define a linear source density variation. Although there is some 
additional algebraic manipulation required, the execution time per degree of 
freedom in (14.6) is not significantly greater than for the constant strength, flat 
panel case. Consequently for internal flows and flows with severe reflex curvature 
more accurate solutions can be obtained for the same overall execution time (Hess 
1975, pp. 165—168) by using higher-order panels. 

The extension of the panel method to three-dimensional flows is quite straight- 
forward. In the case of a nonlifting body, (14.2) is replaced by 


Фо yy 20) = Us Xe tg 2» 15, (14.25) 


1; 


where the jth panel is now ап area rather than a line. Equation (14.4) changes 
correspondingly. The main complications in three dimensions are the mechanics of 
defining the panel geometry and the solution of (14.6) for large values of N. This is 
usually carried out iteratively if N > 1000 (Hess 1975, p. 159). 

Figure 14.15 provides a typical example of the accuracy achievable by a panel 
method for a complicated geometric configuration. Reviews of the method, with 
considerable practical detail, are provided by Hess and Smith (1967), Hess (1975) 
and Kraus (1978). 
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Fig. 14.15. Pressure distribution for a slotted wing (after Hess, 1975; reprinted with permission of 
North-Holland) 
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14.1.6 Panel Method for Inviscid, Compressible Flow 


In this category it is useful to isolate flows for which (11.109) is valid, i.e. 


0? д°ф ah 
ôx? ду? Ta 70> (14.26) 





(1-М%) 


where ф is the (disturbance) velocity potential, Le. 
®=U,x+¢ , for example. 


Subsonic or supersonic flow abour slender bodies is accurately predicted by 
(14.26) with the boundary conditions of zero normal velocity at the body surface 
and the vanishing of ф far from the body. For supersonic flow there is a further 
requirement that any shock waves should be weak, since entropy is not conserved 
across a shock and (14.26) is based on the assumption of isentropic flow. 

For subsonic inviscid flow governed by (14.26) it is possible to construct 
an equivalent incompressible flow using the Prandtl-Glauert transformation 
(Liepmann and Roshko 1957, p.255). The equivalent incompressible flow has 
independent variables 
=x, y-y/l-ML, z;=zJ/l-M>s, (14.27) 
and dependent variable Ф,=Ф(1— М2), and the panel method (Sect. 14.1.1) is 
directly applicable. 

For supersonic flow a Prandtl-Glauert transformation is not introduced. 
Instead the panel method is applied directly to (14.26) but with zero mass flow 
normal to the body surface used as the body boundary condition. Kraus (1978) 
reviews alternative panel methods for supersonic flow and Carmichael and Erikson 
(1981) provide a detailed description of one particular code, PAN-AIR, that shares 
many common features with the panel method described in Sect. 14.1.1. PAN-AIR 
solves (14.26) and is therefore suitable for subsonic or supersonic flow about 
slender bodies. 

Since (14.26) is only an approximation to the full compressible potential 
equation, solutions obtained from a panel method for compressible flow can be 
interpreted as a first approximation to more accurate solutions obtained using the 
techniques to be described in Sect. 14.3.3. 

Tinoco and Chen (1986) report using PAN-AIR to design efficient engine 
nacelle airframe combinations for large commercial aircraft. In addition they 
report using subsonic PAN-AIR solutions as a means of partially validating 
solutions of the transonic full potential equation (Sect. 14.3.3) for complex geo- 
metric configurations. 
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14.2 Supersonic Inviscid Flow 


If no restriction is placed on the slenderness of the body, subsonic inviscid flow can 
be computed by any of the schemes that have been developed for transonic flow 
(Sect. 14.3). Supersonic inviscid flow introduces the complication of shock waves, 
and their occurrence and accurate representation place a considerable demand on 
the computational algorithm. The shock wave may be moving, as in unsteady 
problems associated with blast waves (caused by explosions), or stationary relative 
to the body producing the shock wave, as with the bow shock formed by a reentry 
vehicle. 


142.1 Preliminary Considerations 


Supersonic flows associated with missiles, aircraft, missile engine intakes and 
rocket nozzles are often steady. It may be recalled (Sect. 11.6.1) that for steady 
inviscid flow the physical character of the flow is "elliptic" in the subsonic region 
and “hyperbolic” in the supersonic region. For steady supersonic flows that contain 
no embedded subsonic regions it is possible to construct a one-pass marching 
scheme in the hyperbolic direction, which is usually the approximate flow direction. 
Then the marching direction has the same role as time in an unsteady problem. 
Such marching techniques are clearly very efficient (Sect. 14.2.4). 

For fully hyperbolic problems explicit schemes have been widely used in the 
past and will probably continue to be so where the discretisation step in the time or 
time-like coordinate is more restricted by the need to achieve a predetermined 
accuracy than by a stability limitation. For one-dimensional unsteady supersonic 
inviscid flow the explicit stability limit for many schemes is the generalised CFL 
condition (compare Sect. 9.1.2) of (Jul + а) At/Ax € 1.0 where a is the local sound 
speed. 

If embedded subsonic regions are present, e.g. a blunt body problem, it is 
necessary to adopt a pseudo-transient formulation (Sect. 6.4) to obtain the steady 
solution, i.e. to march in time until the solution no longer changes. Such techniques 
are computationally more expensive but are generally more robust in handling 
instabilities associated with boundaries between subsonic and supersonic flow (i.e. 
sonic lines and shock waves). Since time plays the role of an iteration parameter in 
this case it is usual to employ implicit techniques to avoid the time step stability 
limitation associated with explicit techniques. The construction of appropriate 
implicit techniques (Sect. 14.2.8) are often based on split or approximate factor- 
isation algorithms (Sects. 8.2 and 9.5.1). 

Traditionally, problems for which the governing equation are hyperbolic 
everywhere have been solved by the method of characteristics (Sect. 2.5.1 and 
Liepmann and Roshko 1957). However, the method of characteristics has been 
superseded primarily because of the difficulty of incorporating shock waves. The 
grid adjacent to the shock degenerates since the characteristics run together at the 
shock, which forms the boundary of the computational region. In addition, 
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comparative tests (Rackich and Kutler 1972) indicate that traditional methods of 
characteristics are slower than competitive finite difference methods. However, 
some finite difference schemes, e.g. the Moretti scheme (Sect. 14.2.5), use a form of 
the governing equations such that knowledge of the characteristic locations can be 
exploited very efficiently. 

Expressing the governing equations in characteristic form is very useful for 
determining the number and nature of the boundary conditions (Pulliam 1981) 
and, where appropriate, for extrapolating the internal solution to the boundary 
along a characteristic (Rudy and Strikwerda 1981; Chakravarthy 1983). Express- 
ing the governing equations in characteristic form is also useful (Roe 1986) in 
constructing special techniques for predicting the flow when strong shocks are 
present (Sect. 14.2.6). 

For supersonic flows that contain shocks it is possible to calculate the change in 
flow properties across the shock from the Rankine-Hugoniot conditions, e.g. 
(11.110), and to link them with a computational scheme suitable for the shock-free 
region. Such a strategy is often referred to as a shock-fitting scheme. However, for 
non-simple flows, e.g. a cone at angle of attack, secondary shocks occur (Fletcher 
1975) whose locations are not known, a priori. The complicated coding logic 
required to use a shock-fitting method for non-simple flows makes them less 
effective. 

By casting the equations in conservation form, for example (11.116), and by 
using a discretised form that conserves the mass, etc. it is possible to obtain 
solutions that satisfy the weak form (5.6) of the governing equations. As shown by 
Lax and Wendroff (1960), solutions of the weak form of the governing equations 
automatically satisfy the Rankine-Hugoniot jump conditions across any dis- 
continuities that may occur in the flow. Shock waves are the most common form of 
such discontinuities. Consequently the solution of the discretised equations auto- 
matically captures the shock behaviour, both the strength and the shock speed for 
unsteady flow. The main difficulty with shock-capturing techniques is in obtaining 
sharply defined profiles of the flow variables through the shock without having to 
introduce special procedures which inevitably reduce the economy of the overall 
method. 


14.2.3 MacCormack's Predictor—Corrector Scheme 


A very effective finite-difference technique for inviscid supersonic flow, particularly 
as the foundation for steady-flow shock-capturing techniques, is MacCormack's 
explicit predictor-corrector scheme (MacCormack 1969) This scheme can be 
illustrated for the inviscid Burgers' equation (10.2) written in conservation form, 


д Е 
би ФЕ, 


ди OF _ 1428 
a x C (14.28) 


where F=0.5u2. At the first (predictor) stage an intermediate solution u* is 
calculated from 
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A: 
иў = иу FF. (14.29) 


Ј Ј 


The corrector stage is 


At 


wj =0.5(н; +07) 


(ЕЎ Еу). (14.30) 


1 j-1 


The scheme is constructed from one-sided difference formulae at each stage but 
contributions to the truncation error cancel to produce a scheme which is second- 
order accurate in time and space. By reversing the asymmetric differencing of F in 
(14.29 and 30) an equivalent scheme is generated. 

MacCormack's scheme is conceptually similar to the two-stage Lax-Wendroff 
scheme (10.11, 12). In fact for linear problems, e.g. (9.2), MacCormack's scheme 
reduces to the single-stage Lax-Wendroff scheme (9.16). 

In order to obtain stable solutions of (14.29 and 30) for the particular 
choice F = 0.51, the time-step must be restricted to At € Ax/u, i.e. At is limited by 
the CFL condition (Sect. 9.1.2). If F(u) in (14.28) is more general the time-step 
restriction for the MacCormack and Lax-Wendroff schemes becomes 


ТК ; (14.31) 


where А —dF/du. For the vector equivalent of (14.28), e.g. (10.40), 4 is a matrix with 
elements ¢F,/cu;. The corresponding stability restriction is 


At 
AdS! , k=1, 2,...,п 5 (14.32) 
X 


where 2, are the eigenvalues of A. 

MacCormack's scheme, and the two-stage Lax- Wendroff scheme, can be inter- 
preted as members of the 5% family introduced by Lerat and Peyret (1975). The par- 
ameters x and f determine where on the discretised (x, t) grid и, is effectively evalu- 
ated (Fig. 14.16). The MacCormack schemes correspond to x=0 and f=0 or 1. 





1-1 і 8 de [+2 


Fig. 14.16. Effective evaluation points Гог 5% family 
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The S% family is described by Peyret and Taylor (1983, pp. 48-51). All members 
of the S% family are conservative which is necessary for correctly predicting the 
shock strength and propagation speed, when used to capture shocks automatically. 
The need for the equations to be expressed in conservation form and for 
conservative differencing to be used can be illustrated for the inviscid Burgers’ 
equation (14.28). For initial conditions 
и=а at t=0 and —со<х<0, 


u=b at 1-0 0<х<-о, 
the exact solution is 
u=a for xSU,t 


u=b for x>U,t, 


where U, is the propagation speed to be determined. If L is large enough to contain 
the disturbance, then from (14.28) 


1, 
2 Í иах=[—0.5и2]®, 20.5(4? — 5?) . (14.33) 


L 
But also 


L 
С [| udx-U,[—u]-,— U,(a— b) , So that 
гі, 


(0.5421 _ 0.S(b2 — а?) 
P ^ [u] | b-a 





=0.5(a+6) , (14.34) 


where [ | denotes the evaluation of the change in the quantity across the dis- 
continuity. If (14.28) is differenced by MacCormack's scheme (14.29, 30) and the 
intermediate solution is eliminated, one obtains 


иі ит Е" Fe At 
A — de COM [uj (F;,,— Fj)—- uj (Е-Е УР 
At? , 2a 
1025 8 ЦР Ey 0, FAYT-O. (14.35) 


If д/ді Ü udx is evaluated by a mid-point rule, the result is 


ak Ax 
3 | udx= 1 [0.5(01*' –ш) (0371 и) +... 


+ (иу, —иҗ-,)+0.5(и ! —и%)]. 
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Substituting from (14.35) and noting the interior cancellation gives 


L 
< Í udx =0.25[—(Fo + 2F, + Fy) +(Fy—1 +2Fy + Еу ,)]+ O(Ax) 
-L 


=0.5(a? — b?) + O(Ax) , 


i.e. (14.33) is preserved. This result is exact if F, =F, = F, and Fy-; = Ру = Буу . 


14.2.3 SHOCK: Propagating Shock Wave Computation 


The MacCormack scheme and the two-stage Lax- Wendroff scheme will be applied 
to the propagation of a shock wave in one-dimensional unsteady flow. The use of 
artificial viscosity to generate a smooth shock profile will be demonstrated. 

The propagation of a shock wave in one-dimensional inviscid flow is governed 
by the equations 


до ĉlou) 








ee =0 14.36 
a’ ax (14.36) 
дон) д 5 
aL =0 14,3 
a tax 9" +р)=0, (14.37) 
д 1,2 д 1,,2 
5І0(е--2421%- tuLote зи )+р]}=0. (14.38) 


These equations are the conservation form of the continuity, x-momentum and 
energy equations respectively; (11.117) without the т and О terms. For an ideal gas, 
such as air, the specific internal energy in (14.38) can be expressed as 





T= g (14.39) 


= С, 


where у is specific heat ratio. With the aid of (14.39) it is clear that (14.36—38) 
contain three dependent variables: u, о and p. 

For the propagating shock problem Dirichlet boundary conditions for и, o and 
p are required upstream and downstream of the shock. These are 


и=н,, C=O; , p=p at x=x, , 
! | ! | (14.40) 
и=и,=0, 0=05, р=р at X=x2. 


At time t=0, the shock is located at x=x,. Therefore, appropriate initial 
conditions are 


u(x, 0) = и; , E(x, 0)— о, , р(х, О)= pi , for X, £ x<xo , 
(14.41) 
u(x, 0)=0 , о(х, 0)- о; > р(х, 0)-р; , for X9 <X EX, ` 
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Location x = x, is far upstream of the shock and location x =x, is far downstream 
of the shock. 

It is convenient to nondimensionalise the dependent variables with respect to 
the conditions downstream of the shock. Noting that 


0203 = үр, (14.42) 


(14.36-38) can be written in compact nondimensional form as 





д дЕ 
^d 175 —0, where (14.43) 
t | Ox 
о " 
. Qu 
Qu trey? t 
q= ‚ F= ou) o p/y (14.44) 
ғ О n РА ГА f ГА 
Р/70- D y [p'/(y = 1) - 0.5o'(u? Ju 
and 
о О ul u p P , X f t 
= —, = 5 — 3 х=, —üa»y. 
Q2 аҙ P2 L 21, 


Тһе prime denotes а nondimensional quantity. 
The nondimensional boundary conditions, replacing (14.40), are 


u x 
u =} ; а-а N p=" at x= А 
E e P2 u (14.45) 
x 
u, =0 , "=l, рісі at x=. 
2 О› P2 X5 L 


The pressure ratio p,/p; is the governing parameter for this problem and deter- 
mines the shock strength and speed of propagation. For a given pressure ratio the 
boundary values и) and о) are obtained from the Rankine-Hugoniot relations 
(Liepmann and Roshko 1957, p. 64) 


Pi Р» 12 
2 G2 476-1 
uy (^ J | ІШ ) 00 |} 


'+1 
04D р> 
r (y—1) py 
0+) ра 
(ў—1) pi 


(14.46) 





The shock propagation speed is needed to determine the shock location so that the 
accuracy of the computational solution of (14.43—45) may be assessed. The non- 
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dimensional shock propagation speed is given by the Rankine-Hugoniot relations 
as 


иы (7-1 +1\'? 
ныт (2 += E ) (14.47) 
1 





The primes will now be dropped. After time t, the exact solution is 


ex (x, = и; à Oex(X, t)= 0; for X, SXS Xo + Ul 5 
(14.48) 
Uex(X; )=0 > Qex(X, t)— 0; for Xo + Uf SxXSX, . 


In the program SHOCK the MacCormack scheme and the two-stage Lax— 
Wendroff scheme are applied to (14.43) as: 


i) MacCormack scheme: 


At 
47 = 4 — ат ЕК), (14.49) 
n+] n * At п п 
q; -0.54)--4))-0.54, ІЕ;-Е; ,1 - (14.50) 


ii) Lax- Wendroff scheme: 


At 
97+ 12 =0.5(0; + 45+ )-05 LF — F7] , (14.51) 
n+] п At ж ж 
4; =g А аа Ff . (14.52) 


For (14.43 and 44) the eigenvalues of 4 =CF/Cq are 4=u, u+a, u— a. Consequently 
the stability restriction (14.32) becomes (|u| + a@)At/Ax <1 for both schemes. 

The above formulation is implemented in program SHOCK (Fig. 14.17). 
The parameters used in SHOCK are described in Table 14.3. Typical shock profiles 
generated by program SHOCK are shown in Fig. 14.18. These solutions have 
been obtained with 101 spatial nodes and Ax=0.01. The boundary conditions 
(14.45) are applied at x, =0, х, = 1.0. The time step 4t=0.002 and the shock is 
located at x =0.501 at t =0. The solutions shown in Fig. 14.18 have been obtained 
after 100 time steps for a pressure ratio p/p, = 2.5, and a specific heat ratio у= 1.4. 
For these conditions the shock propagation speed и’, = 1.512. 

The Lax-Wendroff scheme produces a solution (Fig. 14.18) with severe oscil- 
lations just upstream of the shock. The MacCormack scheme produces a similar 
solution (not shown) but with oscillations of slightly reduced magnitude. The 
oscillations are caused, primarily, by dispersion errors (Sect.9.2) As might be 
expected they get worse as the shock strength (p;/p;) increases. 
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1c 
2 c SHOCK COMPUTES THE PROPAGATION OF A SHOCK USING 
3c MACCORMACK OR LAX-WENDROFF SCHEMES 
4c WITH ARTIFICIAL VISCOSITY OR FCT SMOOTHING 
5 Ç 
6 DIMENSION X(101),P(101),RH(101) ,U(101) , T(101) , UEX (101} 
1 DIMENSION Q(101,3),Q0D(101,3) ,F(101,3) ,DF(101,3) ,DL(3) , DLM(3) 
8 OPEN (1, FILE='SHOCK.DAT'} 
9 OPEN(6,FILE='SHOCK.OUT') 
10 READ(1,1) IME, IFCT, IPR,NX,NT,DT,GAM, PRAT 
11 ВЕАр (1,2) ETA,ET1,ET2,ENL,SHST 
12 1 FORMAT(5I5,3F5.3) 
13 2 FORMAT(3F8.5,2F5.3) 
14 С 
15 РІ = 3.1415927 
16 NXM = NX - 1 
17 АНХ = NXM 
18 DX = 1./АНХ 
19 JSST = SHST/DX 
20 DTR = DT/DX 
21 GMM = GAM - 1 
22 СМР = GAM + 1 
23 СМЕ = GMM/GMP 
24 SHS = 0.5*(GMM + GMP*PRAT) /GAM 
25 SHS = SQRT(SHS) 
26 С 
27 IF(IME .Е0. 2}WRITE(6, 4} 
28 IF(IME .EQ. 1)WRITE(6,3) 
29 IF(IFCT.EQ. 1)WRITE(6,5) ETA, ET1,ET2 
30 WRITE(6,6) NX, NT, DX, DT, ENL 
31 WRITE(6,7)GAM,PRAT,SHS,SHST 
32 3 FORMAT(' ONE-DIMENSIONAL SHOCK PROPAGATION, MACCORMACK SCHEME") 
33 4 FORMAT(' ONE-DIMENSIONAL SHOCK PROPAGATION, ^ LAX-WENDROFF' 
34 1,' SCHEME') 
35 5 FORHAT(' FLUX CORRECTED TRANSPORT, ETA, ET1,ET2=" ,3F8.5) 
36 6 FORMAT(' NX2',13,' NT=',13,' DX=',F5.3,' DT=',F5.3," ENL=',F5.3} 
37 7 FORMAT(' GAM=',F5.3,' P1/P2=',F5.2,' 5Ң/5Ра",Е5.3," SHST=', 
38 1F5.3,/) 
39 C 
40 C SET INITIAL CONDITIONS 
41 С 
42 DUM = GMR + PRAT 
43 RHD = DUM/ (1. + GMR*PRAT) 
44 DIM = SQRT(2.*GAM/GMP/DUH) 
45 UD = (PRAT - 1.) *DIM/GAM 
46 DO 8 J = 1,JSST 
47 U(J} = UD 
48 RH(J) = RHD 
49 P(J) = PRAT 
50 T(J} = P(J)/RH(J) 
51 8 CONTINUE 
52 JHR = JSST + 1 
53 DO 9 J = JHR,NX 
54 U(J) = 0. 
55 RH(J) = 1. 
56 P(J) = 1. 
57 T(J) = 1. 
58 9 CONTINUE 
59 ТІМ = 0. 
60 N = 0 
eic 
62 С SET INITIAL Q AND F 
63 C 
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64 DO 10 J = 1,NX 
65 Ммз2-1 

66 X(J) = AJ*DX 

61 Q(J,1) = RH(J) 

68 Q(J,2) = RH(J)*U(J) 

69 Q(J,3) = P(J) /GAM/GMM + 0.5*RH(J) *U(J) *U(J) 
10 F(J,1) = Q(J,2) 

1 F(J,2) = P(J) /GAM + U(J) *Q(J, 2) 

72 F(J,3) = (P(J)/GMM + 0.5*U(J) *Q(J, 2) ) *U(J) 
73 10 CONTINUE 

14 WRITE(6,21)N, TIM 

15 WRITE(6,22) (X(J) , Ј=1, NX) 

16 WRITE(6, 23) (U(J) , J21, NX) 

11 WRITE(6,24) (RH(J),J=1,NX) 

78 WRITE(6, 25) (Р(2),2-1,МХ) 

19 WRITE(6,26) (T (J) , J&1, NX) 

80 C 

81 С ADVANCE SOLUTION IN TIME 

82 С 

83 DO 30 N = 1,NT 

84 AN = N 

85 IF(IFCT .МЕ. 1)GOTO 12 

86 ENU = ETA + 0.25*ET1* ((U(1)*U(2)) *DTR) **2 
87 DO 11 K = 1,3 


88 11 DF(1,K) ENU* (Q(2,K)-Q(1,K)) 


89 12 CONTINUE 


90 € 
91 € OBTAIN HALF-STEP SOLUTION 
92 € 
93 DO 18 J = 2,NXM 
94 DO 13 K = 1,3 
95 IF(IME .Е0. 1)QD(J,K) = Q(J,K) - DTR*(F(J+1,K) - F(J,K)) 
96 IF(IME .EQ. 2)QD(J,K) = 0.5*(Q(J, K) 4Q(J*1,K)) -~ 0.50*DTRA 
91 1(Ғ(2%1,К) - F(J,K)) 
98 IF(IFCT .EQ. 1)ENU = ETA*0.25*ET1*((U(J) YU(J*1) ) *DTR) **2 
99 IF(IFCT .EQ. 1)DF(J,K) = ENU*(Q(J+1,K) - Q(J,K)) 
100 13 CONTINUE 
101 F(J,1) = QD(J,2) 
102 UD = QD(J, 22/0D(J,1) 
103 PD = (QD(J,3) - 0.5*UD*QD (J, 2) ) *GAM*GHM 
104 F(J,2) = PD/GAM + UD*QD(J,2) 
105 F(J,3) = (PD/GMM + 0.5*UD*QD(J, 2) ) *UD 
106 С 
107 ¢ OBTAIN FULL-STEP SOLUTION 
108 C 
109 DO 14 K = 1,3 
110 IF(IME .Е0. 1)Q(J,K) = 0.5*(Q(J, K) *QD(J,K)) - 0.5*DTR*(F(J,K) 
111 1- F(J-1,K)) 
112 IF(IME .Е0. 2)Q(J,K) = Q(J,K) ~ DTRA(F(J,K) - F(J-1,K)) 
113 14 CONTINUE 
114 C 
115 C ARTIFICAL VISCOSITY SMOOTHING 
116 C 
117 IF(IFCT .EQ. 1)GOTO 18 
118 IF(J .МЕ. 2)GOTO 16 
119 DUC = ABS(U(2) - U(1)) 
120 IF(DUC .LT. 1.0E-06)DUC = 1.0E-06 
121 DO 15 K = 1,3 
122 DLM(K) = 0(2,К) - Q(1,K) 
123 IF(ABS(DLM(K)) .LT. 1.0E-O6)DLM(K) = 1.0E-06*SIGN(1.0,DLM(K)) 
124 DUC - ABS(DLM(K)) 


125 15 DLM(K) = DUC*DLM(K) 
126 16 DUC = ABS(U(J+1)-U(J)) 
127 IF(DUC .LT. 1.0E-06)DUC = 1.0Е-06 


Fi 
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DO 17 K = 1,3 

DL(K) = Q(J+1,K) - Q(J,K) 

IF(ABS(DL(K)) .LT.1.0E-06) DL(K) 31. OE-06*SIGN(1.0,DL(K)) 
DUC = ABS(DL(K)) 

DL(K) = DUC*DL(K) 

Q(J,K) = Q(J,K) + ENL*DTRA(DL(K) - DLM(K)) 

DLM(ÍK) = DL(K) 

CONTINUE 

CONTINUE 


FCT SHOOTHING 
OBTAIN RH,U,P AND F 
IF(IFCT .EQ. 1)CALL FCT(NXH,ETA, ET2, DTR, Q, DF,U) 


DO 19 J = 2, МХМ 


RE (J) Q(J,1) 

U(J) = Q(Jg,2)/0(J,1) 

P(J) = (Q(J,3) - 0.5*U(J) *Q(J, 2) ) *GAM*GMM 
T(J) = P(J) /RR(J) 

F(J,1) = RH(J) *U(J) 

F(J,2) = P(J)/GAM + RH(J) *U(J) *U(J) 

F(J,3) = (P(J) /GMM + 0.5*RH(J) *U(J) *U(J) ) *U(J) 
CONTINUE 

TIM = AN*DT 


IF(N .EQ. NT)GOTO 20 
IF(IPR .EQ. 0)GOTO 30 
WRITE(6,21)N, TIM 
FORMAT(/,' Ns',I3,' TIM=',E10.3) 
WRITE(6,22) (X(J) , J21, NX) 
WRITE(6,23) (U(J) , J21, NX) 
WRITE(6,24) (RH(J) , J21, NX) 
WRITE(6,25) (P(J) , Jz1, NX) 
WRITE(6,26) (T(J) , J1, NX) 
FORMAT(' X=',12F6.3) 
FORMAT(' Us',12F6.3) 
FORMAT(' RH=',12F6.3) 
FORMAT(' P=',12F6.3} 
FORMAT(' T=',12F6.3) 
IF(IPR .LE. 1)GOTO 30 

DO 27 K = 1,3 
WRITE(6, 28) (Q(J, K) ,J=1,NX) 
ИВІТЕ (6,29) (F(J, K) , J=1,NX) 
CONTINUE 

FORMAT(' Q=',12F6.3) 
FORMAT(' F=',12F6.3) 
CONTINUE 


EXACT SOLUTION, UEX 


SHFN = SHST + SHS*TIM 
JSST = SHFN/DX + 1.0 
DO 31 J = 1,JSST 

IF(J .LE. JSST)UEX (J) 
IF(J .GT. JSST)UEX (J) 
CONTINUE 
WRITE(6, 32) (UEX(J),J=1,NX) 
FORMAT (" UEX=',12F6.3) 
STOP 

END 


U(1) 
U (NX) 


uou 


Fig. 14.17. (cont.) Listing of program SHOCK 
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Fig. 14.18. Propagating shock 
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Table 14.3. Parameters used in program SHOCK 





Parameter Description 

IME =1 MacCormack scheme; =2 Lax-Wendroff scheme 
IFCT =] flux-correct transport (FCT) smoothing, Sect, 14.2.7 
IPR 21 print и, g', p, Т 22 print Q, F 

NX number of spatial nodes 

NT number of time steps 

DT time step, АҒ 

DX spatial step, Ax’ 

GAM specific heat ratio, y 

PRAT pressure ratio, р/р; 

SHST location of shock at г «0 

SHS shock speed, u,,/a, 

SHFN location of shock at t = NT. At 

U. RH, P, T u, g’, p, T, (14.44) 

Q. F q”, Ф, К", F*, (14.49-52) 

QD q/, (14.49) 

ENL artificial viscosity, v, (14.53) 

DL, DLM 447, 447%, (14.54) 

ТІМ time, Ғ 

UEX exact velocity, н, at t — NT.4!' 

ETA, ЕТІ, ET2 parameters used in FCT smoothing, Table 14.4 


ENU, EMU, DF 
FCT 


variables required for FCT smoothing, Table 14.4 


subroutine containing implementation of FCT smoothing, Fig. 14.24 


problem, p,/p,=2.5, y= 1.4 
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It is possible to substantially eliminate these oscillations by introducing 
artificial viscosity. It is desirable that the viscosity be equally effective for weak and 
strong shocks. A suitable quadratic formulation replaces (14.43) by 


да oF > 
эру 4X [ia.la. 1, =0 , (14.53) 


where v is a constant to be chosen. The artificial viscosity is introduced after a 
provisional solution at time level п + 1 has been obtained. 

If the solution obtained from (14.50 or 52) is interpreted as q**, the artificial 
viscosity correction is introduced as 


At 
471-474: 204951447] , where (14.54) 


жж жж жж 
Даў = 970, — q . 


The use of artificial viscosity places a more severe stability restriction (Richtmyer 
and Morton, 1967, p. 336) on the time step. If the |4,| term in (14.53) is ‘frozen’ the 
stability restriction is 


At 
(ва) 7S vy v, (14.55) 


so that as small a value of v as possible should be used for both shock profile 
accuracy and stability reasons. 

In the program SHOCK the artificial viscosity is applied to the second and 
third components of (14.53). The result of using artificial viscosity (v — 1) is seen 
(Fig. 14.18) to substantially alleviate the oscillations ahead of the shock at the cost 
of spreading the shock over more grid intervals. As might be expected from the 
form of (14.53 and 54), artificial viscosity has little effect on the solution away from 
the shock region. 

For strong shocks the introduction of artificial viscosity is less satisfactory. This 
is illustrated in Sect. 14.2.7, where comparisons are made with the FCT algorithm 
for producing a sharp shock profile. Some of the coding in the program SHOCK, 
ie. when IFCT- 1, is introduced to implement the FCT algorithm. This is 
described in Sect. 14.2.7. 


14.2.4 Inclined Cone Problem 


For steady inviscid flows that are everywhere supersonic it Is possible to select a 
marching direction for which the governing equations are hyperbolic. For the flow 
about a cone at angle of attack (Fig. 14.19) a cone generator (x) is a convenient 
marching direction. The governing equations for this problem are 


СЕ oF 26 


H= h | 
ax tay оф 0, where (14.56) 
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Fig. 14.19. Inclined cone geometry 
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where К = (y — 1)/2y and y is the specific heat ratio. 
The MacCormack scheme, when applied to (14.56), is written as the following 
two-stage algorithm: 


Ах 
Et. = hagy мат Fia 


Js J 


Ах 
Sge аа 61 Hi Ах (14.57) 
апа 
AX Ax 
Es! оз (Et, «Er )- t - I 0251 te Gh) Ht Ax | 


(14.58) 
where E” = E(nAx, jAy, 54%). The discretised equations (14.57, 58) are written as 


h 
an explicit marching algorithm, exploiting the time-like nature of the x direction. 
However, the marching step, Ax, is expected to be limited by the following type of 


formula (Peyret and Taylor 1983, p. 69); 
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| ах!  [Ámaxl 
Ay ' Ad 
where 4^ and 7? are the eigenvalues of A = 0F/0E and B= 0G/OE. 

The marching scheme requires initial data at one plane (n — 0). Since inviscid 
conical flows are independent of the coordinate x, it is possible to choose arbitrary 
starting values at х= xo (п= 0) and to integrate in the x direction until the sol- 
ution no longer changes; this is equivalent to the pseudo-transient technique 
(Sect. 6.4). 

Boundary conditions are required at the body surface and in the freestream. At 
the body surface it is necessary that the normal velocity v, = 0 and that the normal 
derivatives of all other variables are equal to zero. The farfield boundary is far 
enough away that the bow shock is within the computational domain, and 
automatically captured. Thus all variables in the farfield are known from the 
freestream Mach number. Kutler and Lomax (1971) report accurate results with 32 
points in the $-direction and 20 in the y-direction. 

Application of the same method to the computation of space-shuttle flowfields 
(Kutler et al. 1973) uses the equivalent conical solution to give starting data, uses 
improved surface boundary conditions due to Abbett (1973) and makes the bow 
shock the outer boundary of the computational domain. This involves matching 
the Rankine-Hugoniot conditions across the shock (i.e. shock-fitting) to the values 
on the boundary of the computational domain so that the shock slope, and hence 
orientation, is determined. Secondary shocks that occur in the computational 
domain are captured. Typical shock locations are shown in Fig. 14.20. The BVLR 
method is a conceptually similar marching scheme for inviscid supersonic flow, and 
is described by Holt (1984). 


Ах<1, (14.59) 
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14.2.5 Moretti A-Scheme 


The simple marching scheme described in Sect. 14.2.4 is not suitable if subsonic 
regions occur, as with a blunt-body flow, or if the flow has substantial reflex 
curvature (ABC in Fig. 14.21). For larger regions of subsonic flow, solutions can be 
obtained by marching the unsteady Euler equations in time until the steady state is 
reached. For this formulation the MacCormack scheme is possible but rather slow 
due to the CFL limitation on At. 

The problem with shapes like that in Fig. 14.21 is that the local marching 
direction used with the MacCormack scheme can violate the local domain of 
dependence of the solution. This feature is overcome in the A-scheme (Moretti 1979) 
which uses knowledge of the characteristic directions to determine which nodal 
values contribute to the spatial derivative discretisation. 


Fig. 14.21. Axisymmetric blunt body at 
high Mach number 





The method of constructing the difference scheme can be demonstrated for one- 
dimensional unsteady inviscid flow which is governed by the equations 


P „Р Н ag апа (14.60) 


=O, 14.61 
4” y ax "ax ( ) 





where и 15 the velocity, p is the logarithm of the pressure, а is the sound-speed and y 

is the specific heat ratio. Equations (14.60 and 61) are the continuity and x- 

momentum equations, with the density eliminated in favour of the pressure. 
Characteristic (directions) 4 = dx/dt are given by 


A,7u—a and A,-u-ca. (14.62) 


Typical configurations of 4,, 4, are shown in Fig.14.22. This represents а 
well-behaved situation. Difficulties with conventional explicit schemes, like 
MacCormack's scheme, can arise when B and C lie on the same side of x;. Moretti 
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t Fig. 14.22. Characteristics in the (x, г) plane 
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overcomes the problem by first splitting the spatial derivatives into two parts 
associated with the characteristics. Thus (14.60 and 61) are replaced by 








др др, Op yf, ди ди 
~ = —M. 5 т" “д Ы 
at zi аа а) за\ ox, “ax, J ' (14.63) 
ди af, др др ðu , Qu 

-- А 0.5{ А, = —|=0. 14.64 
ôt 2y (122% ra ( rd 


Substitution of 4,, А, from (14.62) and setting Әр/дхі =др/дх„ and ди/дх = Ou/Ox; 
in the above equations would recover (14.60 and 61), but by introducing one-sided 
difference formulae for др/дх,, etc., so that only points on the same side of x; as А, 
are used, Óp/Ox, and др/дх›, etc., in (14.63 and 64) differ. However, the weighted 
evaluation, і.е. 0.5(4, Op/Ox, + 4, Op/Ox;), is a well-behaved discretisation of идр/дх 
whatever the values of 4, and 4,. 

Equations (14.63, 64) are integrated as a predictor/corrector scheme, i.e. 


f V" 
(=m. (z) At and (14.65) 


J 
of \* 
f"*-05|f^-fto-l | At]. (14.66) 
e j; 
where f— (р, и) and 2/0: are obtained from (14.63 and 64) with 0f/0x; evaluated 
according to the following rules: 


Predictor stage, 


n n 
ff 


, if A4;«0 , 


of \" A 
(=) = 4 sen am um (14.67) 
Ax ; ! ; 
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Corrector stage, 





—2f* + ЗЕ = f if A; «0 


of \* Ax 
(2) А (14.68) 
а ыны if 4,0. 


The scheme has second-order accuracy like the MacCormack scheme. Moretti 
(1979) shows that an equivalent structure can be extracted in more than one spatial 
dimension or for steady two- or three-dimensional supersonic flow. Moretti 
cautions that the present scheme is not capable of accurately capturing internal 
shocks but is capable of handling complicated geometries like that shown in 
Fig. 14.21. 

Dadone and Napolitano (1983, 1985) develop an implicit form of the ¿-scheme 
for the unsteady Euler equations for isentropic compressible flows. Although the 
method is more efficient than the above explicit formulation, for computing steady 
transonic flows only weak shocks are permitted. 

Napolitano (1986) provides a very lucid review of the A-scheme. Strengths of the 
method are its general efficiency and ability to incorporate appropriate boundary 
conditions consistent with the theory of characteristics. Its main weakness is its 
inability to capture shocks correctly due to its non-conservative form. However, it 
appears possible (Dadone and Magi 1986) to add corrective terms at the shock to 
accurately predict the shock strength. Consequently the modified A-scheme is 
effective for steady transonic flow. 

In the formulation described above it is necessary to choose an equation set, 
and dependent variables, so that the characteristics (14.62) appear explicitly. 

The same concept can be extended to the Euler equations (14.94) written in 
nonconservative form 


ôq ба „дч 

— —+B—= 14.69 

att 4st) (1409) 
where 4—0F/0q and B—0G/0q. Тһе terms in matrices 4 and В are given by 
(14.99). The eigenvalues, 4, of A define the characteristic directions dx/dt, and the 
eigenvalues A, of B define the characteristic directions dy/dt. It is possible to factor 
А and B as 


(14.70) 


where T and 8 are matrices of left eigenvectors (Isaacson and Keller 1966 p. 137) 
associated with А and В. А7 and A, are the diagonal matrices of positive and 
negative eigenvalues of A, and similarly for Ag and Ag. Consequently (14.69) is 
written as 


160 14. Inviscid Flow 


.0q -ôA р.да „дч 
3*4 ax 54 a, + B ay P 2,70» (14.71) 
where backward differencing of ба/дх is introduced for the term multiplied by 4% 
and forward differencing for the term multiplied by 47, and similarly for the 
B` да/ду and В 0q/Oy terms. The current formulation (Chakravarthy et al. 1980) 
is seen to generalise the 4-scheme. 

It may be noted that (14.71) is a nonconservative form which does not 
provide accurate shock capturing. However, if the contributions to the fluxes 
дЕҒ? /Сх- A* 0q/Ox are constructed and discretised with one-sided differences as 
above, the result is the flux-vector splitting technique of Steger and Warming (1981) 
which is capable of capturing shocks. But flux-vector splitting schemes are less 
economical than the A-type schemes. 

The flux-vector splitting technique and the flux-difference splitting technique 
(Osher and Solomon 1982) permit shocks to be captured with monotonic profiles, 
but without the need to add explicit artificial viscosity. However, additional 
procedures are required to obtain sharp, non-oscillatory shock profiles. When the 
additional procedures are included, explicit versions of the overall schemes are not 
as economical as the MacCormack scheme but can be made second-order accurate 
(Harten 1983) away from discontinuities. Typical schemes are described in the next 
section. 


14.2.6 Computation of Strong Shocks 


ror the typical blast-wave problem (i.e. an inherently unsteady flow) in which very 
strong shocks occur, more physically realistic methods, such as the Godunov or 
Glimm schemes (Holt 1984, and Peyret and Taylor 1983), are required. The 
Godunov formulation can be interpreted as a finite volume method (Sect. 5.2), 
which assumes that each pair of contiguous grid points (x,, x;, ,) is separated by a 
fan ora shock at ху, у. This permits the known form of the exact solution for such 
archetypical flows to be used to estimate the fluxes, e.g. F, in the governing 
equations. The original Godunov scheme is only first-order accurate; shocks tend 
to be smeared. Van Leer (1979) describes a second-order Godunov scheme that 
produces sharp shocks. 

Colella and Woodward (1984) introduce a higher-order extension of Gudonov- 
type that uses piecewise parabolic interpolation. Woodward and Colella (1984) 
describe the application of this method to the evolution of the interaction of two 
blast waves and demonstrate that the method has an impressive ability to resolve 
fine detail, when using a uniform grid. However, the method is about five times 
slower than the MacCormack method with artificial viscosity. Consequently more 
economical schemes that approximate only some of the physical features inherent 
in the Godunov schemes are of considerable interest (Roe 1981; Harten 1983; Yee 
et al. 1985). 

Here we briefly describe the flux-corrected transport schemes of Boris and 
Book (1973) for treating strong shocks, since such schemes can also be interpreted 
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as an extension to simple predictor/corrector methods, like MacCormack’s scheme. 
Subsequently, more economical extensions of the flux-correcting concept are 
described. 

The computational representation of ‘step’ profiles associated with strong 
shocks for inviscid flow is difficult. As already indicated in Sect.9.2, upwind 
differencing introduces excessive diffusion which smooths away the step. The 
Lax- Wendroff scheme introduces dispersion errors which appear as “ripples” on 
either side of the step. If density is being computed using such a scheme a negative 
(and physically unrealistic) value could appear. 

Boris and Book developed the flux-corrected transport approach as a general 
technique of “predictor/corrector” type in which large diffusion is introduced in the 
predictor stage and an equal (almost) amount of antidiffusion is introduced in the 
corrector stage. However, the antidiffusion is limited so that no new maxima or 
minima can appear in the solution, nor can an existing extrema be accentuated. 
This limiting step is important because it maintains the positivity of the solution, 
where appropriate, and effectively allows the diffusion introduced in the predictor 
stage to selectively annihilate the dispersive “ripples.” 

The flux-corrected transport approach can be clarified by applying a typical 
scheme to the one-dimensional continuity equation (11.10) 


— +— (gu)=0 . (14.72) 


For ease of exposition, the velocity u will be treated as constant; then (14.72) 
coincides with (9.2). For the predictor stage the following finite difference algorithm 
for of is obtained from (14.72): 


of = 0 — 0.5C(07,, — 05-1) + (v -05C7)(95., —205 +07-1) . (14.73) 


where C =uAt/Ax and v is a positive diffusion coefficient. Typically v = 1/8. If v=0 
the Lax- Wendroff scheme (9.16) is recovered. 
In principle the antidiffusion corrector stage could be introduced as 


oj =of — uef 207 +0ў.) . (14.74) 


where p= v would be an obvious choice. However, to suit the more general case of 
variable velocity and to make the scheme conservative it is desirable to introduce 
antidiffusive mass fluxes 


Јао = HOM 1 or) and fp-1)2 = Шоў —ot-i). (14.75) 


If cell boundaries x,_,,.=0.5(x;_1+x,) and x;,,,5—70.5(x;-- x;.,) are defined, 
then /;-1; represents the antidiffusive mass flux across the boundary x;. ;;2; and 
similarly for /;+1у2. 

The crucial feature of the flux-corrected transport scheme is to replace f;, ,,> in 
(14.75) with 
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ЛЫ 12 = Sgn(A о, 1/2) max (0, min[AQ;- 1,2 sgn(Ag;. uz 40/21. 
Aj. 3/288D (405. 12)]] , (14.76) 


where Ло; = 05,4, — OF and sgn K = K/|K]. 

An equivalent formula is used to replace f; ..,,; in (14.75). Equation (14.76) is the 
quantitative means of preventing the anti-diffusive stage from introducing new 
maxima or minima as required above. The final stage of the algorithm replaces 
(14.74) with 


Qj = 0? =f +12 --/ 1/2 - (14.77) 


The combined scheme (14.73, 75—77) has the following restriction for stable 
solutions: 


At 
C=u Ax © 0.5. (14.78) 
This is more restrictive on At than the MacCormack or Lax- Wendroff schemes. 
For the equations governing one-dimensional inviscid compressible flow 
(14.36-38), Woodward and Colella (1984) recommend the slightly more restrictive 
condition (|u| +a)At/Ax < 0.4, where а is the local sound speed. 

The effect of choosing different values for р = v is indicated in Fig. 14.23. A value 
of р=у = 0.125 is close to optimal in minimising both diffusion and dispersion 
errors. The complete absence of spurious oscillations is noteworthy. 

Boris and Book (1976) recommend that v in (14.73) and и in (14.74) be chosen to 
minimise dispersion errors produced by the discretised equations. This can be done 
by considering the truncation error as in Sect. 9.2. The specific formulae depend on 
the underlying scheme to which the flux-corrected transport is applied. Boris and 
Book (1976) analyse such schemes as upwind differencing, Lax- Wendroff and 
leapfrog and consider both explicit and implicit antidiffusion steps. For (14.73-77) 
the following values are recommended: 

1 C? 1 cC? 

v= + 3^ PE Ee (14.79) 
The flux-correcting concept is also applicable in multidimensions. Extensions of 
the method are given by Zalesak (1979, 1987) and by Book (1981, pp. 29-41). 
Zalesak provides an alternative interpretation of the FCT algorithm. The first step, 
replacing (14.73), is made with a low-order scheme guaranteed to produce a non- 
oscillatory solution. The antidiffusive fluxes, replacing (14.75), are constructed as 
the difference between a high-order discretisation of the flux and the same low- 
order discretisation as used in the replacement of (14.73). The limiting of the 
antidiffusive fluxes, equivalent to (14.76), then ensures that the solution is obtained 
with the high-order flux evaluation except where this would introduce spurious 
oscillations. 

Although the flux-correcting concept is effective for generating non-oscillatory 
shock profiles it is difficult to place it in a suitable theoretical framework. The 
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Fig. 14.23. Square-wave density comparison of flux-corrected transport schemes; и = v = DIFF.COEF., 
А.Е. «absolute error. PHEONICAL SHASTA = Lax-Wendrolf for (14.72) (after Book et al., 1975; 
reprinted with permission of Academic Press) 


theoretical development of shock-capturing schemes (Harten et al. 1983) has been 
guided by the requirement that numerical schemes for scalar conservation equa- 
tions, like (14.28), must be monotonicity preserving if they are to converge to the 
physically relevant solution. For example, the numerical scheme must reject 
solutions associated with expansion shocks (Fig. 14.28). Schemes that select the 
physically relevant solution in the presence of discontinuities, shock waves or 
contact discontinuities, are said to be entropy-satisfying. 

The concept of a monotonicity preserving solution is closely linked with the 
idea of preventing only spurious maxima or minima, i.e. oscillations, appearing in 
the solution as time is advanced. Thus if the initial data, u? are a monotonic 
function of хь solutions at a later time, uj, should remain monotonic functions 
of ху. | 

However, monotone schemes cannot Бе more than first-order accurate in space. 
Consequently such schemes are highly diffusive, shock profiles are smeared and 
accurate solutions cannot be obtained without unreasonable grid refinement. Thus 
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the price of guaranteed theoretical convergence is an inaccurate solution on a finite 
grid. 

An improvement in accuracy, without losing the strong theoretical foundation, 
can be achieved by replacing the monotonicity preserving requirement with the 
total variation diminishing (TVD) requirement (Harten 1983). The total variation 
of the numerical solution is defined by 


00 


Ту(и)= У (ши. (14.80) 


j= o 


Consequently a numerical scheme is TVD if 
TV(u^*!) < TV(u") . (14.81) 


TVD schemes do not generate spurious oscillations and can achieve second-order 
accuracy where the solution varies smoothly. However, they require additional 
restrictions to be entropy satisfying. À typical way that the higher-order accuracy is 
achieved is by the addition of an "antidiffusive flux" that is limited to ensure 
satisfaction of the TVD condition. 

Clearly there is some conceptual similarity with the flux-correcting strategy. 
The similarity can be illustrated by considering the Lax-Wendroff scheme, i.e. 
(14.73) with v—0. This can be written as 


= 05 — C(O} — 05-1) —- (Јао f 12) , (14.82) 


where /;;1/2--0.5С(1- C)(oj. í — О) and similarly for f;.. 1/2. 

Equation (14.82) can be thought of as replacing (14.73 and 74). Thus the first- 
order upwind-differenced term replaces (14.73). If the term (f, 1;2 — f; 1/2) were not 
present, (14.82) would be monotonicity preserving (and hence TVD). The term 
(fix i2 = 5-1,2) іѕ made up of anti-diffusive fluxes, equivalent to (14.74 and 75) with 
an appropriate choice of u. However, the complete Lax- Wendroff scheme is not 
ТҮР; it produces oscillatory solutions in the presence of strong shocks. In the 
present interpretation the anti-diffusive fluxes inherent in the Lax-Wendroff 
scheme are too large and lead to the oscillatory behaviour. If they could be limited 
in some way the result would be a streamlined FCT algorithm. An effective way of 
limiting the antidiffusive fluxes is to introduce 


fiia 7ó()[0.5CQ — C)](o;, i — 0) . (14.83) 


and a similar expression, /_ 1/2. to replace f;_ 4). and f;, 1/2 in (14.82). The function 
(ri) is the limiter. The parameter r, measures the ratio of contiguous gradients, i.e. 
p EL бі-і | (14.84) 
Орға Oj 
The function ¢(r;) should be chosen so that the anti-diffusive terms are as large as 
possible subject to the constraint that (14.82), with (14.83), is TVD. Sweby (1984) 
provides the following restrictions on ф(ғ): 


ntl 


Оу 
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0<¢(r)Smin(2r,2) for ғ>0, 


ф(ғ)--0 for ғ<0. (14.85) 


The restrictions are satisfied by first- and second-order TVD schemes. То ensure 
second-order spatial accuracy, except at extrema (r <0), it is necessary that ф(1) = 1. 
Roe (1986) recommends the choice 


f(r) = min(2, r) for r>1, 
=min(2r,1) for O<rsl, (14.86) 


=0 for r<0. 


Sweby (1984) shows that the flux-limiting algorithms of Van Leer (1974), Roe and 
Baines (1982) and Chakravarthy and Osher (1983) can be cast in the form of (14.82), 
with (14.83). The different algorithms correspond to different choices for ф(ғ). 

Itis clear that (14.82) with (14.83) is a one-step procedure in contrast to the two- 
step nature of the FCT algorithm. In addition the disposable parameters of the 
FCT algorithm are now concentrated into the choice of the limiter $(r). The simple 
form of $(r) and the one-step nature of the flux limiting algorithm enhances 
economical implementation. The one-step nature also permits efficient implicit 
TVD schemes to be developed (Yee et al. 1985) that are suitable for steady flow 
problems (Sect. 18.5), both inviscid and viscous, that involve shock waves. 

For unsteady flow problems explicit TVD schemes are to be preferred since the 
linearisation introduced to make the implicit TVD schemes efficient, i.e. to permit 
exploitation of the Thomas algorithm (Sect. 6.2.2), renders the transient solution 
non-conservative. 

It is desirable, as noted above, that the discrete form of the governing equation 
should be conservative, if discontinuous solutions are expected. An appropriate 
finite volume discretisation of (14.28) is 


At 


і і Ax fein T Fi ua) . (14.87) 


However, although this scheme is conservative іп the differential sense it is 
desirable that it be equivalent to the integral or weak form (5.6) of the conservation 
law so that the jump conditions across any shock be correctly predicted. Equation 
(14.87) can be interpreted as a discrete integral statement if 

Хра 

и? = Í u"(x)dx , 

X; 1⁄2 
Le, the grid point value и; is interpreted as the average value over the interval 
X; 1,2 £X SX;,,,5. То be consistent with this interpretation F;,,,; is called a 
numerical flux function and is considered to be some appropriate function of local 
nodal values, i.e. Ру. = F(u; 4.4, ... , Чук). Equation (14.83) provides a simple 
example, since (4t/Ax)f;= Co;, etc. 
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The flux-limiting scheme (14.82, 83) can be expressed in the form of (14.87) as 


At ~ ~ 
Qj E о; - (+ 12-13-12). where (14.88) 
fis 12 = 9 5(fj fj 1) -0.56(fj, — f) - 9.5 $(r)(o — OU 4.1 fj) (14.89) 


and o=sgn C;, 1. This scheme allows for positive or negative и. However, more 
accurate solutions are obtained if (14.84) is replaced by 
_ ©/+1 -а” ©;—-в 


lj , 14.90 
! Qj+1 7 Q; ( 





Le. the гапо of contiguous gradients is evaluated from upstream. In (14.89) the first 
two terms contribute to the upwind difference in (14.82). The last term is related to 
the limited flux (14.83). For (14.72) with constant u, f= ou in (14.88). 

The above second-order TVD schemes can be extended to nonlinear systems of 
equations, like the Euler equations (14.43), by decomposing the Euler equations 
into characteristic form. The TVD schemes, e.g. (14.88), are applied to the individ- 
ual characteristic components. The solution to the Euler equations is obtained 
from the summation of the contributions from the characteristic components. 
However, there is no theoretical guarantee, as there is for a scalar equation, that the 
solution will be TVD; but in practice shock profiles are non-oscillatory. 

The characteristic component form of (14.43) can be written 


Y де, д 
> (а а) =0 , (14.91) 
1 


where 2, = (0.5/7, (y — 1)/у, 0.5/y}, the eigenvalues 44, — [(u—a, и, u-- aj, and the 
corresponding characteristic vectors 


о о О 
е,-| o(u—a |, ou ; о(и+а) |, (14.92) 
Q(H — ua) 0.5ou2 o(H +ua) 


with Н-(Е-ру/о. 

Each component of the solution q, has a contribution from each characteristic 
component, Le. q = a Lm ё». Тһе scalar T VD scheme, equivalent to (14.88), is 
applied to each characteristic component in (14.91). Thus 


At = = 
htl an 
т, j = Omi gy Fein — Ёт,у-1/2) , 


e 
where F, = А„е„. 

The upwind direction will depend on с =sgn(A,,) in the equivalent of (14.89), so 
that different characteristic fields involve different grid point values and it is 
possible to use different limiters, f(r), for different characteristic fields. 
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Characteristic decompositions lead to sharp shock profiles that propagate at 
{һе correct speed. Characteristic decompositions аге used by Кое (1981, 1986) and 
Yee et al. (1985). The same type of decomposition is used with the characteristic 
Galerkin finite element method (Morton and Sweby 1987). If such decompositions 
are applied to each directional flux separately they can also provide accurate 
predictions іп two, or more, dimensions. Thus Yee (1986) applies a flux-limiting 
TVD scheme to compute the solution for a shock wave passing over an inclined 
aerofoil. Fletcher and Morton (1986) apply a characteristic Galerkin finite element 
method to the problem of unsteady oblique shock reflection associated with 
supersonic inviscid flow over a wedge. 

A more advanced description of high-accuracy TVD schemes is provided by 
Chakravarthy (1986) and the references cited therein, particularly Chakravarthy 
and Osher (1985). 


14.2.7 FCT: Propagating Shockwave by an FCT Algorithm 


In this section an FCT algorithm similar to that described in Sect. 14.2.6 will 
be applied to the propagating shock problem considered in Sect. 14.2.3. The 
FCT algorithm can be treated, almost, as additional steps to be added to the 
MacCormack or Lax-Wendroff schemes used in Sect. 14.2.3. The present de- 
scription will follow the phoenical Lax—Wendroff FCT scheme given by Book et al. 
(1975, p. 258). 

The solution generated by (14.50) or (14.52) is interpreted as q**. Then the 
phoenical FCT algorithm consists of the following six steps: 


i) Generate diffusive fluxes: 

fç, 1/27 Уу + 1/2 (G5 + 1-4) 

H) Generate antidiffusive fluxes: 
fs 1/27 By+1/2 (44%, - 47%) 

Hi) Diffuse the solution: 
дў = ў + fç. 1/27 fj. 1/2 

iv) Calculate first differences of q***: 
Aq*** —qff qp 

v) Limit the antidiffusive fluxes: 


— ad 
$-sgnfj*;, 


Еа = $ тах[0, min {SAq**¥o, (£22 1,5], SAqf* 7,1] 
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vi) Antidiffuse the solution: 
qi= qt fr Lf 2 - 


In steps i) and ii) the diffusion v and antidiffusion и coefficients are functions of 
position. This follows from the generalisation of (14.79) to 


At V Е At \? 
шаа tom (шала!) > Hjeiíj27 lo + Car +J (14.93) 
where uj, 12 = 0.5(u; иу.) and, typically, no 1/6, +, = 1/3, n; = — 1/6. Clearly 
steps 1)—у1) represent a direct extension of the scalar, constant coefficient algorithm 
descrioed in Sect. 14.2.6. 

The diffusive fluxes, calculated at time level n, are evaluated in program 
SHOCK (Fig. 14.17, lines 88 and 99). АП the other steps are implemented after 
computing q7* and are collected together in subroutine FCT (Fig. 14.24). The 
various parameters used in subroutine FCT are described in Table 14.4. 


Table 14.4. Parameters used in subroutine FCT (and 
program SHOCK) 


Parameter Description 

ADF antidiffusive flux, ҒЗ” and Ё 
DF diffusive flux, f? 

EMU antidiffusion coefficient, qj, |; 
ENU diffusion coefficient, уу, 1/2 
ЕТА, ЕТІ, ЕТ2 уо. 115 92, (14.93) 

DQ Aq*** 

Q q**, q***, 4! 


Typical results for (һе propagation of a strong shock аге shown іп Fig. 14.25. 
For this case 100 spatial nodes and 4x = 0.01 have been used. The shock strength is 
р1/р = 5.0 and у-1.4 which produce a shock propagation speed и’ = 2.104. 
Initially, the shock is located at x' = 0.501. After 100 steps of At =0.001 the shock is 
located at x' 20.711 and it is this solution that is shown in Fig. 14.25. 

It is clear that the FCT algorithm has produced a sharp shock profile with 
negligible oscillation. For comparison, solutions produced with the Lax- Wendroff 
scheme and artificial viscosity, v= 1.0 in (14.54) are also shown in Fig. 14.25. These 
solutions were obtained with 200 time-steps of 0.0005. This was necessary to obtain 
a stable solution. Although the artificial viscosity is effective in eliminating spurious 
oscillations, it is clear that the shock is smeared over a wide region. This problem 
can be reduced by going to a finer grid, but then the execution time may become 
excessive. If a locally fine grid is used, typically adaptively, the overall scheme must 
be made implicit to avoid severe stability restrictions on At. 

A comparison of artificial viscosity, ЕСТ and higher-order Godunov schemes is 
provided by Woodward and Colella (1984) for one- and two-dimensional, steady 
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SUBROUTINE FCT(NXM, ETA, ET2, DTR, Q, DF,U) 


1 
с 

2 с APPLIES FLUX-CORRECTED TRANSPORT ALGORITHM TO Q(J,K) 
4С 

5 DIMENSION Q(101,3),DQ(101,3),U(101),DF(101,3) , ADF (101, 3) 
6 С 

7 COMPUTE ANTIDIFFUSIVE FLUXES 

8 C 

9 EMU = ЕТА + 0.25*ET2*( (U(1)4U(2)}*DTR) **2 
10 DO 1 K = 1,3 

11 1 ADF(1,K) = EMU*(Q(2,K}-Q(1,K}} 

12 DO 3 j = 2,NXM 

13 EMU = ЕТА + 0.25*ET2*((U(J) +U(J+1)) *DTR)*A2 
14 DO 2 K = 1,3 

15 ADF(J,K) = EMU*(Q(J+1,K)-Q(J,K)) 

16 C 

17 С DIFFUSE THE SOLUTION 

18 C 

19 Q(J,K) = Q(J,K) + DF(J,K) - DF(J-1,K) 

20 2 DQUJ-1,K) = Q(J,K) - Q(J-1,K) 

21 3 CONTINUE 

22 po 4 K = 1,3 

23 4 DQ(NXM,K) = Q(NXM+1,K) - Q(NXM,K) 

24 С 

25 С LIMIT ANTIDIFFUSIVE FLUXES 

26 © 

27 DO 6 J = 2,NXM 

28 DO 5 K = 1,3 

29 5 = SIGN(1.0,ADF(J,K)) 

30 ADF(J,K) = ABS(ADF(J,K)) 

31 DUM = S*DQ(J-1,K) 

32 ADF(J,K) = AMINI(ADF(J,K),DUM) 

33 DUM = S*DQ(J+1,K) 

34 ADF(J,K) = AMINL1(ADF(J,K),DUM) 

35 ADF(J,K) = AMAX1 (ADF (J,K},0.) 

36 ADF(J,K) = S*ADF(d,K) 

37 С 

38 C ANTIDIFFUSE THE SOLUTION 

39 c 

40 Q(J,K) = Q(J,K) - ADF(J,K) + ADF(J-1,K) 
41 5 CONTINUE 
42 6 CONTINUE 

43 RETURN 

44 END 


Fig.14.24. Listing of subroutine FCT 


and unsteady flows in which very strong shock waves and contact discontinuities 
occur. A contact discontinuity is a surface across which the density is discontinuous 
but velocity and pressure are continuous. In the evolution of a shock tube flow the 
boundary between the initially high and low pressure fluids develops as a contact 
discontinuity. 

Woodward and Colella (1984) find that higher-order Godunov schemes pro- 
duce more accurate solutions than FCT algorithms, but are more complicated to 
code and more expensive to run. As might be expected, FCT algorithms are more 
accurate than using artificial viscosity. Although not tested by Woodward and 
Colella it seems likely that the later flux-limiting algorithms (e.g. Yee 1986), which 
may be interpreted as developments of the FCT concept, would produce solutions 
much more economically than the Godunov schemes and possibly almost as 
accurately. 
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Fig. 14.25. Propagating strong өһосі 
pip, = 5.0, y= 1.4 
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Various methods, from (һе addition of artificial viscosity to the implementation 
of full Godunov formulations, offer a considerable variation in execution time. For 
unsteady flows the accurate computation of both the shock strength and shock 
speed is important and greater complexity in the computational algorithm is 
warranted. For steady flows containing shocks accurate solutions can often be 
obtained with less complex algorithms. 


14.2.8 Implicit Schemes for the Euler Equations 


Explicit schemes for solving the Euler equations have been considered in previous 
sections for flows where either strong shocks were expected or where the flow was 
supersonic everywhere so that, for steady flow, the solution could be obtained with 
a single coordinate sweep. In this section implicit schemes are considered for the 
Euler equations governing transonic flow. 

For steady transonic flow there is evidence (Rizzi and Viviand 1981) that, for 
certain conditions where shocks are expected, the fully conservative potential 
formulation, described in Sect. 14.3.3, can produce shocks in the wrong location 
and even multiple solutions for the same boundary conditions. Consequently 
where the prediction of the location and strength of a shock is crucial, e.g. a lifting 
aerofoil, solutions of the Euler equations are considerably more reliable. 

For steady transonic flow, solutions of the Euler equations are usually obtained 
via a pseudo-transient formulation (Sect. 6.4). The major problem is in achieving 
rapid convergence of the transient process. Viviand (1981) provides a review of the 
problem and possible strategies. 

Explicit finite volume schemes based on the MacCormack discretisation 
scheme are described by Rizzi and Eriksson (1982) and Lerat and Sides (1982). 
However, explicit schemes typically require a large number of iterations (time- 
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steps) to reach the steady state due to CFL restrictions on the time-step for 
stability. 

Implicit schemes, based on splitting or approximate factorisation techniques 
(Chap. 8) permit much larger time-steps and consequently reach the steady state in 
far fewer iterations. A specific comparison for the flow about a NACA-0012 
aerofoil at «= 1.25? and M ,, = 0.80 can be made. Rizzi (1981), using an explicit 
scheme, reports needing 4900 iterations to reach convergence on a 141 x 21 grid. 
Pulliam (1985), using an approximate factorisation (implicit) technique, obtains 
solutions on a 161 x 33 grid in close agreement with Rizzi's results in approxi- 
mately 250 iterations. However, when explicit algorithms are combined with a 
multigrid strategy (Sect. 14.2.9) they are more competitive. 

Here we develop a typical implicit algorithm for marching the Euler equations 
in time. In two dimensions the Euler equations can be written in conservation form 


as 
àq oF ¿G 
— 4+ —4+——=90 h 14.94 
a ax dy o Wwe (14.94) 
e Qu QU 
m u? + ир 
а= (pne) P] ge Й (14.95) 
п оир QU" rp 
u(E + p) v(E + p) 





where т= Qu, n— Qv, and for an ideal gas 
р=(у – )[Е—0.5о(и? +02)] . (14.96) 
Because of the particular structure of these equations it is possible to write 
F=Aq and G=Bq, (14.97) 


where А and B are the flux Jacobian matrices, Le. 


Aya eH and B,,= 0G; (14.98) 
04; Y 04; 
Matrices 4 апа В аге 
0 1 0 0 
4- 0.5(у — 3)и? +0.5(y — 1)u2 (3—y)u -(y-1» (у—1) 
7 i — ир v u 0 ' 


ul — уЕ/о+(у— 1)(и2 +07)] уЕ/о-0.5(у-1)(3и7--02) —(y—l)w yu 


(14.99) 
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0 0 l 0 
— ир b и 0 

0.5(у- 1)и2— 0.5(3 – у)р2 -(у-Ци (3— y)v (y— 1) 
vl yE/o+(y— Du? +02) —(y— Due yE/o—0.5(y— (и? +302) уь 


B= 


To introduce the implicit scheme, (14.94) is discretised as 





Aq''' Aq" +1 +1 
а = a - f Fre LG) - BLP" + 1,6"), 
(14.100) 
where 4q"*! 2q"*! -Ф, and у and f are parameters that will provide different 


marching schemes. Previously L, and L, were defined as central difference oper- 
ators, e.g. 


1 
LF к= (sx) lk 7 F;., 4) . 


Here they will be left undefined since alternative spatial discretisations may be 
preferred in supersonic regions of the flow. 

It is assumed that the solution q is known at time-level n and (14.100) is to be 
used to advance the solution to time-level n+ 1. The broad strategy follows that of 
Sects. 8.2, 9.5.1 and 10.4.2. That is, a linear system of equations is developed for the 
correction to the solution, 4q"*!. The terms F"*! and G"*! are nonlinear 
functions of q"* '. These terms may be linearised by expansion about time-level n as 
a Taylor series, i.e. 


да 


F'UZF'Á4"I At+O(At) 
(14.101) 
=F"+a"Aq't1+O(At2) and 
G'tl—G'+B"aAq'tl EO(AP) , (14.102) 


where A” апа B" are the flux Jacobian matrices (14.99) evaluated at time level n. 
Substitution into (14.100) gives 


^+ 
i 
^ 


Ag” . (14.103 
ЕТ 4 ( ) 





BAt At 
I+— - A" B"; |Aq"*! = — ——ÍIL,F"- L, G" 
tsa + L, В h q у} x + y }+ 


In (14.103) the notation... L, B"}]4q"** implies L,(B" Aq" 1), 

If only the steady-state solution is of interest the choice y=0, B= 1.0 is seen to 
give rise to an augmented Newton’s method (Sect. 6.4.1). The only difference from a 
conventional Newton’s method is the additional diagonal term coming from the 
unit matrix L As At > oo, the conventional Newton's method is recovered. 
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However y, B and At are chosen, (14.103) is computationally expensive to solve 
at each step, in its present form. Because of (14.101), (14.103) is only accurate to 
O(t?) at best. For particular choices of y and f, e.g. the “Newton” choice y=0, 
B= 1.0, (14.103) is only accurate to O(At). 

The accuracy is not changed, to O(At?), if the term 


A 2 
pat L, A" L, B" дф"! 
1+7 

is added to the left hand side of (14.103). The result is 


p4t pát + At y 
——- L+, A I[+—— L. B |Aq'! ! 2 – L,F"-L,G" — Aq" . 
| 1s - i+y 97 4 Гру! k “тр, 4 
(14.104) 


Equation (14.104) provides an approximate factorisation of (14.103) which is 
implemented as a two-stage algorithm. The first stage is 





båt At y 
[+—— L, A |Aq* = - ——ÍL,F"- L,G") + Aq" , 14.105 
г і-у 77 4 ЕТ G", 1+7 4 ( 
and the second stage, 
pát 
T+ —— LB (л = Aq* . 14.106 
[ ,B |219 q ( ) 


Equation (14.105) is a 4 x 4 block tridiagonal system of equation associated with 
each grid line in the x direction. Block tridiagonal systems of equations сап be 
solved very efficiently using an extension of the Thomas algorithm (Sect. 6.2.5). The 
same algorithm is applicable to (14.106), which is a 4 x 4 block tridiagonal system 
of equations associated with each grid line in the y direction. 

It is possible to factorise A and B into the form 


A=T,A,T,' and В-17,4,Т7; , (14.107) 
where diagonal matrices A, and A, contain the eigenvalues of 4 and B, i.e. 


diag. A,={u,u,u+a,u—a} and diag Ль= {0, t, 0+4, с-а), (14.108) 


and а is the local sound speed. Pulliam and Chaussee (1981) show that use of the 
factored form (14.107) permits a single 4 x 4 block tridiagonal system to be split 
into four scalar tridiagonal systems that can be solved sequentially. This produces 
an overall saving in execution time of about 30%. However the technique intro- 
duces an error of O(At) in unsteady solutions. 

Equations (14.105 and 106) are equally applicable to unsteady or steady 
problems. For unsteady problems the choice y=0, B=0.5 produces а “Crank- 
Nicolson” algorithm which is accurate to O(At?). Where (14.105 and 106) are used 
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as the basis of pseudo-transient algorithms for steady problems the choices 


i) y=0, B=1.0 augmented Newton, O(At), 
ii) y=0.5, B=1.0 three-level, fully implicit, O(At?) 


are effective. At first sight it might appear that the augmented Newton's metho 
with a very large At would be optimal for pseudo-transient calculations. Howeve 
the approximate factorisation introduces a term of O(At?) and this effective] 
destroys the expected quadratic convergence of Newton's method. | 

А von Neumann (linear) stability analysis indicates that the algorithm given b» 
(14.105, 106) is unconditionally stable. However, nonlinear instability can stil 
occur, particularly associated with strong shocks. If the spatial operators L. and L 
in (14.105 and 106) are represented by central differences it is the practice to adc 
artificial viscosity. However, this must be added to both sides of equation (14.105} 
The artificial viscosity may be second-order (as in Sect. 14.2.3) or fourth-orde 
(Sect. 18.5.1). 

Alternatively L, and L, can be constructed as upwind differences in the 
supersonic region. Thus 


- | _ I | 
L; Е; = Wa Faa and Ly G; = 45 Gp 7 С.) , (14,109 


assuming the local velocity is in the positive x and y directions. Such a discretis. 
ation is seen to introduce dissipation (Sect. 9.1) if it is interpreted as a second-order 
discretisation. An example for a one-dimensional shock tube problem is given b; 
Steger and Warming (1981, Fig. 1) and is seen to produce a heavily smoothed ош 
shock and contact discontinuity. It is possible to construct a second-order upwinc 
differencing scheme that can be combined with the two-stage implicit algorithm 
(14.105, 106) in the supersonic regions. Pulliam (1985, pp. 520-523) describes such ғ 
scheme, adapted from Warming and Beam (1976), and shows that sharp shocks ar 
generated without upstream oscillations (as in the MacCormack and Lax- 
Wendroff schemes, Sect. 14.2.3). However, combining with central differencing it 
the subsonic region requires the introduction of switching functions (as ir 
Sect. 14.3.3) and special procedures at the interface (ie. the sonic line and the 
shock). 

Specification of the boundary conditions and their numerical implementatior 
when solving the Euler equations is an important part of the overall algorithm 
construction. At solid boundaries the normal velocity must be set to zero to satisfy 
conservation of mass. Typically pressure is obtained from the normal momenturr 
equation and density follows from holding the total enthalpy, Н —(E + р)/о 
constant. 

Boundaries through which flow can take place are categorised as inflow 01 
outflow boundaries (Fig. 11.18). For internal flow problems, the classification i$ 
unambiguous. For flows external to an isolated body parts of the farfield boundary 
may change from being an inflow to an outflow boundary during the course of the 
solution. 
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Fortunately characteristic theory provides guidance as to the number and form 
of the boundary conditions. Physically information is carried along the character- 
istics. Therefore characteristics entering the computational domain require bound- 
ary conditions to be specified. 

The one-dimensional unsteady Euler equations have eigenvalues given by 
a={u, uta, u—a}". The situation for one-dimensional subsonic and super- 


sonic inflows and outflows is shown in Fig. 14.26. 


a 
Inflow Outflow 
u u 
u 
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u+a u+a 
u-a и-а 
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u u 
u 
— 
u+a u+a 
о-а о-а Fig. 14.26. Number of boundary 
conditions from characteristics 
M >1 М>] {һеогу. 


Thus a subsonic inflow requires boundary conditions on two variables and 
requires the third variable to Бе computed from the boundary values and interior 
solution. At a subsonic outflow two characteristics point out of the computational 
domain and one points into the domain. Consequently one boundary condition 
must be set at a subsonic outflow. 

For a supersonic inflow all characteristics point into the domain, therefore 
boundary conditions are required on all variables. Conversely at a supersonic 
outflow all characteristics point out of the domain so that no boundary conditions 
may be specified. 

The above approach can be extended to multidimensions if u is interpreted as 
the velocity component normal to the boundary surface. This fits in conveniently 
with the use of generalised curvilinear coordinates (Chap. 12) since the direction 
normal to the boundary is usually a generalised coordinate. For an application see 
Steger et al. (1980). 

For subsonic flow in the farfield there is some choice as to which dependent 
variables, or combinations, should have prescribed values. Typical boundary 
conditions for subsonic inflow are to specify the flow direction, entropy and total 
enthalpy. The density is obtained from the interior solution by using the charac- 
teristic compatibility relationship. At a subsonic outflow it is appropriate to specify 
the pressure, extrapolate ou, gv and E from the interior solution and obtain о from 
(14.96). 
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The boundary conditions should be implemented implicitly to ensure that the 
overall algorithm is not subject to CFL stability restrictions on the time step. Yee 
(1981), Pulliam (1981), Chakravarthy (1983) and Rai and Chaussee (1984) provide 
appropriate implicit implementations. 

The numerical formulation of the farfield boundary conditions are important in 
relation to the convergence of steady-state solutions in the minimum number of 
time steps. At any intermediate point (in time) the solution can be conceptually split 
into a transient part and a steady-state part. The solution algorithm, e.g. (14.105, 
106), can be interpreted as seeking to destroy the transient solution in the minimum 
number of time steps. The transient solution consists of the propagation of waves 
about the computational domain. It is desirable to construct farfield boundary 
conditions that transmit the transient solution out of the computational domain 
without reflection. 

An effective technique, developed by Bayliss and Turkel (1982) for external flow, 
is to linearise the Euler equations about uniform flow, i.e. u= U ,, v —0, p= p, and 
@=0,,. Then a boundary condition is derived which matches the solution of the 
linearised equations. For subsonic outflow conditions with the flow parallel to the 
x-axis, Bayliss and Turkel recommend the boundary condition 


1 др оа? xu y Ov 


PEL 0, 14.11 
(@ U2)? or ah-ULdóà 9540724 P= (14.110) 





where d2= (1 — M2 )x? + y?. In application, (14.110) requires knowledge of о, U , 
and a,. Bayliss and Turkel (1982) indicate that these can be taken from the 
solution at the preceding time step. Clearly as the steady state is approached 
(14.110) forces р-р.,, where p, is the specified outflow pressure. 

An alternative outflow boundary condition due to Rudy and Strikwerda (1981) 
Is 


Ср ди 
Еп 0.4. ap Р)=0, (14.111) 
where typically «=0.3 for rapid convergence. Bayliss and Turkel found the use of 
(14.110) superior to (14.111) for most problems. 

For farfield boundaries that are solid surfaces e.g. a wind-tunnel wall, one 
boundary condition should be applied. If the wall is parallel to the x-axis, Bayliss 
and Turkel recommend the following boundary conditions: 


др _ до 
=== 0. 14.112 


The equations in the interior сап be modified to accelerate сопуегрепсе to the 
steady state. It is convenient to write the governing equations (14.94) as 
-104 ôF ôG 


23 — =0 14.113 
`> $t Ox dy ^ (14.115) 
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where N is a matrix constructed to enhance convergence. Viviand (1981) has 
reviewed pseudo-transient algorithms that fall into the class of (14.113) for tran- 
sonic inviscid flow. 

Turkel (1985) introduces a form for N such that if all terms in (14.113) were 
factored in the manner of (14.107) the resulting eigenvalues, equivalent to (14.108), 
would be independent of the sound speed a. 

If N is diagonal (14.113) reduces to choosing a different time step for each grid 
point. Pulliam (1985) indicates the following formula is effective in compensating 
for a spatially varying grid: 

Ato 
I+(J)U2 " 


where J is the Jacobian (12.3). 
Alternatively At,,. be chosen to keep an effective CFL number constant, Le. 


Atoc = (14.114) 


(Ах Ay)? 
w+a 


Арс =K (14.115) 


where w= (и? -- v7)!/? and k is O(10), typically. 

For steady flows with stronger shocks it is advantageous to construct flux- 
limited TVD schemes (Sect. 14.2.6) that are implicit and use pseudo-transient 
approximate factorisation algorithms conceptually similar to (14.105 and 106) to 
obtain the steady-state solution. Typical algorithms are described by Yang et al. 
(1986) and Chakravarthy (1986). 

Implicit schemes for the Euler equations are also appropriate, with minor 
modifications, to the Navier-Stokes equations. Thus many of the techniques 
described in Chap. 18 are also applicable to the Euler equations. 


14.2.9 Multigrid for Euler Equations 


For steady-state solutions of the Euler equations it is possible to use multigrid 
techniques (Sect. 6.3.5) to accelerate the convergence. Here an algorithm due to Ni 
(1982) will be described which uses an explicit scheme to march the unsteady Euler 
equations in time until the steady state is reached. By using a multigrid strategy the 
effective time-step limit associated with the explicit scheme is not restrictive since 
marching on coarse grids allows rapid propagation of the transient solution. 

The algorithm combines one-step Lax—Wendroff time differencing (10.10), 
which is second-order in time, with a finite volume spatial discretisation (Sect. 5.2). 
The algorithm will be illustrated for a uniform Cartesian grid, Fig. 14.27, but the 
extension to a non-uniform grid is straightforward (Ni 1982; Hall 1984). The 
starting point is the two-dimensional unsteady Euler equations 


а= —(F.+G,) , (14.116) 


where the components of q, F and G are given by (11.117) without the z and Q 
terms. 
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Fig. 14.27. Correspondence between contés 
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Application of the finite volume method (Sect. 5.2.1) to the control volume 
(j+ 1/2, k + 1/2) and first-order time differencing gives the following algorithm for 
the correction to q at the centre of the control volume (Fig. 14.27): 


At 
Афду+1у2,к+1/2 = -05 ЦЕ, Lact Ера AF +62) 


A 
O55 UG jar 6ке) (Gi +G. l. (ПТ) 
Equivalent expressions to (14.117) can be obtained for the four control volumes 
surrounding grid point (/, К). 

When the steady state is reached both sides of (14.117) go to zero so that 
AQj+1/2.k+1/2 18 proportional to the steady-state residual associated with the 
(j+ 1/2, k - 1/2) control volume. This correspondence will be exploited in con- 
structing the multigrid algorithm to be described later in this section. 

The value of the gridpoint correction, ба; ,, can be obtained as the average of 
Aq for the four surrounding control volumes. However, it is also desirable to 
introduce second-order time-differencing. This can be achieved by introducing a 
one-step Lax-Wendroff scheme (10.10). Thus the time discretisation of (14.116) at 
node ( j, К) becomes 


да, к= — A(F.- G,),,-0.547 ([A(F, GT; [BFL + G)],j,, > (14.118) 


where 4 and B are the Jacobians, 0F/0q and 26/44, and F. = дЕ/0х, etc. The first 
term on the right-hand side can be evaluated as an average over the surrounding 
control volumes using (14.117) to give 


-АЦЕ,--С,);,-0.25(44) 12-12 49-2 
FAA kt + 4{Чу+1у2.к-1/21]. (14.119) 
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Using (14.116), 
A(F,+G,)=— Aq, ала B(F,+G,)=— Bq, . 
Introducing q, = 4q/ 4t leads to 
At[A(F,+ G,)].* — (449), — (AF), and 
ABC, + G,)],* — (B49, — (AG), , (14.120) 


where AF and AG denote the changes in F and G during the current time-step 
corresponding to the correction 4q. 

The terms (4F),, (AG), centred at grid point ( j, k) are evaluated using the MUN 
volume method based on a control volume bounded by (j— 5, к — 5), (+2, k— 3), 
(І--5. k+4) and ( j — 1, k +4), as indicated in Fig. 14.27. This produces the result 


(AF), = (O.S(AF;. |; 6412 БАЛЕ) 


1 
—0.5(4F;. 15 k 12 “АЕ; 1/2.- и (14.121) 
апа an equivalent result for (AG),. 
Substitution of (14.119—121) into (14.118) produces the following algorithm for 
the correction to q; ,: 


At At 
Ay і-1/2,.і-1/2 


At At 
est on A) 
Ax Ay j-1/2,k+ 1/2 
At 
+ аа ав 7746 
Лу j+1/2,k+1/2 


At At 
E -2 ar ag | | . (14.122) 
q 
Ах Ау j^ M2.k- 1/2 


Clearly (14.122) can be interpreted as giving the correction to q; , in terms of the 
average of the corrections occurring in adjacent control volumes. Ni (1982) refers 
to the individual contributions in (14.122) as distribution formulae, since one can 
traverse each control volume in turn and distribute its effect to its four adjacent 
grid points. 

The basic algorithm consists of (14.117) to obtain the control volume correc- 
tions and (14.122) to obtain the grid point corrections. This algorithm is second- 
Order accurate in time and space. However, for stability the following restriction on 
the time step is necessary: 


. Ax Ay 
< --- — 14.123 
AS mind Yo | TOI (14.123) 
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It may be noted that the dependent variables are defined at the vertices of thé 
control volume rather than at the centre of the control volume as in Sects. 5.2 and 
17.2.3. It is also possible to construct a finite volume discretisation of (14.116) with 
grid-point values of the dependent variables defined at the centres of the control 
volumes (Jameson et al. 1981). 

However, the identification of control volume vertices with grid points has 
inherent advantages (Morton and Paisley 1986). First, for a given nonuniform grid 
the accuracy is usually higher for the vertex grid-point form. The centred grid-point 
form is sensitive to the appearance of oscillatory solutions (Sect. 17.2.3). If a 
staggered grid is not used then it is usually necessary to include additional 
dissipative terms to suppress the oscillations (Jameson et al. 1981). The vertex grid- 
point form is much less sensitive to spurious oscillations, although additional 
dissipative terms are recommended (Ni 1982) if shocks are present. 

Probably the greatest advantage is associated with the implementation of 
boundary conditions, which can be imposed directly with the vertex grid-point 
form since grid points coincide with the boundary, which is not the case for centred 
grid-point control volumes (Sect. 17.1.3). 

To accelerate convergence to the steady state one would like to use larger time 
steps than permitted by (14.123) for a grid fine enough to achieve acceptable 
accuracy. The multigrid strategy (Sect. 6.3.5) achieves this by evaluating (14.122) on 
successively coarser grids with correspondingly larger values of At nax (14.123). 
Thus unwanted transient disturbances are rapidly propagated through the com- 
putational domain and expelled through the farfield boundaries, leaving the 
converged steady-state solution. In contrast to the multigrid algorithms described 
in Sect. 6.3.5, simpler multigrid algorithms to obtain the steady-state solution of the 
Euler equations are usually preferred. Here we briefly describe the algorithm of Ni 
(1982). 

For an intermediate grid, the control volume correction Aq” is not obtained 
from (14.117). Instead it is obtained from a restriction of the grid-point corrections 
óq" *! on the next finer grid, i.e. 


Aq"—1",.0q"*! , (14.124) 


where I7, , is the restriction operator (Sect. 6.3.5). 

Successively coarser grids are constructed by deleting alternate grid lines so 
that control volume centres on the coarser grid coincide with grid points on the 
finer grid. From the form of (14.117 and 122) it may be noted that the restriction of 
the corrections in (14.124) is equivalent to the restriction of the residuals in (6.85). 

Given Aq" from (14.124) the corresponding grid-point corrections dq” are 
obtained from (14.122). The corrections are then either prolonged (interpolated) 
onto the finest grid M to give a new fine grid correction 


dq’ = IM ӧд" (14.125) 


ог are used to give the control volume corrections on the next coarser grid, Le. 
using (14.124) again with т= т — 1. 
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A subcycle of the multigrid algorithm starts with the finest grid M and 
progressively restricts through each coarser grid using (14.124) and marching in 
time using (14.122) until the mth grid is reached. Then the solution on the mth grid 
is interpolated back to the finest grid using (14.125). Each subcycle is a sawtooth 
cycle in contrast to the V-cycle illustrated in Fig. 6.21. The complete multigrid cycle 
consists of the solution of (14.117 and 122) on the finest (M) grid followed by a 
sequence Of nested sawtooth cycles until the coarsest grid (m= 1) is reached. 

Ni (1982) uses a nest of four grids (M = 4) with the finest grid having 65 x 17 
points. For transonic channel flow past a bump Ni requires 900 time-steps to reach 
the steady state, Le. (14.117 and 122) are used on the finest grid only. If the above 
multigrid algorithm is used, 130 multigrid cycles are required with a reduction in 
the execution time by a factor of 4, approximately. Ni also applies the above 
algorithm to the transonic flow around an axisymmetric nacelle and past a cascade 
of turbine rotor blades. 

Johnson (1983) describes the extension of the Ni algorithm to utilise any of the 
two-step Lax-Wendroff-like explicit algorithms (Sect. 14.2.2). Davis et al. (1984) 
and Chima and Johnson (1985) provide extensions of a Ni-type algorithm to obtain 
solutions of the compressible Navier-Stokes equations. 

Jameson (1983) describes a control-volume discretisation of the Euler equations 
based on placing grid points at the centre of the control volumes and using a four- 
stage Runge-Kutta scheme (Sect. 7.4) in place of the Lax-Wendroff scheme de- 
scribed above. Jameson’s multigrid implementation is similar to Ni’s except that a 
single sawtooth cycle extending to the coarsest grid is used and the prolongation to 
the finest grid is made via each intermediate grid. 

Mulder (1985) combines an implicit time-marching method with a multigrid 
correction algorithm and flux-vector splitting (Steger and Warming 1981). А flux- 
limiting procedure is used to produce sharper shocks. Hemker (1986) applies the 
FAS multigrid scheme (Sect. 6.3.5) with Gauss-Seidel relaxation to the steady Euler 
equations after introducing a second-order finite volume discretisation based on 
centred control-volume grid points. Rapid convergence of the multigrid algorithm 
is facilitated by using a first-order TVD scheme (Sect. 14.2.6) until convergence is 
almost achieved. The second-order flux-limiting improvement is Only introduced as 
final convergence is approached. 


14.3 Transonic Inviscid Flow 


The category of transonic inviscid flow is considered separately since it is amenable 
to special treatment via a potential equation, as long as shocks are weak. Transonic 
inviscid flow is characterised by the occurrence of regions of subsonic and super- 
sonic flow (Fig. 11.15). Techniques for solving the steady potential equation will be 
emphasised. The extensions necessary to solve flows governed by the unsteady 
potential equation will be described briefly. 
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14.3.1 General Considerations 


If the flow is irrotational, a velocity potential сап be introduced (11.102) and the 
Euler equations can be reduced to a single partial differential equation and ап 
auxiliary algebraic equation. In two-dimensional steady flow the governing equa- 
tion in terms of the velocity potential is 


(a? —u?),. — 2uv6,, + (a^ — 02)Ф,, = 0 , (14.126) 


and the sound speed a is given by (11.104). If (14.126) is written in natural 
coordinates (s, n), that is, s is parallel to the local flow direction and n is normal to it, 
the result is 


(1— М?)Ф,, +Ф,, = 0, (14.127) 


where the local Mach number М = д/а, and g? = и? +02. Clearly (14.127) changes 
from an elliptic to a hyperbolic partial differential equation if М is locally greater 
than unity, ie. if the flow is locally supersonic. As indicated in Fig. 11.15, the 
supersonic region is usually terminated in the flow direction by a shock wave. 

Since the derivation of (14.126) is based on the assumption of irrotationality, 
Crocco’s theorem (Liepmann and Roshko 1957 p. 193) indicates that the flow must 
also be isentropic for the flow around a body in a uniform freestream. However, 
although the Rankine-Hugoniot conditions across the shock, e.g. (11.110), require 
that mass, momentum and energy are conserved, there is an increase in entropy 
proportional to the third power of the shock strength [~ (М; — М,)?]. If the 
normal Mach number ahead of the shock (М, ) is less than 1.1, it is acceptable to 
treat the change in the flow conditions through the shock as approximately 
isentropic, and to seek the flow solution via the velocity potential. 

Equation (14.126) is usually solved in the equivalent, nondimensional con- 
servative form (i.e. the steady continuity equation) 


(о'Ф;), +(о'Ф,), = 0 (14.128) 


where Ф’ = XU L) and L is a characteristic length. The nondimensional density 
is obtained from (11.104) as 


2 2 19-19 
o = -- fi +0.5(y— ours -( Z) -( ) || | (14.129) 


where y is the specific heat ratio and М, is the freestream Mach number. 

If conservative discretisations are introduced into (14.128), the solution will 
satisfy the weak form, ie. (5.6), of (14.128). Consequently “shock-like” discon- 
tinuities in the solution will be captured. However, the discontinuous solutions will 
conserve entropy, energy and mass, but not momentum. Thus the Rankine- 
Hugoniot conditions are satisfied only approximately. Jameson (1978, p. 3) notes 
that the momentum jump across the computed shock provides a measure of the 
wave drag. 
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Computational solutions to (14.128 and 129) can be obtained very efficiently, 
and working computer codes are widely used in the aircraft industry for the design 
of aircraft that operate in the transonic flow regime, where only weak shocks may 
be expected. For flows with stronger shocks or large regions of rotational flow, e.g. 
the wake of an aerofoil or turbine blade at angle of attack, it is necessary to solve 
the full Euler equations (11.22-24) typically by a pseudo-transient method 
(Sects. 14.2.8, 14.2.9). However, such methods are usually considcrably slower than 
methods based on the solution of (14.128 and 129). The disparity in economy is 
even more marked for three-dimensional or unsteady flow. 

Since (14.126) governs isentropic, inviscid flow it does not distinguish between a 
compression shock and an expansion shock (Fig. 14.28). Computational schemes 
must incorporate special procedures to prevent expansion shocks (physically 
untenable) from appearing. This can be done by using upwind differencing, or by 
introducing artificial viscosity, in the supersonic region. Both of these techniques 
provide dissipative mechanisms that block the appearance of expansion shocks. 


compression shock expansion shock 
sonic „= 2 С -. sonic 
~ 





Fig. 14.28. Compression and expansion shocks 


14.3.2 Transonic Small Disturbance Equation 


For the flow about slender bodies it is possible to simplify (14.126) further to obtain 
(11.107) governing the disturbance potential ф. If the body profile is given by 
y = tf(x), where t is assumed small, it is possible to write (11.107) as (Cole 1975) 


e д? 
i Kb. O50+ Mb) 1+4=0, (14.130 


where K = (1 — M2)/c?? and $, = 0ф/дх. In (14.130) y has been scaled by t+ and 
ф by r 23 

Equation (14.130) is referred to as the transonic small disturbance equation. 
Consistent with (14.130) the Jump conditions across the shock are 


d 
Г9,1-2-1Кф.-056-- 11005 -0, (14.131) 


where [ 1 denotes the jump in value and dy/dx is the shock slope. It is also 
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consistent to apply the boundary condition, of дф/дп = 0 at the body surface, oni 
the x-axis in the form j 


d | 
“= at у=0. 
ү а y (14.132). 


Equations (14.130—132) provide ап accurate description of the flow at transonic 
speeds around slender bodies except in the immediate neighbourhood of blunt 
leading edges. This is because the velocity perturbation u is of the same order as the 
freestream velocity U , in this region. For supersonic speeds, say М, > 1.3, (14. 130) 
can be simplified further since 0.5(y + 1) {@,}? < Kox. Consequently (14. 130) ге- 
duces to (11.109), which із linear апа amenable to solution with а panel method 
(e.g. PAN-AIR) as in Sect. 14.1.6. 

In conservation form, which is necessary to ensure that the correct shock 
solution is obtained, (14.130) can be written compactly as 


oF 26 = 0 (14.133 
x ду 3) 
where F = Кф, — 0.5(у + 1) (6,1? and G = 6¢/éy . 
Central difference operators on a half-grid are defined as 
p = Drui белок] а па О, ‚= _[G,, k+1/2 7 Gik- 2] (14.134). 
J. J. . И 
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If G is substituted into (14.134) and central difference operators introduced again, 
the result is 


(фук = 2фук-+Фук-\) 


О = Ay? > 


and similarly for P; į. Using (14.134) an algorithm suitable for discretising (14.133) 
in transonic flow can be written as 


P; Qj — Руку Pjk =0, (14.135) 
where 


H; x = 0 at subsonic points, ie. К > (y + 1) ó, , 


= 1 at supersonic points, Le. K < (y + 1) ó, . 


In the supersonic region it is clear from (14.135) that the term @F/éx іп (14.133) is 
being represented by a three-point upwind scheme (Fig. 14.29), in contrast to the 
centred-difference representation in subsonic regions. The difference formulae used 
in the supersonic region properly simulate the hyperbolic requirement of no 
upstream influence. If the sonic line (Fig. 11.15) or the shockwave (Fig. 11.15) lie 
between points (j — 1, К) and (j,k), (14.135) takes the form 
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Fig, 14.29а, Б. Active nodes in (14.135). (a) Subsonic point (j, k) (b) Supersonic point (j, k) 


sonic line: О,,-0, 
(14.136) 
shock wave: P,,+P;-,4+Q;,=0. 


These special forms are necessary to allow the governing equations to be solved 
efficiently and the shock to be represented accurately. After converting (14.135) to 
an equivalent velocity potential form, the resulting equation can be solved iterat- 
ively. Special techniques to do this will be indicated in Sect. 14.3.5. The above 
formulation is essentially due to Murman (1973). 

A Taylor expansion of Р; , , about the node ( j, k) indicates that it is consistent 
with 6F/éx but introduces an artificial viscosity proportional to Ax. Thus rather 
than switch to upwind formulae in the supersonic region it Is possible to introduce 
explicit artificial viscosity in the supersonic region. This technique has also been 
used with the finite volume method (Caughey 1982). 


14.3.3 Full Potential Equation 


For steady transonic inviscid flow more accurate solutions are obtained by solving 
the full potential equation (11.103) written in nondimensional conservation form. 
In two dimensions this is given by 


a ( 00 La 
Ox (г x)" С ЭШ (14137) 


where ф/ is the disturbance potential and the density о” is given by (14.129). In the 

rest of this section the prime is dropped for clarity. To suit (14.137) the boundary 

condition of zero normal velocity at the body surface, Сф/би = 0, must be applied 

at the surface. Far from the body the disturbance potential $ goes to zero. 
Equation MU is discretised as 


кР Т, = 0, where (14.138) 
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with (одф/дх),+ уә = 0.5(0; + Qj 1) (Djs, — фу)/ Ах, etc. T; , provides the artificial 
viscosity required in the supersonic region. If the flow direction in the supersonie 
region is nearly parallel to the x-axis it is sufficient to introduce artificial viscosity 
in the x-direction only. Thus 


— ІР, нұра” Р-р, к] 
Ах ; 


Р; уо = -(ш. ПЫ (Фф, — 8; 1.4) and 


_.,-26,, +6, 
Lech, = 1,k Е Qj 1x) | 


As before, и is the switching function but now given by 


u^ 
и = min (зг( -&)| 


Thus и varies smoothly and is only non-zero in the supersonic region. 
The parameter є is defined by 


é=1-AAx , 





Тук where (14.140) 





which makes (14.138) second-order accurate. The additional dissipative terms T; , 
represent 0Р/дх where 


P= — u[(1 — £) Ax, + £Ax^ Oxxx] > 


Le. Т is proportional to 22и/дх?. 

A particular problem develops with the full potential equation if the flow 
direction deviates too far from the x-axis. It is then possible for supersonic points to 
occur such that и? < a? <и? +t2, In turn this leads to negative artificial viscosity 
being introduced. 

The solution to this problem is to relate the additional dissipative terms, like 
Т, , in (14.138), to the local flow direction. This is most easily illustrated with 
reference to (14.126), which becomes (14.127) in natural coordinates with 


2 2 
u^ Qu + 2uvd,, +0 
pu = Pant PUP ay FO Pd | (14.141) 
4 
At supersonic points centred difference formulae are used to represent ф,, but the 
following upwind formulae are used to represent the ф„„, ¢,, and ¢,, contributions 
to ф,;: 


[0,4 —20;-1,.* 05-2] 
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Fig. 14.30. Active grid points for (14,142) 





The active gridpoints are shown in Fig. 14.30. The corresponding scheme to suit 
(14.137) is more complicated but is provided by Jameson (1978, рр. 17-19). 

Artificial viscosity can also be introduced by modifying g in (14.139). Holst and 
Ballhaus (1979) show that (14.140) is equivalent to replacing terms like о), 1/2 , in 
(14.139) by 


буку, (l — Vik) Qj+ 1/2,k F Vj kOj- 1/2,k > (14.143) 


where v = max {0, [1 —a?/q?]} and 4? = и?  v?. An advantage of modifying the 
density, as in (14.143), is that this often permits the algorithm for solving the 
discretised equations to be implemented more easily. 


14.3.4 Transonic Inviscid Flow: Generalised Coordinates 


The need to compute the flow about bodies like aerofoils and turbine blades has led 
to the introduction of body-fitted coordinates, Chap. 12, so that in the com- 
putational domain (Fig. 14.31) the body surface coincides with a constant value of 
the transform variable, e.g. у = қо. Techniques for choosing an appropriate grid of 
points х(2,ң) and у(2,ң) are discussed in Chap. 13. 

In the (c, n) plane (14.137) and (14.129) become 


д д 

ae (0799 tà r°) =0 and (14.144) 
1 д д 1/(y- Y) 

o* =F {1 +05@—0М% Eu z | , (14.145) 


where U*, V° are the (contravariant) velocity components in the č and y directions 
and are related to the velocity potential by 


op op - 4,08 06 — and (14.146) 
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Fig. 14.31а, b. Generalised coordinates. (а) Physical domain. (b) Computational domain 


A, = 2+2, A; = ni +n; and A3 = En, Cun, (12.12). J is the Jacobian (deter- 
minant) of the transformation and given by (12.3). The metric quantities, like £,, are 
defined by the mapping (Chap. 13). 

Equation (14.144) is discretised in a manner similar to (14.139), Le. 


((6%0%,,,.- (D* US); iia] | [(Q* V^), 2 - (OV). 2] _ 
Ač An 





0. 


(14.147) 
In (14.147) @* and 0% are upwind evaluations of p*. Thus 0%,,/2,, is given by 
(14.143) if U ° is positive, with o* replacing о. An equivalent upwind expression, 
based on of, 3,2 15 used if U is negative. Equivalent expressions to (14.143) based 
on the (К) direction are used for б. Upwinding of the density avoids the need for 
additional dissipative terms like T, , in (14.138). 
The densities are obtained from (14.145), which requires J, U* and 29/02, еіс, 
to be evaluated at the half grid points like (j + 5, К). For example 


(Pirin Фф), 4 l; ($5. 2.17 jean ci) 
Ač 31)-ғ1/2,К 2An 
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(14.148) 
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where 
фу+ I2,k+1 — O.5(Ó;k+ 1 t jai) . 


Thus the ф solution is stored at grid points. The metric quantities, А-А; and J, аге 
evaluated using standard second-order formulae (Sect. 12.2.1) and stored at the half 
grid points. The overall accuracy is sensitive to the metric quantities being 
evaluated without averaging (Flores et al. 1983). 


143.5 Solution of the Algebraic Equations 


The algebraic equations that arise from discretisation of equations like (14.130 and 
137) are amenable to solution by a modification to the SOR technique (Sect. 6.3) 
called successive line over-relaxation (SLOR). The SLOR technique [e.g. (6.64, 65) ] 
solves an implicit system for the corrections to the solution, Аф = ór, — фу. 
on each line in the y direction (constant value of j) at a particular iteration level 
п--1. The tridiagonal solver, Sect. 6.2.3, is used for this purpose. 

In the subsonic region the evaluation of the equations for 4$^;! requires 
knowledge of ọti and $5,, , as well as points on the jth grid line. In the 
supersonic region knowledge of $7* 5 „апа ór ү, as well as points on the jth grid 
line is required. Such a scheme works well with the transonic small disturbance 
equation (Murman 1973) but needs to be modified for the full potential equation. 

It is useful to interpret relaxation schemes in a general framework, i.e. similar to 


(6.51), 
NAQ"* = ов, (14.149) 


where ф is the vector of grid point values $; ,. In (14.149), R is the residual when ф 
is substituted into the discretised equations, œ is a scaling factor and N is a 
discretised linear operator that is economical to factorise (invert). If № ф" is a close 
approximation to R then convergence to the solution will be rapid. 

An equivalent time-dependent interpretation would be 
(o To e 


z) Іф-0, (14.150) 


where L is the operator in the steady differential equation being solved. Comparing 
(14.149) and (14.150) gives the equivalences 


ё 
? (wel. (14.151) 
G 





К=/ф, Aó=4At 


Then N should be chosen so that (14.150) represents a convergent time- 
dependent process. 

Based on this concept, a typical relaxation scheme for (14.126), when discretised 
with centred difference formulae in the subsonic region and (14.142) in the 
Supersonic region, is 
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т.ГАфу.- Аф)- 19 12[ 405 441 240; t 20541] 1340; 4 — Rik, l 
(14152) 


where т, = 1/Ax?, т, = 1/Ay? and z, = (2/w—1)(t, +т,), and о is а relaxation| 


factor. Jameson (1978, p. 21) shows that this scheme is equivalent to solving | 


(1 — M°) bss + Pnn = 2x6 + 28% + YÓ, , (14.153) 


where а, B and у depend on т,, т and ту. Equation (14.152) is effective in the 
subsonic region but in the supersonic region it is necessary, for the diagonal 
dominance of N in (14.152), to evaluate ф,,, ¢,, and ф,, in such a way that 
(1 — М?)ф in (14.153) is replaced by 


A similar approach of augmenting the equivalent time-dependent form (14.150) 
is effective for the conservation equation (14.137). Relaxation methods as a general 
class converge rapidly initially but become very slow as the equivalent steady-state 
solution is approached, as is noted in Sect. 6.3.5. 

An alternative approach is the approximation factorisation scheme of Ballhaus 
et al. (1978) in which N in (14.149) is split into two factors, each of which 18 
economical to ‘invert’. The same technique applied to (14.150) is equivalent to the 
approximate factorisation scheme given by (8.23, 24). Here (14.149) is factorised, 
with R; , the residual of (14.147) after substitution from (14.148). The result is 


(«— Li (0* A) Lz j ía— Ly; (O*A 2)L, Аф? = оок, у. (14.155) 
where 

+ fii -f; — Sifi- 

L; f = AE T ђе 
апа 


шағам = [itane ЕЕ чара de ае. 








Equation (14.155) is Implemented іп two stages: 


Ist stage: — (x — L'(0*A,)L:) Aóf, = awR,;, , (14.156) 
2nd stage: {x — Ly (0*А,)1. } 40; , = 4ф*. (14.157) 


For the first stage (14.156) represents a tridiagonal system of equations that can 
be solved along each gridline іп the 2 direction in turn, using (6.29-31). For the 
second stage (14.157) gives a tridiagonal system that can be solved along each 
gridline in the n direction consecutively. 
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Equations (14.156 and 157) constitute the AF1 algorithm of Ballhaus et al. 
(1978) and is clearly of similar form to the ADI and approximate factorisation 
schemes for time-dependent problems described in бесі. 8.2. However, а more 
efficient implementation of (14.155) is available as the following two-stage al- 
gorithm (AF 2). 


Ist stage: — (a— Ly (0Q* A))] APF, = оок, (14.158) 
2nd stage: 101, — LZ (0* A, Apik = 49%. (14.159) 


The first stage provides a set of bidiagonal equations that are swept in the negative 
ң direction. The second stage is in the form of a set of tridiagonal equations in the ¢ 
direction which are solved progressively in the positive ң direction. Holst (1985) 
discusses the practical implementation of both the AF1 and AF2 algorithms. 
The parameters z and w are chosen to accelerate convergence; o has to be in the 
range 0 < w < 2 for stability and is usually chosen to be as large as possible (say со 
= 1.8-1.9). The parameter х сап be interpreted as 1/At so that, conceptually, the 
steady state would be reached in the smallest number of iterations by making « as 
small as possible. This tends to remove errors of small frequency but not those of 
high frequency. Therefore a better strategy is to use a sequence of values of х, say 


2 NUIN- 0 
Xm = дуа"! with «, = Лу and OL , 
Ay 


where N is the number of steps in the sequence, typically N = 11. Different 
approximate factorisation schemes and analysis of optimal choices of « and o are 
provided by Catherall (1982). 

The above scheme can be made even more efficient by embedding it in a 
multigrid iteration procedure (Sect. 6.3.5). 

Equation (14.147), after substitution of (14.148), can be written 


AMO" =0, (14.160) 


where superscript M denotes the finest grid on which the solution is sought, as in 
Sect. 6.3.5. For any intermediate solution on a coarser grid, A™*'@™*'! = R™*), 
Le. a non-zero residual occurs. Jameson (1979) uses a modified FAS algorithm 
(Sect. 6.3.5) in which only the residuals are restricted from the finer to the coarser 
grid. Equation (6.90) is replaced by 


An $^ = Anon — In, RP, (14.161) 


where $" is the existing solution on the mth grid. As in the FAS algorithm "^" is 
obtained by relaxation and further restriction to the coarsest grid, exact solution 
and relaxation and prolongation back to the mth grid as in Fig. 6.21b. The new 
solution on the (m + 1)-th grid is given by 


фта фт HIR (emen). (14.162) 
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The restriction and prolongation operators I in (14.161, 162) are described in 
Sect. 6.3.5. 

Jameson uses a modified form of the approximate factorisation scheme (14.156, 
157) as a relaxation algorithm, with R; , in (14.156) replaced by the right-hand side 
of (14.161). In Jameson's scheme the parameter « in (14.156, 157) is replaced by $ 


where 


S=ata,Lr+%L, , (14.163) 
and L; and L, are upwind operators, defined after (14.155). This modification is 
introduced to handle the embedded supersonic region more efficiently. 

A complete V-cycle (Fig. 6.21b) consists of one relaxation using (14.156, 157 and 
163) and the restriction of the residuals onto the next coarser grid until the coarsest 
grid is reached, on which the exact solution is obtained. Then a prolongation using 
(14.162) and one relaxation step are carried out on each grid until the second finest 
grid is reached. The finest grid solution is then obtained from (14.162). The V-cycle 
is repeated until (14.160) is satisfied. 

A single V-cycle of the present algorithm can be compared with a complete 
cycle through a range of « values in the conventional approximate factorisation 


algorithm, e.g. (14.158 and 159). 


upper surface 





C ыы 14.32. Pressure distribution for NACA-0012 
aerofoil at =2°, M, = 0.75, 192 x 32 grid 
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Jameson (1979) indicates that the multigrid implementation with six levels of 
grid refinement requires about a quarter of the number oÍ operations per cycle 
to implement the conventional approximate factorisation scheme. In addition 
roughly 10 complete cycles are required to produce the converged solution (to 
engineering accuracy) of the flow about an inclined aerofoil with an embedded 
shock as indicated in Fig. 14.32. This is comparable with approximately 80-100 
iterations of the conventional approximate factorisation algorithm (Holst 1985). 
Thus the introduction of the multigrid strategy is giving about a fourfold improve- 
ment in computational efficiency. 


14.3.6 Non-isentropic Potential Formulation 


Klopfer and Nixon (1984) introduce an interesting non-isentropic potential formu- 
lation that greatly improves the accuracy of (14.137) when stronger shocks occur. 
The formulation essentially improves the calculation of the density in (14.129) to 
allow for changes in entropy across the shock. Equation (14.129) is replaced by 





[+0.50 DMa -ge U 





0/0 x. АШ , (14.164) 
where 42 = (и? + $?)/U2.. K is an entropy-related function given by 
2:M?,—-G-D {у—1)М? „+2\ 
_ 2yMi - (S ) x ) | (14.165) 
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where М, , is the local Mach number based on the upstream velocity component. 
normal to the shock. For the flow external to an aerofoil Klopfer and Nixon: 
indicate that it is sufficiently accurate to set М, „ = u/a. For points ahead of the 
shock, K = 1. Downstream of the shock K is constant along each streamline and 
these must be tracked approximately. 

With the above modifications made to the full potential code of Holst (1979) а 
typical improvement in shock location, and hence pressure distribution, is shown 
in Fig. 14.33. Clearly a solution closer to that given by the Euler code (Pulliam 
1985) is produced. 

Since the modifications required to implement (14.164 and 165) do not greatly 
increase the execution time, the non-isentropic formulation of Klopfer and Nixon is 
a computationally efficient extension to the methods based on a velocity potential 
to accurately predict the flowfield when shocks of moderate strength are present, 
Hafez (1985) also discusses non-isentropic potential formulations. 


14.3.7 Full Potential Equation, Further Comments 


The general status of transonic potential flow solvers is reviewed by the papers in 
Habashi (1985). Finite difference, finite element and finite volume methods are all 
successful in obtaining accurate solutions (Rizzi and Viviand 1981) to the transonic 
full potential equation. Spectral methods (Hussaini and Zang 1987) are also 
effective if shock-fitting is employed to isolate the jump in the solution at the shock. 
from the smooth behaviour elsewhere. 

As long as the flow is irrotational except for the presence of weak shocks, 
accurate solutions of the transonic full potential equation can be obtained very 
economically. As a result these methods are being applied to relatively complicated 
three-dimensional geometries (Caughey 1982). 

A comparison (Flores et al. 1985) for transonic inviscid flows indicates that, for 
comparable accuracy, computer codes based on the full potential equation (e.g. 
Holst 1979) are an order of magnitude faster than the implicit Euler codes (e.g. 
Pulliam 1985) if the shocks are weak. However, as the shocks become stronger the 
Euler codes become more competitive since, in general, the isentropic full potential 
codes lose accuracy in predicting the shock strength and location. 

A disturbing feature of conservative formulations of the full potential equation 
is that under certain conditions multiple solutions are generated for the same 
boundary conditions (Salas et al. 1983). For the flow around a NACA-0012 aerofoil 
at М„ = 0.83 and small angles of incidence, up to three solutions are possible 
leading to a variation of lift coefficient with incidence which is physically incorrect. 
It is conjectured (Hafez 1985) that the proper allowance for viscous effects may 
remove the non-uniqueness. The non-uniqueness does not occur with non-con- 
servative formulations; however, typically mass is not conserved across the shock 
and drag predictions are inaccurate for non-conservative formulations. 

For steady transonic flows, particularly in two-dimensions, possible problems 
of non-uniqueness and the difficulty of accurately predicting flows with shocks of 
moderate strength have caused a significant shift towards computing with the 
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Euler equations. However, for unsteady flows, e.g. associated with flutter, the 
economic advantages of working with a potential formulation are considerable, 
although the problem of non-uniqueness must still be overcome. 

For two-dimensional unsteady potential flow the governing equations are 


co 0 ( ab\ Of a 
— 4 = 0 14.1 
ео (о Tay)? ay (14.166) 


in place of (14.128) and 


in place of (14.129). Goorjian (1985) describes implicit approximate factorisation 
techniques that are effective for solving (14.166 and 167). 





14.4 Closure 


By organising the various computational techniques according to the class of flow 
problems being considered, it is apparent that, for restricted classes of flows, the 
equations reduce to relatively simple forms for which very efficient computational 
methods are available e.g. the panel method considered in Sect. 14.1 for (incom- 
pressible) potential flow. 

For supersonic inviscid flow the major difficulty is in representing shock waves 
efficiently. Because of the unknown shock location, shock-capturing methods, 
based on conservatively discretised scheines, are preferred to shock-fitting 
methods. If the shock waves are very strong special techniques are required, as in 
Sects. 14.2.6 and 14.2.7. Supersonic inviscid flow with strong shocks requires the 
use Of the full Euler equations. 

By contrast, many transonic flows feature only weak shock waves and con- 
sequently can be solved accurately using the full potential equation in the form of 
(14.137 and 129). Because of the mixed subsonic, supersonic flow regimes, special 
computational procedures must be introduced to suit the changing character of the 
governing equation and to provide dissipation in the supersonic region. The 
relative economy of the potential flow formulation makes it particularly suitable 
for unsteady and three-dimensional flows involving complex geometric domains. 

For steady transonic flows the use of the potential equation permits relatively 
efficient techniques, e.g. multigrid, to be used to accelerate the solution to con- 
vergence; such techniques are also effective for the Euler equations. The devel- 
opment of acceleration techniques remains an important area of research interest 
for compressible inviscid flow computations based on the unsteady Euler equa- 
tions. The greater reliability of computations based on the Euler equations makes 
this the preferred approach for steady two-dimensional inviscid transonic flows. 
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Finite diflerence and finite volume methods have been the more widely used 
techniques for both supersonic and transonic flow computation. However, finite: 
element methods have been applied (e.g. Deconinck and Hirsch 1985; Ecer and. 
Akay 1985; Jameson and Baker 1986) with considerable success to both interna] 
and external transonic inviscid flows. For flows with strong shocks characteristic 
finite element methods (Morton and Sweby 1987; Fletcher and Morton 1986; 
Hughes and Mallet 1985) permit efficient TVD algorithms to be constructed. 
Spectral methods (Hussaini and Zang 1987) are effective when used with a shock- 
fitting strategy. 


14.5 Problems 


Panel Method (Sect. 14.1) 


14.1 a) Use program PANEL (Fig. 14.7) to obtain the pressure distribution 
for the flow around a circular cylinder at M, = 0 with 4, 8, 16 and 32 
panels and compare the results with the exact pressure distribution. 

b) Repeat step a) for an ellipse with minor/major axis ratio — 0.5 and 02. 

c) Comment on the improvement in accuracy with increasing numbers of 
panels with reducing minor/major axis ratio. 

142 Apply program PANEL to the flow about a NACA-0012 aerofoil at zero 
incidence. The coordinates for the NACA-0012 aerofoil are given by (13.70). 
a) Obtain solutions with 8, 16 and 32 panels for М, = 0.4. Compare the 

solutions with those shown in Fig. 14.4. 

b) For 16 panels obtain solutions at M„ = 0.4 with more panels in the nose 
region, more in the tail region and less over the mid-section. Decide what 
is the best distribution for achieving the highest accuracy with a given 
number of elements. How does this ‘optimal’ distribution relate to 
gradients of the solution? 

c) Repeat part b) for NACA-0006 and NACA-0018 aerofoils and determine 
whether the more severe curvature associated with the nose of thinner 
aerofoils influences the ‘optimal’ distribution of elements. Use a solution 
with 32 panels to give the ‘target’ solution. 

14.3 Replace the direct solver (subroutines FACT and SOLVE) with an iterative 
solver based on SOR (Sect. 6.3) and obtain solutions for 8, 16 and 32 
elements representing a circle. Assume the SOR iteration has converged 
when the rms algebraic equation residual is less than 1 x 10 ?. From the 
results deduce a relationship 


NITER = kN? , 


where NITER is the number of iterations to convergence and N is the 
number of panels. 

14.4 Carry out an approximate operation count (only multiplications and divi- 
sions) for program PANEL and related subroutines as a function of the 
number of panels N. 


14.5 
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a) Compare the approximate operation count with that for the case where a 
SOR solver replaces the direct solver (subroutines FACT and SOLVE) to 
solve (14.6) for the source strengths б;. 

b) Compare the approximate operation count for N panels with that for 
program LAGEN (Sect. 12.4.1) applied to the flow past a circle. Assume 
that the computational domain for LAGEN has N x N grid points 
external to the half-circle. 

Modify program PANEL to obtain solutions about lifting aerofoils by 

implementing the procedure described in Sect. 14.1.4. Test the program 

modifications by obtaining solutions for a NACA-0012 aerofoil at М, = 0 

and x = 0, 2 and 4° incidence. 

Modify program PANEL to integrate the pressure distribution to 
evaluate the lift coefficient апа compare with the theoretical results 
C, = 2ло. Determine approximately the number and disposition of panels 
for an accurate solution. 


Supersonic Inviscid Flow (Sect. 14.2) 


14.6 


14.7 


14.8 


Apply program SHOCK with the MacCormack scheme to the propa- 
gating shockwave problem with a pressure ratio — 2.5. Compare the results 
for NX = 101 with the Lax-Wendroff results shown in Fig. 4.18. 

An alternative form of the artificial viscosity correction (Lapidus 1967) 
replaces (14.54) with 


q' = apt ty (FE JAL лет, . (14.168) 
Implement this form of the artificial viscosity and obtain solutions for 
moderate shock (p, /p, =2.5) and strong shock (р, /p, = 10) propagation. 
Compare solutions with those shown in Figs. 14.18 and 14.25 for two cases: 
1) (14.168) applied to all components of q, 

ii) (14.168) applied to the second and third components of q. 

Program SHOCK is to be modified to obtain the solution for the flow in 
a shock tube, before any reflection from the end walls has occurred, 

A shock tube initially contains high pressure fluid at rest separated from 
low pressure fluid at rest by a diaphragm. At t = 0 the diaphragm is broken 
and the resulting flow quickly develops into a shock wave propagating into 
the low pressure region. 

Behind the shock is a contact discontinuity which is the current location 
of the initial boundary between the high and low pressure regions. Across the 
contact discontinuity pressure and velocity are continuous but density is 
discontinuous. 

Behind the contact discontinuity and spreading into the high pressure 
region is an expansion wave across which pressure, density and velocity 
smoothly change from the conditions of the high pressure fluid at rest. The 
head of the expansion wave moves into the high pressure region. The 
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14.9 


14.10 
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physical behaviour of shock tube flow is described by Liepmann and Roshko 
(1957, pp. 79-83). This example has been used to compare various computa- 
tional methods by Sod (1978). 

The flow in the shock tube is, to a good approximation, one-dimensionai, 
unsteady and governed by nondimensional equations (14.43, 44), Obtain 
solutions for the following initial conditions: 

Шше0й, 0, =80, p, = 5=10 for x <0305, 
p> (14.169) 


u=0, 0= 10, р›=10 for х>0305, 


where p,/p, is the pressure ratio (PRAT in program SHOCK). Equation 
(14.169) also provides boundary conditions at x = 0 and 1.0. Obtain sol- 
utions with NX = 101 for NT = 170 апа DT = 0.100, with the Lax- 
Wendroff scheme and artificial viscosity. The general character of the flow 
may be compared with numerical solutions given by Sod (1978). The exact 
solution to this problem is given by Liepmann and Roshko (1957, pp. 79-83). 
The two most difficult parts of the solution to predict accurately are the 
contact discontinuity and the shock. 

Obtain solutions for moderate (p, /p; —2.5, Fig. 14.18) and strong (р; /р, 
= 5.00, Fig. 14.25) shock propagation using the FCT scheme with the 
following choices for the diffusion and anti-diffusion parameters in (14.93): 


i) no = 0.125, "-0, ң,-9, 
ii) no = 0.500, m-0, m-0, 
Ш) yo = 1/3, ni = 1/3, n; = —1/6, 
iv) no = 1/6, 9 —1/3, ņ = —1/3. 


Compare the shock profiles for these various solutions. 

Apply the FCT algorithm to the shock tube flow of Problem 14.8. Compare 
the solutions with those of the Lax-Wendroff scheme plus artificial viscosity 
(Problem 14.8) with particular reference to the shock and contact discon- 
tinuity profiles. 


Transonic Inviscid Flow (Sect. 14.3) 


14.11 


14.12 


The solution to the flow past a slender body defined by у = t(x? — 1)?, 
—l1<x<1 is governed by the transonic small disturbance equation 
(14.130) for the domain and boundary conditions shown in Fig. 14.34. Use 
the finite difference discretisation given by (14.135) to obtain solutions for 
т= 01 and M, = 0.8 and 09, on a 41(NX) x 21(NY) grid. Use SOR 
iteration to obtain the converged solution to the discretised equations. 

Obtain the solution to the problems shown in Fig. 14.34 using the discretised 
form of the full potential equation (14.129, 138, 139). Use (14.143) to provide 
the dissipative mechanism in the supersonic region. The boundary condition 
on AB, $, = fy, may be interpreted as a specified injection velocity profile. 





14.13 


14.14 
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Fig. 14.34. Model problem for potential 
equation 





фу:о — Ц $yz O 
$y: {„#4Тх(х2-1) 


Solve the resulting discretised equation by an approximate factorisation 
method like (14.156, 157), but based оп a pseudo-transient equivalent of 
(14.137). Obtain solutions on а 41(МХ)х21(МҰ) grid for z=0.1 and 
M. = 0.8 and 0.9. Compare the solutions with those of Problem 14.11. 
Discretise Laplace's equation 022ф/0х? + 22ф/0у? = 0 on a rectangle 
0 < x < 1,0 < y <1 for boundary conditions $(0, у) = cos(0.Szy), ф(1, у) = 
ехр(л/2) соѕ (0.5 лу), ф(х,0) = ехр(0.5лх), ф(х, 1) = 0, using centred differ- 
ences. 

Obtain solutions to the discretised equations using 

1) approximate factorisation, equivalent to (14.156, 157), 

1) approximate factorisation plus multigrid (14.156, 157, 161, 162), 

and compare the efficiency of the two methods taking into account the 
number of iterations to convergence and the approximate operation count. 
The exact solution for the present problem is $,, = ехр(0.5лх)соѕ(0.5лу). 
Apply approximate factorisation plus multigrid on a 65 x 33 grid to Prob- 
lem 14.11 and compare, approximately, the efficiency of the method with 
approximate factorisation applied on the finest grid. 


15. Boundary Layer Flow 


Traditionally it has been useful to consider boundary layer flow as a separate 
category (Table 11.4 and Sect. 11.4). From a computational perspective it is con- 
venient to classify boundary layer flow as a flow for which viscous diffusion is 
significant Only in directions normal to the surface on which the boundary layer 
occurs (Fig. 15.1) and for which the normal momentum equation can be replaced 
with the condition that the pressure is constant. For such flows the governing 
equations are non-elliptic, if the pressure solution is given. This permits very 
efficient single-pass marching algorithms to be introduced (in the x direction in 
Fig. 15.1). 


u= Ue(x) 


u=V=0 





Fig. 15.1. Boundary layer flow 


Boundary layer flows contain severe velocity gradients in the direction normal 
to the surface. This makes it desirable to introduce a transformation to render the 
gradients less severe in the transformed coordinates. The more effective transform- 
ations are described in Sects. 15.2 and 15.3. In addition, grids that grow geo- 
metrically in the direction normal to the surface provide an efficient way of 
achieving good resolution close to the surface (Sect. 15.1.2). 

The equations governing three-dimensional boundary layer flow have a hyper- 
bolic character in planes parallel to the surface on which the boundary layer 
develops. This introduces the complication of domains of influence and depen- 
dence (Sect. 2.2.1) in planes parallel to the surface. The domain of influence affects 
the allowable step-size for explicit marching schemes (Sect. 15.4). 

Turbulent boundary layers are solved using the same computational techniques 
as laminar boundary layers. However, the increased severity of the normal velocity 
gradient adjacent to the surface can require the use of a very refined grid in the 
normal direction. This problem is avoided by adopting the Dorodnitsyn formu- 
lation (Sect. 15.3) of treating the streamwise velocity component (и) as the indepen- 
dent variable. An alternative way of avoiding the use of fine near-wall grids is to 
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incorporate wall functions that effectively provide a local analytic velocity profile 
adjacent to the wall. Wall functions are discussed in Sect. 18.1.1. 

The neglect of the streamwise diffusion and the transverse momentum equation 
is also appropriate to the treatment of jets, wakes and developing flows in pipes. 
Thus these thin-shear-layer flows can be computed efficiently with essentially the 
same computational techniques as are appropriate to traditional boundary layer 
flows. 


15.1 Simple Boundary Layer Flow 


The governing equations for steady laminar incompressible two-dimensional flow 
(Sect. 11.4.1) can be written as 


ди дь 
— L = d 15.1 
ax ду 0 an (15.1) 


ди ди du ^u 
Ou | SOM Lu Ps би 152 
ox "Sy dx бу!” (15.2) 





where the Bernoulli equation (11.49) has been used to introduce the known velocity 
distribution u,(x) at the outer edge of the boundary layer, Fig. 15.1. Since the 
equation system (15.1, 2) is mixed parabolic/hyperbolic with x having a time-like 
role, both initial conditions, 


u(Xo,y) = Uoly) , (15.3) 


and boundary conditions, 


u(x, 0) = 0 v(x 0)— 0 and и(х, ё) = и, (х) (15.4) 


аге required. 

The momentum equation (15.2) тау be compared with the one-dimensional 
diffusion equation considered in Chap.7, and the one-dimensional transport 
equation considered in Sect. 9.4. The major differences are the nonlinear nature of 
the convective terms and the coupling with the continuity equation through the 
normal velocity v. Since u,du,/dx is known it behaves as a source term with little 
influence on the choice of the computational method. 

Any of the schemes described in Sects. 7.2 or 9.4 are potential candidates to be 
applied to (15.2). Explicit schemes (Sect. 7.1) are excluded since they lead to an 
unacceptable restriction on the marching step size Ax for stable solutions. 

Both the Crank—Nicolson scheme (Sect. 7.2.2) and the three-level fully implicit 
scheme (Sect. 7.2.3) are unconditionally stable and are second-order accurate (in At, 
Ax) for the diffusion equation. To achieve second-order accuracy in Ax when 
solving (15.2) will require a second-order treatment of the nonlinear terms иди/дх 
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and оди/ду. For the Crank-Nicolson scheme this requires iteration at each 
downstream location. For the three-level fully implicit scheme (Sect. 15.1.1) iter- 
ation is avoided by projecting u and v from upstream (15.6). 


15.1.1 Implicit Scheme 


To develop a computational algorithm, uniform-grid finite difference expressions 
are introduced for the various terms in (15.1 and 2) as follows: 


Ou _(1.5и1*1—2и1+0.5ни11) 





— O(Ax? 

Ox Ах +О(4х), 

ди (иті usti) 

Z mti Ті) Lg(Ay? 15. 
ду 24y (Ay), (15.5) 
Ou _ (12 ий) о, | 





ду? Ay? 


The grid identification (Fig. 15.1) and super/subscripting in the above expressions is 
introduced to accentuate the time-like role of the x-coordinate. 

To permit a linear system of equations for u"*! to be obtained, the un- 
differentiated velocity components, u and v, appearing on the left-hand side of (15.2) 
are extrapolated using 


ui = 2ле s x O(Ax?) , pt = 20и vy! + O(Ax?) . (15.6) 


Substitution of the above expressions into (15.2) and rearrangement gives the 
following tridiagonal system of equations associated with the grid line n+ 1 across 
the boundary layer: 


аш ү + Бу суш = d,, where (15.7) 
а,- -E 04-4 0-75 , 

b, = L5Qu +20 SS 

jan Od-d 0S and 


du n+1 
= 0 DQ 0.545) Ax w ж) . 
Equation (15.7) is not applied at j= 1 (y = 0) or j = JMAX (y = Yma). For the 
equation formed at j = JMAX-1, иҙмах = te, therefore d; in (15.7) is replaced by 
d,— cju and c; is subsequently set equal to zero. For the equation formed at 
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j= 2, u, = 0. Equation (15.7) can be solved efficiently using the Thomas al- 
gorithm (Sect. 6.2.2). 
Once и"?! is available, 5 *' is obtained from (15.1) in the discretised form 


A 
—0.5 = [(L5u7* —2u £0.57!) (1.501 — 2и" 05211, 
(15.8) 


with v! 1 = 0. The combination of (15.7) and (15.8) is second-order accurate in Ax, 
Ay, unconditionally stable (in the von Neumann sense), robust and efficient, but 
must be supplemented by a one-level algorithm to start the downstream march, i.e. 
when n = 1. Alternatively two levels (n— 1 and n) of initial data (15.3) must be 
provided. 

If a Crank-Nicolson scheme is introduced to solve (15.2) the solution v"! is 

not made use of. This reduces the storage requirement and necessitates only 
one level of initial data. However, the projection (15.6) is replaced with w^! = uf 
+ O(Ax) and 01! = vj + O(Ax). To achieve an overall second-order accuracy in 
Ax an iteration is required at each downstream location. After solution of the 
equivalent of (15.7 and 8) the current iterative solution, u* * !, v** +, is used in place 
of (15.6), and the equivalent of (15.7 and 8) are re- -solved. At the start of the 
iteration, u* = u” and v* = v". The iteration is terminated when иќ! = иќ, „(0 some 
acceptable tolerance and tw" *!, v"*! are set equal to u**!, 071, 

In practice it is more efficient not to iterate at each downstream location but to 
reduce the step size Ax to achieve the required accuracy, even though this will 
degrade the formal convergence rate. 

The main problem with using a uniform grid in x and y is that special 
procedures must be introduced to allow for boundary layer growth and a very 
refined grid in y must be used to accurately predict the velocity distribution close to 
the wall. This problem is particularly severe for turbulent boundary layers. 


п— 1 


15.1.2 LAMBL: Laminar Boundary Layer Flow 


Тһе implicit scheme, described in Sect. 15.1.1, is used to obtain the flow solution in 
the boundary layer that is produced by a uniform flow past a two-dimensional 
wedge (Fig. 15.2). 

This problem is a member of the Falkner-Skan family (Schlicting 1968, p. 150) 
of boundary layer flows that produce similar velocity profiles. That is, the velocity 
components are a function of a single variable 


_ u (x) V^? 
п= y (a) (15.9) 


and the governing equations (15.1, 2) can be reduced to a single equation 


E eei -() |- 0, (15.10) 
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Fig. 15.2. Flow past a wedge 





where f(y) is related to the streamfunction у by 


Y = [(2—B)u.vx]"? f(y) . (15.11) 


For the flow past a wedge, the velocity u,(x) at the outer edge of the boundary layer 
is given by 


u = СХТ. (15.12) 


Accurate numerical solutions for f (n) for various values of the wedge angle B are 
given by Rosenhead (1964, p. 234). Here these tabulated values will be used to 
provide the initial data for u and v and also to provide an ‘exact’ solution further 
downstream with which to compare the computational solution. 

It is computationally efficient to introduce the following nondimensionalisation 
into (15.1, 2): 


xy-l, у=” кез w=, u= Re, (15.13) 
L L U, i 

where the Reynolds number Re = U, L/v,and L and U, are the characteristic length 

and velocity, respectively. For the wedge flow problem U, is the value of u, (15.12) 

at x = L. 

The advantage of (15.13) is that the nondimensional y coordinate and the 
nondimensional normal velocity are scaled (by Re!) to be of the same order as x’ 
and и’, respectively. With the aid of (15.13), (15.1 and 2) can be written (dropping 
the prime) as 


ди Ov 


—+— = 0 15.14 
ax ду апа ( ) 





и=— +0 = = и + (15.15) 
у 
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Initial and boundary conditions аге given by (15.3 and 4) interpreted as non- 
dimensional equations. However, the boundary condition и = u,(x) is applied at 
y = Ymax Where Ymax > Ô, the boundary layer thickness. 

For the flow past a wedge the nondimensional velocity at the outer edge of the 


boundary layer is given by 
He = хи). (15.16) 


To permit the use of a variable grid in the у direction, the various y-derivatives in 
(15.15) are discretised as in (10.30 and 32) 











ди (ut шт) (ш ut yr, 
= * 1 O(Ay? 
бу (1--ғ,)4у дау). (15.17) 
е (ie) ges att 
u j^! rj ry О 
ду? n (1--ғ,) Ау? + (Ду) 5 


where the grid growth ratio r, = (у; +1 = y; (y;— y;-i1) The term Cu/éx is dis- 
cretised as in (15.5). 
Substituting (15.6 and 17) into (15.15) produces the tridiagonal system 





aj; tlc сі =d; , where (15.18) 
(2 п n-I) Ax 
p—Qvi-v; —— 4 
б (1+r,)4y 
24x 
4-12, 
(1--ғ,) Ау? 
а= --ғұр-а4, 
-1 1 1 
b, = 150-ш )+{к,——}р+|1+—]4, 
ry ry 
2Р9 
! ry ғ, | 
du, n п-1 п n— 1 
d, = Ахи, dx T(Qu-05wj (2u; — u; ). 


At the wall и, = 0 and at y = Ymax, Umax = “e Equation (15.18) is repeated at the 
JMAX-2 interior nodes forming a tridiagonal system of equations that can be 
solved using the Thomas algorithm (Sect. 6.2.2) for ut! , 

The continuity equation (15.14) is integrated across the boundary layer to give 
7771 using (15.8). The solution for the velocity distribution in the boundary layer 
is obtained by solving (15.18) and (15.8) sequentially at each downstream 
location x" *!. 
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1 
2€ 
3 C LAMBL USES AN IMPLICIT MARCHING ALGORITHM TO COMPUTE 
4С THE SOLUTION TO A FALKNER-SKAN LAMINAR BOUNDARY LAYER (BETA = 0.5) 
5c 
6 DIMENSION UP(65),U(41) , UM (41) , V(41) , VM (41) , Y (41) , RES (65) 
1 1,B(5,65), UBX(41) ,UB(24), VB(24) , YZ(24) 
8 DATA UB/0.0000,0.0903,0.1756,0.2559,0.3311,0.4015,0.4669,0.5275, 
9 10.5833,0.6344,0.6811,0.7614,0.8258,0.8761,0,9142,0,9422,0,9623, 
10 20.9853,0.9972,0,9995,1.0000,1.0000,1.0000,1.0000/ 
11 DATA ҰВ/0.,0.,-0.0003,-0.0011,-0.0027,-0.0052,-0.00892,-0.0142, 
12 1-0.0211,-0.0298,-0.0406,-0.0688,-0.1065,-0.1541,-0.2114,-0.2778, 
13 2-0,3521,-0.5198,-0.8008,-1,0965,-1.3954,-1.6954, -2.0954,-2.4954/ 
14 DATA Ү2/0.0,0,1,0.2,0,3,0,4,0,5,0.6,0,7,0.8,0,9,1.0,1.2,1.4,1,6, 
15 11.8,2.0,2.2,2.6,3.2,3.8,4.4,5.0,5.8,6.6/ 
16 OPEN (1,FILEs'LAMBL.DAT') 
17 OPEN (6, FILE=" LAMBL.OUT’ } 
18 READ(1,1) ЈМАХ, NMAX, DYM, RY, XST, BETA, RE, DX 
19 1 FORMAT (215,4F5.2,2E10.3) 
20 € 
21 WRITE(6,2) BETA 
22 2 FORMAT(' FALKNER-SKAN SOLUTION, BETA=',F5.2) 
23 WRITE(6,3) JMAX,DYM,RY 
24 3 FORMAT(' JMAX= ',13,' DYM= ',F5.2,' RYs ',F5.2) 
25 WRITE(6,4)NMAX,DX,XST,RE 
26 4 FORMAT(' NMAX= ',I3,' DX= ',E10.3,' XST= ',F5.2,' RE=',E10,3 
21 1,//) 
28 Ү(1) = 0. 
29 DY = DYM/RY 
30 DO 5 J = 2,JMAX 
31 DY = DY*RY 
32 Y(J) = Y(J-1) + DY 
33 5 CONTINUE 
34 ОМАР = JMAX - 1 
35 AJP = УМАР 
36 КҮР = RY + 1, 
37 ВЕТР = ВЕТА/(2, - BETA) 
38 SQRE = SQRT(RE) 
39 С 
40 С SET INITIAL VELOCITY PROFILES 
41 C 
42 UEST = XST**BETP 
43 FALKS = SQRT((2.-BETA) *XST/UEST) 
44 CALL LAG(YZ,UB,Y,UM,XST,FALKS,JMAX) 
45 CALL LAG(YZ,VB,Y,VM,XST,FALKS,JMAX) 
46 X = XST + DX 
47 UE = X**BETP 
48 FALK = SQRT((2.-BETA) *X/UE) 
49 CALL LAG(YZ,UB,Y,U,X, РАК, JMAX) 
50 CALL LAG(YZ,VB,Y,V,X,FALK,JMAX) 
51 C 
52 ро 6 J = 2,JMAX 
53 UM(J) = UM(J) *UEST 
54 U(J) = U(J) *UE 
55 VM(J) = VM(J) /FALKS 
56 6 V(J) = V(J) /FALK 
57 UP(1) = 0. 
58 U(1) = 0. 
59 UM(1) = 0. 
60 v(1) = 0. 
61 VH(1) = 0. 
62 DO 10 N = 1,NMAX 
63 X = X + DX 
64 UE = XA4BETP 
65 ЧЕХ = BETP*UE/X 


Fig, 15.3. Listing of program LAMBL 
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66 DO 7 J = 2,JMAP 

67 DY = Y(J) - Y(J-1) 

68 JH = Jg- 1 

69 Р = (2.*V(J) - VM(J) ) *DX/RYP/DY 

10 Q = 2.*DX/ (RYP*DY*DY) 

т B(2,JM) = -P*RY - Q 

12 B(3,JM) = 1.5*(2.*U(J) - UM(J)) + Q^RYP/RY + P*(RY-1./RY) 
73 B(4,JM) =  P/RY - Q/RY 

74 RHS(JM) = UE*UEX*DX + (2.0*U(J) - 0.5*UM(J) ) ^ (2.0*U(J) -UM (J) ) 
15 7 CONTINUE 

16 RHS(JM) = RHS(JM) - B(4,JM) *UE 

11 B(4,JM) = 0. 

78 B(2,1) = 0. 

79 С 

80 C SOLVE BANDED SYSTEM OF EQUATIONS 

81 C 

82 CALL BANFAC(B,JM,1) 

83 C 

84 CALL BANSOL(RHS,UP,B,JM,1) 

85 C 

86 UP(JMAP) = UE 

87 € 

88 C OBTAIN V BY INTEGRATING CONTINUITY 

89 C 

90 DUM = 0. 

91 SUM = 0,5*(Y(2) - Y(1)) 

92 DO 8 J = 2,JMAX 

93 DUMH = DUM 

94 VM(J) = V(J) 

95 DY = Y(J) - Y(J-1) 

96 DUM = 1.5*UP(J-1) - 2.*U(J) + 0.5*UM(J) 
97 Vid} = V(J-1) - 0.5* (DY/DX) * (DUM + DUMH) 
98 UM(J) = U(J) 

99 U(J) = UP(J-1) 

100 IF(J .Е0. JMAX)GOTO 8 

101 SUM = SUM + 0.5*(1. - U(J) /UE) *(Y(J+1)-Y(J-1)) 
102 8 CONTINUE 

103 DISP = SUM/SQRE 

104 UYZ = (RYPAU(2) - U(3) /RYP) /RY/(Y (2) -Y(1)) 
105 CF = 2.*UYZ/SQRE/UE/UE 

106 FDD = 0.9278 

107 DUM = 0.25*X*UE*RE* (2. -BETA) 

108 EXCF - FDD/SQRT(DUM) 

109 WRITE(6,9)N,X,EXCF,CF,DISP,UE 

110 9 FORMAT(' N2',I3,' X=',F4.2,' EXCF=',F9.6,' CF=',F9.6,2X, 
111 1' DISP=',F9.6,' UE=',F6.3) 

112 10 CONTINUE 

113 C 

114 С СОМРАВЕ SOLUTION WITH EXACT 

115 С 
116 FALK = SQRT((2.-BETA) *X/UE) 
117 CALL LAG(YZ,UB,Y,UBX,X,FALK,JHAX) 
118 C 

119 SUM = 0. 

120 DO 11 J = 2,JMAX 
121 UBX(J) = UBX(J)*UE 
122 11 SUM = SUM + (U(J)-UBX(J)) **2 
123 RMS = SQRT(SUM/AJP) 
124 WRITE(6,12)RMS 


125 12 FORMAT(' RMS= ',E10.3) 
126 13 CONTINUE 

127 STOP 

128 END 


Fig. 15.3. (cont.) Listing of program LAMBL 
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Table 15.1. Parameters used іп program LAMBL 
— —— n n 





Parameter Description 
Tk < 
JMAX number of gridpoints in the y direction 
NMAX number of gridpoints in the x direction 
DX Ах 
DY Ау-);-У;-а 
DYM Ay adjacent to the wall, y, — y, 
XST Хо 
X. Y х,у 
RE Reynolds number, Re 
BETA fi 
UE, UEX и., du /dx 
UM, VM un i a 
U, V u^, c" 
UP wit 1 
UB, УВ Falkner-Skan solution for и, v at x = 1 
YZ пах = 1 апаи, = 1 
LAG interpolates Falkner-Skan velocity components to suit grid points (у;) 
B tridiagonal matrix, with components, a,, Б;, c; in (15.18); factorised in BANFAC 
DUM, DEM р, q, after (15.18) 
RHS 4;, (15.18) 
DISP displacement thickness, ó* 
CF skin friction coefficient, c, 
EXCF exact skin friction coefficient, Crex 
UBX exact и velocity solution, Hax 
RMS lu — Mak lus 
1 
2 SUBROUTINE LAG(YZ,QB,Y,Q,X,FALK,JMAX) 
3c 
4С APPLIES LAGRANGE INTERPOLATION TO THE INITIAL FALKNER-SKAN 
5€ PROFILE TO OBTAIN THE F.S. PROFILE (U,V) AT DIFFERENT X 
6 C 
1 DIMENSION YZ(24),YB(24) ,QB(24) , Y (41) ,Q(41) 
8 DO 1 I = 1,24 
9 1 YB(I) = YZ(I)*FALK 
10 Q(1) = 
11 DO 6 I 2,ЈМАХ 
12 DO 5 J = 1,23 
13 IF(J .EQ. 23)GOTO 2 
14 IF(Y(I) .GT. YB(J))GOTO 5 
15 2 JS = J 
16 IF(JS .LT. 2)JS = 2 
17 041) 
18 DO 4 1.3 
19 cL = 
20 KK = JS - 2 + K 
21 DO 3 L = 1,3 
22 LL = JS -— 2 + L 
23 IF(LL .EQ. KK)GOTO 3 
24 CL = CL*(Y(I) - YB(LL))/(YB(KK) - YB(LL)) 
25 3 CONTINUE 
26 4 Q(I) = Q(I) + CL*QB(KK) 
27 GOTO 6 
28 5 CONTINUE 
29 6 CONTINUE 
30 RETURN 
31 END Fig. 15.4. Listing of program LAG 
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The scheme described above is coded in program LAMBL (Fig. 15.3). Since 
ди/дх is represented Бу a three-level formula (15.5), two levels of data for u and v are 
required as initial conditions. In the program LAMBL the initial ио(у) and vo(y) 
profiles are given by the Falkner-Skan solutions 


ug(y) = ufür) and оо(у) = —(u./2— Bx) "Lf (8— 00,1. (15.19) 


Strictly го(у) should be determined from the discrete form of (15.14 and 15) after 
substituting и = шо(у) and eliminating ди/дх (Krause 1967). However, this more 
general procedure would not alter significantly the solution for the present 
problem. 

Program LAMBL is written for any value of f. However, the specific data 
given in lines 8-15 is appropriate to fj —0.5. The variables UB and VB correspond 
to f(n) and 0.55 f, — f respectively and YZ is equivalent to n. To obtain the values of 
и? and v? it is necessary to interpolate UB and VB. This is done using Lagrange 
interpolation in the subroutine LAG (Fig. 15.4). 

The parameters used by program LAMBL are given in Table 15.1 and 
typical output is indicated in Fig. 15.5. As well as producing u(y), v(y) at each 
downstream step, program LAMBL also calculates the skin friction coefficient 
c; and the displacement thickness Ӛ%, The skin friction coefficient is calculated from 





n+1 n+ 1 n+1 
Re! u¿ | ду |,-о Ret? uz Lry(¥2—¥1)] 

FALKNER-SKAN SOLUTION ВЕТА- .50 
JMAX- 21 DYH= .40 RY= 1.00 
NMAX= 19 DX= .100E«00 XST= 1.00 RE= .100Е%06 

= 1 Х=1.20 EXCF= .004243 CFR ,004242 ВІ5Р« .003343 UE= 1.063 
= 2 X-1.30 EXCF- .004022 CF= .004024 DISP= .003430 UE= 1.091 
= 3 X-1.40 ЕХСЕ- .003828 СЕ- .003832 DISP= .003512 UE= 1.119 
= 4 X-1.50 EXCF- .003656 CF= .003660 DISP= .003591 UE= 1.145 
= 5 X-1.60 ЕХСЕ- .003502 СҒ- .003506 DISP- ‚003668 UE= 1.170 
= 6 X-1.70 EXCF- .003364 CF= .003367 DISP= .003742 (Ес 1.193 
= 7 X-1.80 EXCF- .003238 CF= .003241 DISP= ‚003813 UE= 1.216 
= В Х-1.90 EXCF- .003123 СЕ= .003126 DISP= .003881 UE= 1.239 
= 9 X-2.00 EXCF= .003018 СЕ- .003021 DISP= ‚003947 UE= 1,260 
= 10 X=2.10 EXCF- .002922 cF= „002924 DISP= .004011 UE= 1.281 
= 11 X-2.20 ЕХСЕ- .002832 CF= .002835  DISP- .004072 UE= 1.301 
= 12 X=2.30 EXCF- .002750 CFs .002752 DISP= .004132 UE= 1.320 
= 13 X=2.40 EXCF= .002673 CFs .002675 DISP= .004191 UE= 1.339 
= 14 X-2.50 EXCF- .002601 СҒ« .002603 DISP= .004248 UE= 1.357 
= 15 X=2.60 EXCF- .002534 CF= .002536 DISP= .004303 UE= 1.375 
= 16 X=2.70 ЕХСЕ- .002471 СЕ- .002473 DISP= .004357 UE= 1.392 
= 17 X-2.80 EXCF= .002412 CF- .002414 DISP= .004409 UE= 1.409 
= 18 X=2.90 ЕХСЕ- .002356 СЕ- .002358 DISP= .004461 UE= 1.426 
= 19 X-3.00 EXCF- .002303 СЕ- .002305  DISP- .004511 UE= 1.442 


RMS= -674E-03 


Fig. 15.5. Typical output from program LAMBL 
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This is compared with the "exact" (Falkner-Skan) skin friction coefficient 


4 М2 -1/2 
Cfex = f, (0) (4%) (Кехи,) . (15.21) 


For the case fj = 0.5, 
сат 1.5151 (Rexu,) 1? . (15.22) 


At the end of the downstream march, program LAMBL calculates the exact u 
velocity component u,, by interpolating U B and computes the rms error between u 
and u,,. As is apparent from Fig. 15.5 the computed solution is in close agreement 
with the Falkner-Skan solution. 


15.1.3 Keller Box Scheme 


An alternative means of discretising the boundary layer equations (15.1, 2) is 
provided by the Keller box scheme. A feature of this method is that only first 
derivatives are allowed to appear. Consequently (15.2) is replaced by 





u--+v—=u +o , where (15.23) 
y 


т= р. (15.24) 


Thus an additional auxiliary variable, the shear stress т, appears in the formulation. 
The discretisation is carried out within a ‘box’ as indicated in Fig. 15.6. 





n n + 1⁄2 n+l Fig. 15.6. Grid for Keller box scheme 


Since only first derivatives appear in the governing equations, centred differ- 
ences and two-point averages can be constructed involving only the four corner 
nodal values of the ‘box’. For example, if w represents any of the dependent 
variables u, v, t, then (Fig. 15.6) 


[wt =O5(witt+wit!) and (15.25) 


(9212 = 05([w] uat #171). 
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Derivatives are represented by 
ЕНЕ (with —wit) 
ду і-1/2 (у;-у;-1) ' 


п+1/2 д п 2 n+1 
Hz = 0.5 (| ui J ‚ (15.26) 
ду і-1/2 ду j- 1/2 ду і-і/2 


Be - os Erit 6917-1) 
Óx | : 


j— 1/2 (Xn+1 — Xn) 








An advantage of the above discretisation is that non-uniform but rectangular grids 
can be used without affecting the accuracy of the discretisation. 
The expressions (15.25, 26) are substituted into (15.1, 23 and 24) to give 


ди n+1/2 др n+1/2 
H 4%) =0, (15.27) 
Ox і-1/2 ду і-і/;:2 
ди n+ij2 ди n +1/2 du n + 1/2 дт п+ 1/2 
жы зек АТМ < 
18x і-1/2 one ду j-1/2 dx і-1/2 ду j-1/2 
(15.28) 
ди |" 
[115-12 = У) E . (15.29) 
ду і-1/2 


А Taylor series expansion about (j— 1/2, n+ 1/2) indicates that (15.27-29) are 
accurate to O(Ax?, Ay?). 

Application of(15.27—29) at each of the grid points, j = 1, ‚ J, gives a system 
of 3J nonlinear coupled equations in 3J 4-3 unknowns, TN vitl and ttt, 
However, wall values u5*! and výt! and boundary-layer edge value шї = "E 
are known. Newton's method (Sect. 6.1.1) is applied to this system and produces the 
following system of linear equations for the corrections Aw* * !: 


Јклмк = —R*, (15.30) 


where Aw**! = w**!—w* w; = (uj, vj, 1)", and k represents the iteration level. 
Thus, at the е іш of the iteration, w? = w7, and at the end of the iteration, 
wi*! = w}* 1, Typically three to four iterations are required to obtain ж"?! at each 
downstream step. However, due to the discretisation (15.25, 26) the Jacobian is 
block tridiagonal and (15.30) can be solved efficiently using the algorithm given in 
Sect. 6.2.5. 

The Keller box scheme is described by Keller (1978) and in more detail by 


Cebeci and Bradshaw (1977, Chap. 7). 
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15.2 Complex Boundary Layer Flow 


For boundary layer flows involving adverse pressure gradients (pressure increasing 
in the flow direction) the boundary layer thickness grows rapidly. For any type of 
boundary layer the velocity component in the main flow direction, u, changes 
rapidly across the boundary layer. 

It is therefore desirable to transform the governing equations into new indepen- 
dent and dependent variables that are less sensitive to the above effects. If the grid is 
closer to uniform in the transform domain the errors introduced during discret- 
isation (Sect. 3.1) will be correspondingly less. The general problem of using 
variable grids and the associated errors are discussed by Noye (1983, pp. 297—316). 


15.2.1 Change of Variables 


It is generally possible to transform the equations governing boundary layer flow 
to obtain a particular advantage. The Mangler transformation (Schlicting 1968, 
pp. 235-237) reduces an axisymmetric boundary layer to an equivalent two- 
dimensional boundary layer. The Howarth, Illingworth, Stewartson trans- 
formation (Schlicting 1968, pp. 324-328) reduces a compressible boundary 
layer to an equivalent incompressible boundary layer. A Blasius transformation 
compensates for boundary layer growth and greatly simplifies the governing 
equations if the problem possesses a similar solution. 

Тһе Levy-Lees transformation (Blottner 1975a), to be examined in Sect. 15.2.2, 
combines features of the Howarth, Mangler and Blasius transformations. The 
Dorodnitsyn transformation (Sect. 15.3) makes use of u as an independent variable 
and casts the equations in an integral form which facilitates the introduction of 
Galerkin finite element and spectral formulations. In the Dorodnitsyn formulation 
a nondimensionalised normal velocity gradient is introduced as the dependent 
variable. This permits accurate predictions to be obtained for the wall shear stress, 
and hence skin friction coefficient, (11.66). 


15.2.2 Levy—Lees Transformation 


The starting point for the Levy-Lees transformation are the equations governing 
steady laminar compressible two-dimensional (Sect. 11.6.2) or axisymmetric flow: 





д, д, 
сош: эх (ri ou) +5 (rj ov) = 0 (15.31) 
ди ди ар. д ди 
- t : -- j—— = — Ы 15.32 
x-mmtm ous 00 fs (ыы) ( ) 





oT ОТ dp, 2 (uc, \ ôT ди\? 
: —+r——]= t+] -2 | — 15.33 
energy 0с, ( ax + 3y J ua + oy [ë ду +u By ( ) 


15.2 Complex Boundary Layer Flow 213 


For two-dimensional flows j = 0. For axisymmetric flows j = 1 and r, is the body 
radius. In (15.31-33) x is measured along the surface of the body from the tip or 
stagnation point and y is measured normal to the surface. In (15.32, 33) p, is the 
known pressure at the outer edge of the boundary layer. For compressible flow, 
(15.31-33) must be supplemented by an equation of state, for example (11.1) and a 
viscosity temperature relationship p(T). 

For the equation set (15.31-33) the following are appropriate initial conditions: 


и(хо, Y) = uo(y) (хо, y) = Т(у) (15.34) 
and boundary conditions: 


u(x, 0) = v(x, 0) = 0 for no mass flow at the wall, 
OT . 
T(x, 0) = T(x) or ду (х,0) == Q. (x) , (1 5.35) 
и(х,д) =u. (x) апа Т(х,д)= (x). 
The Levy-Lees transformation defines new independent variables as 


x 1/2 y 
(x) = K f (Qu) ref Ме г іх > n(x, y) = u rÁ (5) | ody’ ` (15.36) 
0 т 0 


where K is a constant determined by the particular flow being investigated. New 
dependent variables are defined as 





Е = ld , 0- рт апа 
He е е 
én оғ” 
2é, F 
i K(Qu). uerg! ° ( | 


so that (15.31—33) become 


2ё ta tF = 0, (15.38) 
06 
ші = 0 (,0F 


and 


00 00 OFM 1 0 f.80 
26F sl —) —-—= {1 )=0 15.40 
° бе Т! Ən (5) A J | (5440 
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where 











u? ( 3 du он 
== M N = į — Ы апа І = . 15.41 
Ср Т, P Ue dc ( Ои), ( 


The boundary conditions (15.35) become 
F=V=0 and 06-0, at т=0 and 
F=@=1 at n=n,. (15.42) 


Initial conditions are obtained by setting ё = 0 in (15.38-40). If terms containing ë 
derivatives are set equal to zero the equations governing similar flows (e.g. the 
Falkner-Skan flows, Sect. 15.1.2) are obtained automatically (Blottner 19753). 
The Levy-Lees transformation has the following desirable features: 
(i) Compressibility effects are suppressed; o does not appear explicitly. 
(ii) Axisymmetric flows are treated as equivalent two-dimensional flows. 
(Hi) The use of the у coordinate compensates for boundary layer growth. 


15.2.3 Davis Coupled Scheme 


Here we describe the Davis coupled scheme (DCS), applied to (15.38—40), for 

incompressible boundary layer flow. For this case | = 1 and 0 = 1 and only (15.38 

and 39) need be considered. The DCS was recommended by Blottner (1975b) after 

comparing the accuracy and efficiency of a number of Crank-Nicolson schemes. 

The coupling refers to the simultaneous implicit treatment of both the continuity 

and x-momentum equations, in contrast to the sequential solution of (15.7 and 8). 
If (15.39) is written as 


(15.43) 


then a marching algorithm is constructed from a Crank-Nicolson differencing 
about (n 4- 1/2, j). That is, (15.43) is replaced by 


n" ntl {F ЕЕ? 
0.5(0"--2777) 22 


The у derivatives in (15.43) are evaluated as three-point centred difference formulae 
(Fig. 15.7). The nonlinear implicit terms in (15.43 and 44) are linearised using a 
Newton-Raphson expansion, i.e. 


= 0.5(RHS" + RHS"*!) . (15.44) 





(Fi! = ЕКЕ үр and (15.45) 


Lu _ (SV ey ЕЗ | 
Оң en en 01 
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Fig. 15.7. Boundary layer grid in 
($. n) space 


Е- о.У-о 





where an iteration over k is carried ош at each step n in the downstream direction. 
Convergence of the К iteration yields the solution at n+ 1. After introducing (15.45) 
into (15.44) it is possible to write down a system of linear equations for F**! and 
y** as 


at F5*1-4 bi БЕК 1+ СЕ Т аруға, , і-2,3,...,/-1 , where 
(15.46) 


ас--05(1-05/%4ң), 
п п+ 1 
bk =1-+„Аң? prvi EHE O) Te) ЕЕ, 
J AČ 
к= —0.5(1 — 0.5 An V$) , 
45-02548(Е%,1-ЕР 1), 
k= —аЕК_,—сЕК,,—[1-+0,54ң° "РЕ: + 0.54070" - В" 1] 








«ЕО + (КУ A OT apen, 


2 n n+ 
+0.5An С +" 1) 22 j (221) 


The continuity equation (15.38) is differenced as 








gene МЕГ! FDEP EIU [OTT — (И 45 )] 
24ё 2An 
F025[(F** iL Fett) 4 (F^ F"_,)J=0. (15.47) 


Equation (15.47) is rewritten as an algorithm for V^*! as 
yer = pee 15 (РАІ HFE, , j22,3,...,J (15.48) 
where s; = 24n(0.25 + £" * 12/ Aë) , 
Entire 
AC 


Equations (15.46 and 48) are solved simultaneously by using a development of the 





t; = ~24n{ 025 - Jut n. id-(O5- VE). 
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tridiagonal algorithm (Sect. 6.2.2). The first sweep is from the outer edge of the 
boundary layer to the wall. At the boundary layer edge, 


E; = G = 0 апа ез = 10. 
For decreasing values, j = (J — 1), (J — 2), ..., 
Т = b; c;Ej, +s (cGy gy) > 
E, — —[a;—s (e G; +9;)]/T , (15.49) 
G; = -(с;6;;1 +9;4/T , and 
е; = [d; —(c;Gj44 t9j)—c;ej41l/T . 
At the wall F, = V, = 0 and for increasing values j = 2, 3,...,Ј 


In practice, equation systems (15.46 and 48) are solved repeatedly until sol- 
utions ЕЗІ and V4*' do not differ from F5 and V^, respectively. To start the 


2 
10 


— 


ABSOLUTE % ERROR OF (OFOM nee 


" дт 0.2 
| CNS 
e DCS - В 
(1 ITERATION) 
10? 





Fig. 15.8. Convergence of the DCS scheme 
(after Blottner, 1975b; reprinted with per- 
дё mission of North-Holland) 
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iteration F = Е", etc., and after convergence F"*' = F**?, etc. The major advan- 
tage of DCS is that the strong coupling between the continuity and the momentum 
equations permits second-order convergence in č with only a single iteration in k. If 
the equivalent scheme is solved with the continuity and momentum equations 
uncoupled (CNS in Fig. 15.8) 19 iterations are required to obtain second-order 
convergence. The convergence results shown in Fig. 15.8 correspond to a linearly 
retarded outer-edge velocity u,/U ,, = (1 — x/L). The term (OF/0n),,, is propor- 
tional to the skin friction coefficient, сұ. 

Blottner (1975b) indicates that DCS is computationally more efficient than 
other Crank-Nicolson schemes, including the Keller box scheme, for a typical 
laminar flow problem using a uniform grid. 


15.3 Dorodnitsyn Boundary Layer Formulation 


For some laminar flows and almost all turbulent flows 1t is necessary to use a 
nonuniform grid close to the wall to obtain accurate solutions. However, the use of 
a nonuniform grid can be avoided by treating u (in two dimensions) as an 
independent variable. This is a central feature of the Crocco (Blottner 1975a) and 
Dorodnitsyn formulations. 

The Dorodnitsyn formulation converts the governing equations into integral 
form. This implies that a weighted residual (Chap. 5) interpretation is possible. Two 
interpretations will be described here, a Galerkin finite element formulation in 
Sect. 15.3.1 and a Galerkin spectral formulation in Sect. 15.3.3. 

The Dorodnitsyn formulation will be developed for incompressible two-dimen- 
sional turbulent boundary layer flow (11.73-75). If an algebraic eddy viscosity v; is 
introduced to represent the Reynolds shear stress the resulting equations can be 
written (in nondimensional form) as 


ди д 

+ =0 апа (15.51) 
Сх ду 

Qu ди du l à ут VOU 

= фр и Е —] 4 14— Je 15.52 
"ах Py Me dx Re all ee ( 


with initial апа boundary conditions given Бу (15.3, 4). 
To implement the Dorodnitsyn formulation the following variables are intro- 
duced: 


1/2 


шу» (15.53) 


nu’ du, 
апа =u. + — . 
W = н.р + u. dé 


е е 


¿=x and у= Re 


12 Y 





u 
u=- , р = Ке 
u 
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Consequently (15.51 and 52) can be written 











бе OW 0 15.5 
ди ди и 0 vr \ди 

T — = —|[1+— ; 15. 

u az L Yay zr =) | (15.55) 


where и, = du,/dé. The boundary conditions become 


, 


u=w=0 at ң-0 and и=1 at у= о. 
A weighted sum of (15.54 and 55) is formed as 


flu’) x па (2007) х (15.55) = 0, 


where f. (u) is a weight (test) function to be chosen. The result is (after dropping the 
prime) 


Auf) AWA) _ (ua Ya a df 
дё T on (=) ШР? 


df.) é у Vu 
"(+ | . (15.56) 


Ап integration is made from n = 0 to у = co and f, is restricted so that / (ос) = 0. 
The variable of integration is changed from у to н and the result is 


д1 Ue 
Z | non) 


е 


а] à Ут 
н {eb (+) г |а , (15.57) 


Т-----. (15.58) 











Equation (15.57) is the Dorodnitsyn turbulent boundary layer formulation. In 
(15.57) Т and © are the dependent variables and x and и are the independent 
variables. 

The Dorodnitsyn formulation is attractive primarily because a uniform grid in 
the u direction automatically places most points adjacent to the wall where the 
solution is changing most rapidly (Fig. 15.9). This is particularly important for 
turbulent boundary layers. The uniform grid in u automatically captures down- 
stream boundary layer growth. An additional advantage is that the normal velocity 
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VELOCITY DISTRIBUTION 
IN LAMINAR 
о« 22... BOUNDARY LAYER 


VELOCITY DISTRIBUTION 
IN TURBULENT 
BOUNDARY LAYER 


(b) u, 


Fig.15.9. Laminar and turbulent boundary layer velocity distributions 


does not appear in (15.57), so that only one equation need be solved. The solution 
for v can be recovered subsequently if required. Since the wall value of T is directly 
proportional to the shear stress (at the wall), the Dorodnitsyn formulation provides 
accurate solutions for the skin friction (11.66). 


15.3.1 Dorodnitsyn Finite Element Method 


Here we will describe the Dorodnitsyn boundary layer formulation applied with 
the Galerkin finite element method (Sect. 5.3). The following approximate (trial) 
solutions are introduced for Ө and (1--у;/у)Т in (15.57): 


Ө = Y N;(u)/(1—1)0,(£) and (15.59) 
M 

(IT voy) T = У (1—u)Ni(u)(1 vry yE (15.60) 
ізі 


In (15.59 and 60) the factor (1 — u) ensure that O and T have the correct behaviour at 
the outer edge of the boundary layer. The terms N;(u) are one-dimensional 
interpolating functions, typically linear or quadratic (Sect. 5.3). 
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It is apparent, from (15.60) that the approximate solution has been introduced 
for a group of terms. This is a particular example of the group finite element 
formulation (Fletcher 1983) which is described іп бесі. 10.3. For the present 
application the eddy viscosity vy is a complicated function of u and n, (11.77—79). By 
including v; in the group, the evaluation of v; is only required at nodal points. This 
makes a substantial contribution to the economy of the Dorodnitsyn finite element 
formulation. 

The weight function f,(u) in (15.57) has the form 


Аш) = (1 — u)N&Q) , (15.61) 


which ensures that f,(u) — 0 at u — 1, thus avoiding the explicit appearance of v in 
(15.57). 

Substituting (15.59-61) into (15.57) produces a modified Galerkin method 
(Fletcher 1984). Evaluation of the various integrals produces the following system 
of ordinary differential equations: 


M и, y 
2 сс = = > EF,;0; +u, р АА (1+ =). * (15.62) 
= e j= j 
The coefficients CC,;, etc., are evaluated, once and for all, from 
( | dN, 
CC,; = | N, Nudu, pry = [n (a c N Ju ends 
0 0 


апа 


Е iq —u (ha o Ja (15.63) 


0 





Although 0; and т; appear separately in (15.62) the nodal values аге requited to 
satisfy 0; = 1/т,. 

Since СС 15 tridiagonal for linear elements and pentadiagonal for quadratic 
elements it is straightforward to construct an efficient implicit scheme as follows: 


M 
Y CC,;A0%*! = AETBRHS"*! + (1— f)RHS"] , (15.64) 
ізі 
where 
RHS Yee > EF, 0 4- u, > Ady (1 Б ; (15.65) 
He і- і 


405+! = 07* ! — 9" and В > 0.6 for stable solutions (determined empirically). 

The term RHS"*! is expanded about RHS” as a Taylor series which is 
equivalent to the Newton Raphson expansion (15.45) when truncated with ап 
error O(Aé*). Consequently (15.65) is rearranged to give the following linear system 
of equations for 40871; 
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M 
2, COCA A071 = P, , where (15.66) 


j 


" 


Ue nti 
ССС;; = ccu- pael (4а) EF, cu AAG, | ‚ 


_ Vr \ s e [vy] |" 
о) а] 


апа 


ETE 
+В +(1— But] у Aay( 1 ott) ol | 


Equation (15.66) can be solved efficiently using the Thomas algorithm (Sect. 6.2.2). 
To maintain maximum economy no iterations are made at each location С". For 
laminar boundary layer flow (уу = 0), (15.66) demonstrates a convergence rate of 
O(Au*, Ax), Fletcher and Fleet (1984a). However, of greater practical significance is 
the ability of the method to generate accurate solutions on relatively coarse grids. 

Typical results for the turbulent skin friction coefficient and boundary layer 
thickness variation in the flow direction, produced by a zero pressure gradient, are 
shown in Figs. 15.10 and 15.11. 

Also shown are results produced by the Dorodnitsyn spectral (DOROD-SPEC) 
formulation (Sect. 15.3.3) and a typical finite volume code, STANS, which is based 
on the GENMIX code of Patankar and Spalding (1970). It is apparent that all three 
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methods are demonstrating comparable accuracy. STANS and GENMIX are 
based on a von Mises transformation (Schlicting 1968, p. 143) of the governing 
equations in which the streamfunction y replaces the normal coordinate y as an 
independent variable. 

However, it is clear from Table 15.2 that DOROD-FEM is an order of 
magnitude more economical than STANS. This benefit comes partly from the 
ability to represent the velocity distribution across the boundary layer with a 
quarter to a third of the number of nodal points and partly from requiring less steps 
in the downstream direction. 


Table 15.2. Comparison of DOROD-FEM and STANS 











Zero pressure gradient Adverse pressure gradient 
DOROD-FEM STANS DOROD-FEM STANS 
Grid pts. across b.l. 11 33-39 11 47—48 
No. of steps, 4x/L 205 401 294 660 
Ax/L .0001—.071 .0004—031 .0001-.049 0002-.0039 
Relative exec. time 1 8.99 1.55 17.70 


The Dorodnitsyn finite element formulation, described above, has been applied 
to laminar (Fletcher and Fleet 1984а) and turbulent (Fletcher and Fleet 1984b) 
incompressible boundary layer flow. It has also been applied to compressible 
turbulent boundary layer flow (Fleet and Fletcher 1983) and to boundary layer 
flows with surface mass transfer (Fletcher and Fleet 1987) and internal boundary 
layer flows with swirl (Fletcher 1985). 
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15.3.2 DOROD: Turbulent Boundary Layer Flow 


In this section a computer program, DOROD, is described which implements the 
Dorodnitsyn finite element method (Sect. 15.3.1). The structure of program 
DOROD is indicated in Fig. 15.12 and a listing is provided in Fig. 15.13. Par- 
ameters used in program DOROD are described in Table 15.3. 


Read Read i.c.: TURVS: compute FEPAR: 
control T (Es, v) eddy viscosity, compute CC, AA 
parameters and b.c.: Ур/У and and EF, 





о, (E), due /d& e(9,/) /80 (15.63) 























Check and BANFAC / ABCD: compute Compute ug 
adjust BANSOL: solve CCCk; and Pk and vé, / u, 
AE (15.66) in (15.66) ot E^ 


for АӨ"'! 












Compute Су, Dis. TURVS: compute n nel pn 
Th. and Mom. Th. eddy viscosity Is > Emax E" * = 67+ AG 
| Үе$ 


Fig. 15.12. Structure of program DOROD 


An initial profile for т(хо, и;) is required corresponding to u;. This is obtained 
by evaluating du/0y, (15.58), at equal intervals of y (and hence n) and interpolating 
to obtain т at equal intervals of u;. 

Prior to starting the downstream integration the eddy viscosity distribution 
Үт(у)/у is obtained from subroutine TUR VS (Fig. 15.14). The parameters used 
in subroutine TURVS are described in Table 15.4. The eddy viscosity data evalu- 
ated in subroutine TURVS is based on the two-layer algebraic eddy viscosity 
formulation described in Sect. 11.4.2. That is, a mixing length prescription is 
applied near the wall and a Clauser formula (11.79) is used in the outer region of the 
boundary layer. To evaluate б; (in subroutine ABCD), (ут /у)/00 is also evaluated 
in subroutine TURVS. 

The coetficients CC, EF and AA defined by (15.63) are evaluated in subroutine 
FEPAR (Fig. 15.15) from the following (interior) formulae: 





СС, ; = 12 CC =, CC; 012, (15.67) 
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Table 15.3. Parameters used in program DOROD 


— —— M —M CONUM — MM 
Parameter Description 























V 
IMAX number of steps, 42 
NMAX number oÍ grid points across the boundary layer 
U, DU и, Ли 
X, DX š, AC 
DXMI, DXMA Ағы. A max 
DXCH A€ increment for printing solution 
XO, XMAX CO. Gmax 
XUE с location at which и, and ue given 
UEE, UEX и, и. velocity data at boundary layer edge (input) 
UE, UEP us unt! 
DUEDXU t(du,/ d£)/u, I" 
DUEDXP ((du,/d£)/u, I"! 
TAU t 
DTHETA 40 
RAT 40% 1 708, 
RATCH 2 
ABC CCC in (15.66) 
D P in (15.66) 
BETA В, controls the degree of implicitness, (15.64) 
REL Re,, reference Reynolds number 
CF ср, Skin friction coefficient 
DELTA д%, displacement thickness 
THKMOM д" momentum thickness 
SHPRTR Н = 0*5/0""". shape factor 
RTH и.д" Rei. momentum thickness Reynolds number 
| —u? | + Au 
ЕЕ, = 0.5 — 4+0 Su a . 
(15.68) 
2 
EF, 2-2, ЕЕ = _0.5- d +0.5и,— 24" 
and 
1—u;., 1 
AA, = 01-0) 2-73 (15.69) 
2 
A = 2 uy 2 А. а) L 
> Au 3 ^j 44? 3 


Equations (15.67-69) are obtained by evaluating (15.63) with one-dimensional 
linear elements and dividing by Au. At the wall and at the edge of the boundary 
layer only one element contributes and и, = 0 and 1 respectively. The correspond- 
ing formulae are given in subroutine FEPAR (Fig. 15.15). 

At the start of each downstream step the values of и", и"*!, и", /и" and 
ut ! /u**! are interpolated from the boundary values read іп, u,(£) and du, (2)/4&. 


еш 


сою —J ©з Qn h. whe 


AAA 


AAA 
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DOROD USES THE FINITE ELEMENT METHOD TO SOLVE 
THE DORODNITSYN BOUNDARY LAYER FORMULATION 


DIMENSION ABC(5,65),D(65), TAU(41) , DTHETA (65) 
DIMENSION TAUD(41),TRV(41) , DTRV (41) 
DIMENSION CC(41,5), AA (41,5) , EF(41,5) 
DIMENSION XUE(24) ,UEE (24) , UEX (24) , TITLE(8) 
COMMON CC,AA,EF,ABC,D,TAU, TRV, DTRV 


OPEN(1,FILE-'DOROD.DAT'! 
OPEN(6,FILE-'DOROD.OUT') 
OPEN (2, FILE- 'DOROD. 3TA ') 
READ (1, 1) ММАХ, IMAX, BETA, AKP, APZ, PCON, АТА, REL 
1 FORMAT (21I5,4F5.2,25E10.3) 
READ (1,2) DX, DXHI, DXMA, DXCH, XO, XMAX , RATCH 
2 FORMAT (7E10.3) 
WRITE(6, 3) NHAX, IMAX 
3 FORMAT(' NHAX,IMAX = ',2I5] 
WRITE(6,4) REL, XO, ХМАХ, DXCH , RATCH 
4 FORHAT(' RE =',Е10.3,' XO =',F6.3 
1," XMAX=',F6.3,' DXCH-',E10.3,' RATCH-',E10.3) 
WRITE(6,5) DX, DXHI,DXMA,BETA 
5 FORMAT(' DX=",E10.3,' DXHI-',E10.3,' DXMA-',E10.3,' ВЕТА=',Е10.3) 
WRITE(6,6)AKP, APZ, ATR, PCON 
6 FORMAT(' AKP-',E10.3,' APZ-',E10.3,' АТЕ=',Е10.3,' PCON-',E10.3,/) 
IMAP = IMAX - 1 


KCT = 1 
IREF = 1 
RSQ = SORT(REL) 
REQ - SQRT(RSQ) 


READ IN STARTING VELOCITY PROFILE AND EXTERNAL VELOCITY PROFILE 


READ(2,7) TITLE 
READ(2,8)CFST, REL, DELTA, THKMOM , NPG 
READ(2, 9) TAUD 
READ (2, 10) (XUE (N) , N21, NPG) 
READ(2,10) (UEE (N) , N-1,NPG) 
READ(2,10) (UEX (N) ,N=1,NPG) 
FORMAT (8A4) 
FORMAT (4E10.3, I5) 
FORMAT (10Е8.5) 
FORMAT (13F6. 3) 
UE - UEE(1) 
DUEDXU = UEX(1)/UEE(1) 
IDEL = 1 
IF(IMAX .EQ. 6)IDEL = 8 
IF(IMAX .EQ. 11)IDEL-4 
IF(IMAX .EQ. 21)IDEL - 2 
DO 11 í = 1,IMAX 
IA = 1 + (I-1)^IDEL 
11 TAU(I) = TAUD(IA) 
WRITE(6,12) 
12 FORMAT(' INITIAL TAU PROFILE’) 
WRITE (6,13) (TAU(I) , T=1, IMAX) 
13 FORMAT(' TAU-',8E12.5) 
WRITE(6,14)TITLE 
14 FORMAT(' ',8A4) 
WRITE (6,15) IMAP 
15 FORMAT(' ',12,' LINEAR FINITE ELEMENTS, TURBULENCE MODEL:', 
1' MIXING LENGTH + VAN DRIEST DAMPING’) 


с xp Со 1 


Fig. 15.13. Listing of program DOROD 
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15. Boundary Layer Flow 


aa 


SET INITIAL TRV 


CALL TURVS (REL,DELTA, IMAX,UE,DUEDXU, TAU, ТКУ, DTRV , АКР, 
1APZ,ATR,PCON) 


DO 16 I 
DTRV (I) 
16 CONTINUE 


1,IMAX 
0. 


COMPUTE СС,АА AND EF 


aa 


CALL FEPAR (IMAX) 


DO 17 J , 
17 ABC(J,I) = 0. 
18 CONTINUE 


BEGINNING OF DOWNSTREAM LOOP 


AAA 
AOR UC m» 


a 


COMPUTE PRESSURE GRADIENT PARAMETERS 


DO 19 KA = KST,NPG 

K = KA 

IF(X .GT. XUE(K))GOTO 19 

KH = K-1 

IF(K*l .GT. NPG)K = NPG-1 

DUM = XUE(K*1) - XUE(K) 

XI {XUE (K-1) -XUE (К) ) /DUM 

X4 (X - XUE (К) )/DUH 

x5 (X + DX - XUE (K) )/DUM 

DUM = ЧЕЕ(К-1)-ПЕЕ(К)-ХІЗХІЗ (UEE (K*1) -UEE (K) ) 

DUM/XI/ (1.-XI) 

UEE (K*1) -UEE (К) -A1 

UEE(K) + Al*X4 + A2*X4*X4 

UEE(K) + A1*X5 + A2*X5*X5 
DUM = UEX(K-1)-UEX(K)-XI^XI* (UEX (K*1) -UEX (K)) 
Al = DUM/XI/(1.-XI) 
А2 = UEX(K*1)-UEX(K)-A1 
DUEDXU = (UEX(K)-A1*X4-A2*X4*X4) /UE 
DUEDXP (UEX(K) + A1*X5 + A2^X5^X5)/UE 
GOTO 20 

19 CONTINUE 


=> = 
м e 
п ии 


UE 
UEP 


aa 


CALCULATE TRIDIAGONAL TERMS 
20 CALL ABCD (IMAX, DX, DUEDXU, DUEDXP,UE,UEP, BETA) 
CALL BANFAC (ABC, IMAX, 1} 


CALL BANSOL(D,DTHETA, ABC, IMAX,1) 
c 


. 15.13, (cont.) Listing of program DOROD 
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12 с RAT IS THE TYPICAL FRACTIONAL CHANGE IN THETA 
125 ° RAT = ABS(TAU(IREF)*DTHETA (IREF)) 

126 IF(0.5*DX .LT. DXMI)GOTO 21 

127 IF(RAT .GT. RATCH)DX - 0.5*DX 

128 UEP = 0.5* (UE*UEP) 

129 DUEDXP = 0.5* (DUEDXU+DUEDXP) 

130 IF(RAT .GT. RATCH)GOTO 20 

11 21 X = X + DX 

132 IF(1.5*DX .GT. DXMA)GOTO 22 

133 IF(RAT .LT. 0.1*RATCH)DX = 1.5*DX 

134 22 CONTINUE 

135 € 

136 € EVALUATE NEW TAU ARRAY 

137 € 

138 DO 23 I-1,IMAX 

139 23 TAU(I) = 1./(1./TAU(IP*DTHETA (1)) 

140 CF = 2.*TAU (1) /SQRT (REL) 

14 IF(TAU(1) .LT. 0.)GOTO 25 

142 C 

143 C CALCULATE DISPLACEMENT AND MOMENTUM THICKNESS 
144 C 

145 DELTA = 0. 

146 THKMOM=0. 

147 TH = IMAX/2 

148 DO 24 IA = 1,1H 

149 I = 231A - 1 

150 АТе1-1 

151 UI = DUAAT 

152 DELTA = DELTA + 2./TAU(I) + 4./TAU(I*1) 

153 THKMOM = THKMOM + 2.*UI/TAU(I) + 4.* (UI*DU) /TAU(I*1) 
154 24 CONTINUE 

155 DELTA = (DELTA+1./TAU(IMAX)-1./TAU(1))*DU/3. 
156 THKMOM = (THKMOM*1./TAU(IMAX))*DU/3. 

157 SHPRTR = DELTA/THKHOM 

158 DELTA = DELTA/UE/SQRT(REL) 

159 THKHOM = THKMOM/UE/SQRT (REL) 

160 RTH = REL*UEP*THKMOM 

161 C 

162 С CALCULATE EDDY VISCOSITY 

163 С 

164 CALL TURVS{REL, DELTA, IMAX, UEP, DUEDXP, TAU, TRV, DTRV, AKP, 
165 1APZ, ATR, PCON} 

166 С 

167 IF(X .LT. XCH)GOTO 27 

168 XCH = XCH + DXCH 


169 25 WRITE(6,26)N, DX, X, TAU (1) , CF, DELTA, THKMOM, SHPRTR, RTH, TRV (4) 
170 26 FORMAT(' N=',13,' DX-',F5.3,' X-',F4.2,' TAU(1)=',F5.3, 


171 1' CF=',F7.5,' D-TH-',F6.4,' M-TH-',F6.4,' SH=',F5.3, 
172 2' RTH-',E10.3,' TRV(4)=',F5.3) 

173 с 

174 C TEST FOR SEPARATION AND X .GT. ХМАХ 

175 C 

176 IF(TAU(1) .LT. 0.)GOTO 28 

177 ТЕ (Х+0.001 .GE. XMAX)GOTO 28 


178 27 CONTINUE 
179 28 CONTINUE 
180 STOP 
181 END 


Fig. 15.13. (cont.) Listing of program DOROD 
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1 SUBROUTINE ТОКУЗ (REL, DELTA, IMAX,UE, DUEDX, TAU, TRY, DTRV,AKP, 
2 lAPZ,ATR,PCON) 
3c 
4c CALCULATE EDDY VISCOSITY, TRV AND DTRV 
5c 
6 DIMENSION TRV(41), YP (41) , TAU(41) , DTRV (41) , UP (41) 
1€ 
8c TRVO IS THE EDDY vISCOSITY IN THE OUTER REGION(CLAUSER FORMULATION) 
9c 
10 RSQ - SQRT (REL) 
11 REQ = SQRT(RSQ) 
12 TRVO = ATR*UE*RELADELTA 
13 IMAP = IMAX - 1 
14 AIM = IMAP 
15 DU = 1./AIM 
16 YP(1) = 0. 
17 UP(1) = 0. 
18 UT = SQRT(TAU(1))/REQ 
19 РР = -DUEDX/UE/REL/UT/UT/UT 
20 EN = 1. + PCON*PP 
21 AP = APZ/EN 
22 RUT = UT^RSQ 
23 UP(2) = DU/UT 
24 YP(2) = UP(2} 
25 ТЕУ(1) = 0. 
26 С 
27 DO 2 K = 2,IMAP 
28 AK = K - 1 
29 U = AKADU 
30 IF(K .EQ. 2)GO TO 1 
31 UP(K) = U/UT 
32 UX = 1./(1. - U + 2.*DU) 
33 UY = 1./(1. — U + DU) 
34 UZ = 1./(1. - Ш, 
35 DEM = DU*(UX/TAU(K-2) + 4.*UY/TAU(K-1) + UZ/TAU(K))/3. 
36 YP(K) = YP(K-2) + DEM*RUT 
37 1 DUM = 1. - EXP (-YP(K)/AP) 
38 EL = AKP*YP (K) *DUM 
39 TRV (K) = EL*EL*TAU(K)* (1.-U) /TAU(1) 
40 IF(TRV(K) .GT. TRVO)GOTO 3 
41 DTRV(K) = -(1.-U) *EL*EL*TAU (K) *TAU (K) /TAU (1) 
42 2 CONTINUE 
43 3 DO 4 L = K,IMAX 
44 DTRV(L) = 0. 
45 TRV (L) = TRVO 
46 4 CONTINUE 
47 RETURN 
48 END 


Fig. 15.14. Listing of subroutine TURVS 


Subroutine ABCD (Fig. 15.16) evaluates the terms in the tridiagonal system of 
equations (15.66) and subroutines BANFAC and BANSOL (Sect. 6.2.3) solve the 
system for the corrections 48" +1. 

Prior to computing the new solution 0"+! = 0" + A@"*', the marching step size 
Ač is examined for possible alteration, depending on the size of 407*!/07. If 
АӨ 1/0" > у, ДЕ is halved as long as this will exceed the minimum Аё. If AČ is 
halved, и", etc., are recomputed leading to a new solution correction 40"*!. А 
typical value of y is 0.02. If 407* ! /07* ! < 0.17 the step size, 12 is increased by 50% 


as long as the maximum step size is not exceeded. The step size changing 
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Table 15.4. Parameters used in subroutine TURVS 


—_——— nF VAT n —K n —- O = J FN T 
Parameter Description 





TRV Уту» 
д 
DTRV apt! v) 
TRVO (ут/У) ег, Clauser formulation 
ATR Clauser constant, Sect. 11.4.2 
AKP к, von Karman constant 
APZ Ag basic van Driest damping parameter, Sect. 11.4.2 
AP А” pressure-adjusted van Driest damping parameter 
PCON pressure control parameter, 
ҮР, ОР yt u*, Sect. 18.1.1 
UT u,, friction velocity 
EL l, mixing length 
DLTH 21/48 


mechanism permits small step sizes when 0 is changing rapidly and larger step sizes 
when 0 is changing more slowly. 

Program DOROD calculates the skin friction coefficient с, directly from the 
value of t at the wall, as 


ce = 21(1)/Rel? , (15.70) 


where the reference Reynolds number Re, = U„ L/v. The displacement 6* and 
momentum 6™°™ thicknesses are obtained by numerically integrating, by Simpson’s 
rule, the expressions 


à*- — cs Füfodu , (15.71) 
L 0 


= ту | (u/t)du . (15.72) 


Program DOROD is applied to the computation of boundary layer flow with 
an adverse pressure gradient. Experimental results (Bradshaw 1967) are available 
as part of the 1968 Stanford conference (Coles and Hirst 1968) on turbulent flows. 
These results have been used to construct the input data (Fig. 15.17) to program 
DOROD. Typical tabulated output for this case is shown in Fig. 15.18. It is clear 
from Fig. 15.18 that the step size (Ax = Aë) increases as the solution develops in x. 
This is consistent with the reduced rate of change of the solution. It is also clear that 
the step size Aš changing algorithm is prevented from sustaining a premature 
increase in the step size Ac. 

The variation of skin friction coefficient and the boundary layer thicknesses 
with downstream position are shown in Figs. 15.19 and 15.20. The results indicate 
that DOROD-FEM (the present method) is producing solutions of comparable 
accuracy to DOROD-SPEC (Sect. 15.3.3) and to a representative finite volume 
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1 SUBROUTINE FEPAR (IMAX) 
2с 
3 C COMPUTES VALUES OF СС,АА, AND ЕЕ ACROSS BOUNDARY LAYER (15.3.13) 
4c 
5 DIMENSION CC(41,5),AA(41,5) , EF( 41,5) , ABC(5,65) , D(65) 
6 1,TAU(41), TRV (41) , ОТЕУ (41) 
7 COMMON CC,AA,EF,ABC,D,TAU,TRV,DTRY 
8 SI = 1./6. 
9 TI = 1./3. 
10 ТТІ = 2.4TI 
11 IMAP = IMAX - 1 
12 AIM = IMAP 
13 DU = 1./AIM 
14 DUS = DU*DU 
15 С 
16 € AT WALL 
17 С 
18 CC(1,1) = 0. 
19 CC(1,2) = DU/12. 
20 CC(1,3) = DU/12. 
21 АА(1,1) = 0. 
22 AA(1,2) = 1./DUS + TI 
23 АА(1,3) = -АА(1,2) + 1./DU 
24 EF(1,1) = 0. 
25 EF(1,2) = -0.5/DU - TI 
26 EF(1,3) = -0.5/DU - SI*(1.-DU) 
27 C 
28 C AT OUTER EDGE OF B.L. 
29 C 
30 CC(IMAX,1) = SI*(1. - 0.5*DU) 
31 CC(IMAX,2) = TI*(1. - 0.25*DU) 
32 CC(IMAX,3) = 0. 
33 AA(IMAX,1) = -TI 
34 AA(IMAX,2) = TI 
35 AA(IMAX,3) = 0. 
36 EF (IMAX,1) = TI*(1. - 0.5*DU) 
37 EF(IMAX,2) = -TI 
38 EF(IMAX,3) = 0. 
39 c 
40 C AT INTERIOR NODES 
41 C 
42 DO 1 J = 2,IMAP 
43 AJ = J-1 
44 U = AJ*DU 
45 CC(J,1) = SI*(U - 0.54DU) 
46 CC(J,2) = TTI*U 
47 CC(J,3) = SI*(U + 0.5*DU) 
48 DUM = (1. - U)/DU 
49 DUS = DUM*DUM 
50 AA(J,1) = - DUS - DUM - TI 
51 AA(J,2) = 2.*DUS + TTI 
52 AA(J,3) = - DUS + DUM - TI 
53 DUM = 0.5^*(1. ~ U*U}/DU 
54 DUS = 0.5*U - SI 
55 EF(J,1) = DUM + DUS - SI*DU 
56 EF(J,2) = - TTI 
57 EF(J,3} = - DUM + DUS + SI*DU 
58 1 CONTINUE 
59 RETURN 
60 END 


Гір. 15.15. Listing of subroutine КЕРАК 
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1 SUBROUTINE ABCD(IMAX, DX, DUEDXU, DUEDXP , UE, UEP, BETA) 
2 С 

3€ COMPUTES ABC,D ACROSS BOUNDARY LAYER (15.3.16) 
4c 

5 DIMENSION CC(41,5),AA(41,5) , EF( 41,5) , ABC(5,65) 

6 1,D(65), TAU(41) , TRV(41) , DTRV(41) 

1 COMMON CC,AA,EF,ABC,D,TAU, TRY, DTRV 

8 C 

9 DO 2 K = 1,IMAX 

10 JST = 1 

11 JFN = 3 

12 IF(K .Е0. 1)JST = 2 

13 IF(K .EQ. IMAX)JFN = 2 

14 DIM = 0. 

15 DO 1 J = JST,JFN 

16 JP=J+1 

17 KD = K - 2 + J 

18 DOM = DUEDXP*EF(K,J) 

19 DEM = AA(K,J}*(1. + TRV(KD)) 

20 DAM = TAU(KD)* (DEM^TAU(KD)- AA(K,J)^DTRV (KD) ) «ЈЕР 
21 ABC(JP,K) = CC(K,J) + BETA^DX* (DAM-DOH) 

22 DOM = DUEDXU^EF(K,J)*(1.-BETA) + DOM*BETA 

23 DIM = DIM + DOM/TAU(KD) + DEM^TAU(KD) * (UE* (1.-BETA)+UEP*BETA) 
24 1 CONTINUE 

25 D(K) = DIM*DX 

26 2 CONTINUE 

21 RETURN 

28 END 


Fig. 15.16. Listing of subroutine ABCD 


500 11 0.60 0.4125.0021.00 0.168Е-01 1.601Е+06 
0.001Е-00 0.001E-00 0.100Е-00 0.200Е-00 0.938Е-00 


BRADSHAW FLOW С: ADVERSE P.G. 

-265E-02 .160E+07 .733Е-02 .532E-02 22 
1.67653 1.71531 1.75605 1.79910 1.82957 1.85014 1. 
1.53116 1.39436 1.26574 1.10231 .95764 .81205 

-31169 .23790 .18126 .09885 .07391 .05997 

-02944 .03254 .03581 .04051 .04739 .05840 

-44260 


.938 1.063 1.188 1.313 1.438 1.563 1.688 1.813 1. 
.813 
-859 .847 .835 


.563 2.688 2.938 3.188 3.313 3.438 3.563 3.688 3 
.011 .989 .968 .949 .925 .904 .890 .872 


I о кер 


.119 -.196 -.181 -.167 -.156 -.141 -.126 -.113 
70.076-0.072-0.067-0.064-0.061-0.059-0.057-0.056-0. 


Fig. 15.17. Input data to program DOROD 


.800 0.790 0.774 0.760 0.750 0.742 0.736 0.729 0. 
-.105 -.098 -.093 


3.810E+00 0.020E-00 


83343 1.80281 1. 


-67268  .55842 
.04830 .03961 
.07624 .10474 


938 2.063 2.188 


726 


055 


72612 1.63548 


.45748 .38151 
.03327 .02981 
.15709 .28916 
2.313 2.438 
.822 .813 
-.086 -.081 


231 
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NMAX,IMAX = 500 11 

RE = .160E+07 XO = .938 XMAX- 3.810 DXCH- .200E+00 RATCH=  .200E-01 
DX- .100Е-02 DXMI- .100Е-02 DXMA= .100E+00 BETA= .600Е%00 

AKP= .410E+00 APZ= .250E+02 ATR- .168Е-01 PCON= .210Е+02 


INITIAL TAU PROFILE 
ТА0= .16765E«01 .18296E+01 .17261E+01 .12657E+01 .67268E+00 .31169E+00 .73910E-01 .33270E- 
TAU= .35810Е-01 .76240E-01 .44260Е+00 

BRADSHAW FLOW С: ADVERSE P.G. 

10 LINEAR FINITE ELEMENTS, TURBULENCE MODEL: MIXING LENGTH + VAN DRIEST DAMPING 
N= 1 DX- ‚001 X= .94 TAU(1)-1.666 CF- .00263 D-TH= .0073 M-TH- .0053 $H-1,380 RTH= .860E+04 TRV( 
N= 61 DX= .011 Х-1.14 TAU(1}=1.435 CF- .00227 D-TH- .0090 M-TH= .0064 SH-1.409 RTH- .996E+04 TRV( 
N= 79 DX- .011 Х=1.34 TAU(1)=1.314 CF= .00208 D-TH= .0106 M-TH= .0074 SH=1.427 RTH- .112Е405 TRV( 
N= 97 DX= .011 Х-1.55 TAU(1)=1.229 CF= .00194 D-TH= .0123 M-TH= .0086 SH-1.441 RTH= .124E+05 TRV( 
N-114 DX- .011 Х-1.74 ТАЏ(1)=1.179 CF= .00186 D-TH- .0139 M-TH= .0096 SH=1.448 RTH= .135E+05 TRV( 
N=123 DXs .026 X=1.94 TAU(1)=1.138 CF= .00180 D-TH= .0154 M-TH- .0106 SH=1.453 RTH- .146E+05 TRV( 
N-131 DX= .026 Х-2.15 ТАЏ(1)=1.107 CF= .00175 D-TH- .0170 M-TH- .0117 SH=1.456 RTH- .157E+05 TRV( 
N-139 DX= .026 Х=2.35 TAU(1)#1.082 CF= .00171 D-TH- .0187 M-TH= .0128 SH=1.459 RTH- .168E+05 ТЕУІ 
N=147 DX= .026 X-2.56 TRU(1)=1.062 CF= .00168 D-TH- .0204 M-TH- .0139 SH=1.460 RTH- .179E+05 TRY( 
N=155 DX= .026 .76 TRU(1)=1.043 CF- .00165 D-TH= .0220 M-TH= .0151 SH=1.462 RTH- .190Е+05 TRV( 
N=162 DX= .026 .94 TRU(1)=1.026 CF= .00162 D-TH= .0235 M-TH- .0160 SH=1.463 RTH- .199E+05 TRV( 
N=170 DX= .026 .15 TAU(1)=1.005 CF= .00159 D-TH- .0251 M-TH- .0172 SH=1.466 RTH- .210Е%05 TRV( 
N=178 DX- .026 TAU(1}= .985 CF- .00156 D-TH= .0270 M-TH= .0184 SH=1.469 RTH- .220Е+05 TRV( 
N-186 DX- .026 .56 ThU(1)= .967 CF= .00153 D-TH= .0288 K-TH- .0196 SH=1.471 RTH- .231E+05 TRV( 
№194 DX- .026 .76 ThU(1)- .948 CF= .00150 D-TH= .0307 K-TH= .0208 $H-1.475 RTH= .242E+05 TRV( 
N=201 DX- .026 „94 TAU(1)- .930 CF= .00147 D-TH- .0320 M-TH- .0217 SH=1.478 RTH= .252E+05 TRV( 


ра P< ра Pd Pd е 
won su JH H H Hi 
шә CO LO LO Lo МЭ BO 
IM 
Uus 


Fig. 15.18. Typical output produced by program DOROD 
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Fig.15.19. Skin friction comparison for adverse pressure gradient 
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Fig. 15.20. Displacement and momentum thickness comparison for adverse pressure gradient 


code, STANS (Reynolds 1976). Other pressure gradient cases, taken from the 1968 
Stanford Conference, have been computed using program DOROD and the 
results are given by Fletcher and Fleet (1984b). 


15.3.3 Dorodnitsyn Spectral Method 


The Dorodnitsyn turbulent boundary layer formulation (15.57) can be interpreted 
as a Galerkin spectral method if particular choices are made for the weight function 
f, and the approximate solution for ©, 

The spectral method is implemented with (15.57) written in the form 


s won ELE ?)8 du 
0 


df, ЖЫ? 
(2) ја (1% E) Tau . (15.73) 


The development of the spectral method depends on the introduction of ortho- 
normal functions g;(u) in place of the weight functions f. (u) and in the approximate 
solution for @. 

The orthonormal functions g;(u) are generated from the weight functions f, (u) 
by 


ди) = У ejfdu), (15.74) 


ісі 
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where the coefficients e,; are evaluated via the Gram-Schmidt orthonormalisation 
process (Isaacson and Keller 1966, p. 199) so that the functions g; satisfy 


[вид (u)w()du 1 if i=j, 
0 


15. 
-0 if izj. (15.75) 
The function w(u) in (15.75) depends on the class of problems being solved. An 
appropriate form to suit (15.73) will be indicated below. The coefficients e,;, and 
hence the orthonormal functions g;, can be evaluated once and for all. The 
following approximate solution is introduced for @ in (15.73): 


N-i 
o= he Y b atu | | (15.76) 


ігі 


where the coefficient b, is retained to ensure that © has the correct physical 
behaviour at the Outer edge of the boundary layer. Substitution of (15.76) into 
(15.73) with g, replacing f, produces the result 


d 1 N-1 u 
де] о Dd been dus C, k=l... N (15.77) 
where 
dg, 1 

C, = (u, / Ue JE. jue )JOdu—u E sl. 

1 

d? 
ЗЕ "uz {I +vr/v}/Odu | (15.78) 
0 


A comparison of (15.75) and (15.77) indicates that, to exploit the orthogonal 
character of g;(u), the following choice is appropriate: 





w(u) = I. (15.79) 


V,—24—=C,, К=1,...,М—1 (15.80) 


V, = | g(u)w(u)du . (15.81) 
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When k = N, 
db 
ЧЕ =Cy/Vy , (15.82) 
so that (15.80) can be replaced with 
db, V, 
СС, k=l,...,N—-1. 15.83 
di ^ “Hy (15.83) 


Equations (15.82 and 83) provide an explicit system of equations for the coefficients 
appearing in (15.76). This system can be integrated efficiently using the variable 
order, variable step-size, predictor-corrector scheme due to Gear (1971). 

Typical solutions obtained with the Dorodnitsyn spectral formulation 
(DOROD-SPEC) are shown in Figs. 15.10, 11, 19, 20. These solutions were ob- 
tained with N —6 in (15.76) and a variable marching step size 0.000015 < 4é 
(= Ax) < 0.14. These results illustrate the ability of the Dorodnitsyn spectral 
method to obtain high accuracy with relatively few unknowns in the approximate 
solution (15.76). 

The method has been applied to incompressible (Fletcher and Holt 1975) and 
compressible (Fletcher and Holt 1976) laminar boundary layer flow and to 
incompressible turbulent boundary layer flow (Yeung and Yang 1981; Fletcher and 
Fleet 1984b). 


15.4 Three-Dimensional Boundary Layer Flow 


Two major additional problems arise in computing solutions to three-dimensional 
boundary layers. First, although the system of governing equations has a dominant 
parabolic character, the occurrence of two (surface) coordinate directions to 
describe the boundary layer development introduces a ‘hyperbolic’ character to the 
problem. Second, since practical three-dimensional boundary layers occur on 
curved surfaces typically, it is necessary to introduce surface-fitted coordinate 
systems. 

Here steady three-dimensional boundary layers will be considered. The exten- 
sion of the present techniques to unsteady three-dimensional boundary layers is 
provided by Dwyer (1981) and the references cited therein. For steady incompress- 
ible laminar flow the three-dimensional boundary layer equations are 


ди дь dw 

0) 15.8 

Ox dy oz” (15.84) 

ди ди ди 1др ^u 

ste —=——+v— , 15.85 

"ax ay аг px ду? l ) 
2 

ие pg My yO 19,0% (15.86) 





ax “ду TY az p дт "oy. ' 
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where x and z аге Cartesian coordinates locally parallel to the three-dimensiona] 
surface and y is the normal component. No-slip boundary conditions u = e = w=ü0 
are required at the body or wall surface y = 0. The known pressure p,, or the 
equivalent velocities u, and w, through the Bernoulli equation (11.49), provide the 
boundary conditions at the boundary layer edge. 

Initial conditions may be required at a single point, as for a slender inclined 
body of revolution, or along a stagnation line, as for a finite swept wing. In 
principle the distribution of all three velocity components across the boundary 
layer is required. These are obtained, normally, by solving a reduced form of the 
equations appropriate to the initial location (Blottner 1975а). 


15.4.1 Subcharacteristic Behaviour 


An inspection of (15.84—86) indicates that, in the x and z directions, only convection 
occurs. In the y direction both diffusion and convection occur. Formally (i.e. 
following the procedures given in Chap. 2), (15.84-86) аге non-elliptic. In 
addition it 1 possible to define subcharacteristics associated with the convective 
operator (ignoring the normal flow component р) 


ô г д 
. (15.87) 





Тһе subcharacteristic direction is given by the projection of the streamline into 
the plane of the surface i.e. dz/dx = w/u. But w/u varies across the boundary layer. 
Since disturbances propagate Over the full y domain for a given (x, z), it is necessary 
to define domains of influence and dependence as shown in Fig. 15.21. For an 
arbitrary point P at some intermediate depth in the boundary layer the introduc- 
tion of a disturbance will be felt everywhere in the downstream region bounded by 
the planes containing the normal coordinate through P and, on one side, the 
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Fig. 15.21. Domains of influence and dependence 
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limiting streamline at the wall surface and, on the other side, the projection of the 
streamline at the boundary layer edge. 

The hyperbolic nature of the problem, in the (x,z) plane, has important 
ramifications for the prescription of the initial data. If initial data, u (y) and wo( у), 
are specified on a surface S, normal to the wall surface (Fig. 15.22), the solution can 
be obtained in the downstream region bounded by subcharacteristics S; and S, 
(and the wall and boundary layer edge). The subcharacteristic directions S, and S, 
are given by appropriate limiting values of the wall-surface or external flow 
streamlines. Attempting to compute the solution to the left of 5, or to the right of 
$4 (looking upstream) violates the Raetz-influence principle (Krause 1973) since the 
local solution depends on the data lying outside S,. As indicated in Sect. 2.2.3 if 
additional boundary conditions, say on S, or 5;, are provided, the solution may be 
obtained anywhere in the downstream region bounded by the initial and boundary 
conditions. 














— body surface 


——— 














Ғір. 15.22. Initial and boundary data 


Computationally the hyperbolic behaviour is particularly significant if a 
marching algorithm is utilised that is explicit in the z direction. Just as for two- 
dimensional boundary layers, there is almost universal use of implicit schemes to 
discretise in the y-direction. 

To obtain stable solutions it is necessary to obey the Courant- Friedrichs-Lewy 
(CFL) condition (Sect. 9.1.2) which requires that the computational domain of 
dependence in the (x, z) plane should include the physical domain of dependence 
implied by the governing partial differential equations. This effectively limits the 
relative size of 4x and Az (Krause 1973). 

To compare different schemes it will be assumed that x is the approximate 
inviscid flow direction and z is a cross-flow direction, e.g. along the span of a wing. 
In treating x as the primary marching direction н is presumed positive but w may 
be positive or negative. 
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A direct extension of the Crank-Nicolson scheme to three dimensions is tg 
centre the discretisation at (k — 1/2, n + 1/2) in the х-2 plane (Fig. 15.23) and to 
construct two tridiagonal systems of equations from the x and z momentum 
equations for и and w along the (k, n + 1) gridline, i.e. in the y direction. The CFL 
condition requires that w is positive and for stability it is necessary that Ax is 
limited to |wdx/udz| € l. The active nodes for the three-dimensional Crank- 
Nicolson scheme are shown in Fig. 15.23. 





Fig. 15.23a, b. Active (x—z) grid points. (а) Crank-Nicolson, (b) Krause zig-zag 


The z sweep is in the direction of increasing К. If w is always negative the z sweep 
is made in the decreasing k direction. Thus the three-dimensional Crank-Nicolson 
scheme is restricted to domains where w does not change sign. 

This restriction can be avoided by adopting the Krause zig-zag scheme (Krause 
1973). Іп this scheme the discretisation is centred at (k, п+ 1/2). However, z 
derivatives are evaluated using the zig-zag pattern (Fig. 15.23), e.g. 


n n nti ati 
ow ні Wik ЖУА, —Wjk-i 


dz 2Az 
For а z sweep in the increasing k direction only the term w^;! is unknown in 
(15.88). Consequently it contributes to the tridiagonal system formed from the j 
nodes on grid line (k,n+1). If w is positive there is no restriction on Ax. If w 
becomes negative then Ax must satisfy |м Ax/uAz| € 1 for stability. 

The Crank-Nicolson and Krause zig-zag schemes can be thought of as semi- 
implicit schemes, since they are effectively explicit in the crossflow direction. The 
CFL restriction on Ax can be avoided by introducing a fully implicit scheme 
(Sect. 15.4.3), Le. implicit in both the у and z directions. 





(15.88) 
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15.4.2 Generalised Coordinates 


To account for the rapid change in the velocity solution close to the surface and to 
allow for compressibility effects it is customary to introduce coordinate transform- 
ations. Blottner (1975a, рр. 3—35) discusses Levy-Lees type transformations 
(Sect. 15.2.2) and Dwyer (1981) discusses modified Blasius transformations that are 
also suitable for unsteady boundary layer flows. 

However, prior to introducing these specialised transformations it 1s necessary 
to express the equations in surface-fitted coordinates. Here we will introduce 
generalized nonorthogonal coordinates (Chap. 12) on the surface (Fig. 15.24) such 
that € is approximately in the flow direction, ¿ is an approximate crossflow 
direction and у is in the normal direction. 





Fig. 15.24. Surface-fitted generalised coordinates 


Equations (15.84-86) are rewritten in conservative vector form as 


СЕ ôF óG ` 


—+— =0, wher 15.89 
ôx ду oz where (15.89) 
и р w 
uw 
E- 2 Pe ‚ F=| ш—т„ |, G= , 
DW — Ty; w2 L Pe 
uw Q 
д , дуу 
т = Maye and U,= = —— . 
о ду о ду 


Introducing coordinates (2, n, ©) into (15.89) gives 


дЕ Е óG 
22 tg + à =0 , where (15.90) 





240 15. Boundary Layer Flow 


U* 
eae P А 
bay | "9 |. вел uvene, | and 
wU ch MAS 
WE 
Pe 
ж _ uW* + х 
G=J ! 6 о (15.91) 
uwe +c, Pe 
о 


In the expressions for Е, etc., the contravariant velocities U*, V° and И“ in the 
direction of increasing ¢, у and $, respectively are related to the physical velocities и, 
v and w by 


О%= н+м, V*—mv, W*-i.uctiw and 


y 


J !=y,(x;Z, — X,Z.) . (15.92) 


Transformation parameters like x, can be evaluated directly from the grid co- 
ordinates (Sect. 12.2.1). Subsequently terms like ë, are evaluated from 


© = Ју,2 , база —Jy,x , H = 1/у , 
n^i "4 у Ң (15.93) 
¿= —Jy,z, апа б, = Ју,х;. 


Тһе above generalised coordinates аге the same ав described іп Chap. 12, except 
that here n is assumed to be orthogonal to the surface containing x and z, which 
simplifies the expressions in (15.91-93). 


15.4.3 Implicit Split Marching Algorithm 


An efficient marching algorithm can be constructed by writing (15.90) as 


(1+ y) EET! Е" УСЕ)" (E]"7 1] 


= AE[BRHS"*'+(1 — B)RHS"] , (15.94) 
where 
RHS = _ OF 0G . 
on Ət 


This is essentially the three-level scheme discussed in Sects. 8.2.3 and 9.5.1. The 
choice y = 0, B= 0.5 produces a Crank-Nicolson scheme and the choice y = 0.5, 
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В = 1.0 produces the 3LFI (three-level fully implicit) scheme. For problems ге- 
quiring a single march in the č direction, as in the present situation, the dis- 
advantage of the extra storage is usually outweighed by the greater robustness of 
the 3LFI scheme. The marching algorithm (15.94) relies for its effectiveness on the ё 
direction coinciding approximately with the flow direction. 

To implement either scheme it is necessary to construct a linear system of 
equations at the implicit level n + 1. Here this is constructed by a truncated Taylor 
series expansion about level n. Thus 


Ey" = (Ë)" + AAQ21 where 


ey 0 éz 
А= == | 2é,u+é,w 0 é.u ; 
Č Ww 0 4и-246,м 


Ет (FY"+ BAq''' where 








©х Ny 0 
А c Ó 
pg. К-ту о |, 
q 
А с 
0 H w P TM 
(Gin! (G^ CAq'*! where 
26 Cx 0 - 
С= 4 2 u+č,w 0 Cou ; 
Ë w О 2g.w+{,u 
йд=/!{и,ь, w)" and AQ"1! = q'— q” 


Substituting the above expressions into (15.94) produces the following linear 
systems for Aq" ' *: 


ôB 0C] |... 
С үм lla i 
-aef E 24 +Ê- (E711 . (15.95) 


With three-point centred difference formulae to represent 0/0ң and 0/06 the above 
scheme can be split or factored to O(4£?) and implemented іп two stages. For the 
first stage, 
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В 22146 "A 
[arad ыса = ПЕШ 


4 7 breyten, (15.96) 











(1+7) 


and for the second stage, 
A+ AC B І,В |AQ"'! = AAQ* . (15.97) 
H (1x59) "7 T 


During the first stage (15.96) constitutes a tridiagonal system of equations as- 
sociated with each ¿ gridline which can be solved using the Thomas algorithm 
(Sect. 6.2.2). During the second stage only terms associated with n gridlines appear 
implicitly. As long as the terms 0/0ң іп В are evaluated as three-point centred 
difference formulae for Ly, В”, (15.97) also produces a tridiagonal system that can be 
evaluated efficiently. 

Dwyer (1981) discusses a possibly more stable differencing of 6V°/déy and Schiff 
and Steger (1980) discuss the implementation of schemes like (15.96 and 97). A 
similar scheme is considered in Sect. 16.3.1. The implementation of three-dimen- 
sional boundary layer computer codes require many ad hoc procedures depending 
on the problem in question, For the boundary layer flow over swept wings McLean 
and Randall (1979) provide insight into such pragmatic considerations. 


15.5 Closure 


The equations governing boundary layer flow have a dominant parabolic charac- 
ter. Consequently implicit marching algorithms are appropriate to obtain the 
downstream development of the solution. The marching algorithms should be first 
or second-order accurate in the marching direction and at least second-order 
accurate across the boundary layer. Methods that achieve higher (typically fourth-) 
order accuracy across the boundary layer are described by Peyret and Taylor 
(1983, pp. 31-37). Iteration at each downstream location is less efficient than using 
smaller marching steps with a non-iterative algorithm. 

Boundary layer flows contain severe velocity gradients normal to the marching 
direction. Therefore it is advantageous to use a nonuniform grid which has the 
smallest grid size adjacent to the wall and a geometrically growing grid away from 
the wall (Sect. 15.1.2). In addition working computer codes usually operate on 
transformed independent and dependent variables that produce less severe gradi- 
ents, and consequently more accurate discretisations, in the transform domain. 
Such changes of variable (Sect. 15.2) are also useful for computing compressible 
and axisymmetric boundary layer flows efficiently. 
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The Dorodnitsyn transformation (Sect. 15.3) inverts the role of the velocity 
component и from a dependent to an independent variable. This permits accurate 
solutions to be obtained with relatively few grid points across the boundary layer. 

Three-dimensional boundary layer flows can be solved efficiently using the split 
schemes (Sect. 8.2) as long as the time-like marching direction coincides approxi- 
mately with the flow direction at the outer edge of the boundary layer. This 
requirement can be satisfied readily when using generalised coordinates 
(Sect. 15.4.2). 

Boundary layer calculations find practical application as a means of deter- 
mining the displacement thickness contour to correct the pressure distribution 
calculated by inviscid algorithms (Sect. 14.1.4) and as a component of viscous, 
inviscid interaction algorithms (Sect. 16.3.4). Such techniques can even permit small 
separation bubbles to occur (Carter 1981). 

Most of the methods described in this chapter have been based on finite 
difference discretisation. The exception is the Dorodnitsyn formulation (Sect. 15.3) 
which lends itself to both a finite element and spectral interpolation. However the 
STANS code referred to in Sect. 15.3 is based on a finite volume discretisation 
(Patankar and Spalding 1970). In addition the finite element method has been 
applied to the two- and three-dimensional primitive variable boundary layer 
equations (Baker 1983, Chap. 5). 


15.6 Problems 


Simple Boundary Layer Flow (Sect. 15.1) 


15.1 A general two-level implicit algorithm for (15.2) can be written 








(utr t— yn a 
E Lar HU 2L] 
= ни, 1 (0 — [uu ]" T VEAL yu ! (0 — 2) ит], (15.98) 
where 
wis дил (1 и ‚07 = дт a i 4)" , 
(uj4 ,— u;— 1) (uj- , — 2ujr uj, i) . 
L,u;=— ТІ Q0 L,u;=- Ay? 4 and 0<27<І, 


Show that (15.98) can be written as a tridiagonal system of equations at each 
iteration level k 


аш 1 bus ejus ii—d;, where (15.99) 
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and 


. . í 4x 
айр=иўи)—0.5(1—5)ь% (Fos. 175-1) AxA ши 117! 


. Ax 
+ Ax(1— A) uc u,, ]" - (1 — 4)v ЄЗ [ui i —2u 5.1] . 


At each iteration 257! is obtained from (15.8). At the beginning of the 


iteration и = и"; at the end ut*tayktt . 


Modify program LAMBL (Fig. 15.3) to incorporate the above scheme 
for the Crank-Nicolson case (4— 0.5) and the fully implicit case (4 = 1.0). 
Obtain solutions corresponding to Fig. 15.5 but with 


(а) JMAX=41 i) DX=0.10, NMAX-20, 
п) DX —020, NMAX=10, 
ii) DX 2040, ММАХ-5, 
b ОХ-0.2, ММАХ-100 i JMAX=21 , 
ii JMAX=I1 , 
Ш) JMAX=6 . 
From results а) determine the approximate convergence rate with Ах. From 
results b) determine the approximate convergence rate with Ay. 
Modify program LAMBL to obtain the solution to boundary layer flow 
over a flat plate. This corresponds to #=0. The following data statements, 


replacing lines 8-15, provide the similarity (Blasius) solution which is used as 
a starting solution and as the “exact” solution: 


DATA UB/0.0000, 0.0931, 0.1876, 0.2806, 0.3720, 0.4606, 0.5453, 
0.6244, 0.6967, 0.7611, 0.8167, 0.8633, 0.9011, 0.9306, 0.9529, 
0.9691, 0.9880, 0.9959, 0.9988, 0.9997, 0.9999, 1.0000/ 


DATA VB/0.0000, 0.0094, 0.0375, 0.0240, 0.1479, 0.2276, 0.3206, 
0.4234, 0.5318, 0.6410, 0.7466, 0.8443, 0.9310, 1.0047, 1.0648, 
1.1116, 1.1716, 1.2001, 1.2115, 1.2153, 1.2165, 1.2167/ 

DATA Ү2/00, 02, 0.4, 0.6, 0.8, 1.0, 1.2, 1.4, 1.6, 18, 2.0, 

2.2, 2.4, 2.6, 2.8, 3.0, 3.4, 38, 42, 4.6, 5.0, 5.4/ 


The skin friction coefficient may be compared with the “exact” value, 
Crex = 0.664(Кех) 1? . 


Modify program LAMBL to introduce a mechanism to change the 
streamwise step size 4x in response to changes in the solution as in program 
DOROD. For JMAX=21 compare the number of streamwise steps to 


15.5 


15.6 


15.7 
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achieve comparable accuracy to the fixed step size algorithm in the range 
1 Ex €3 for Аха = 0.10, 0.20. 

In program LAMBL Ymax is chosen sufficiently large as to exceed the 
expected boundary layer thickness at x,,,,. Devise and implement a pro- 
cedure to extend y,,,, adaptively in response to the increase in boundary 
layer thickness. One way would be to require that Ymax > kó* where k is an 
empirical constant. 

Determine the leading terms in the truncation error of the formulae for ди/ду 
and 22и/ду? іп (15.17). For the 22и/0у? formula determine a restriction on r, 
to reduce the truncation error to second order. What would be the restric- 
tion on r, to make the following formula second order: 


Ou (ui. ,—Uj- 1) 
ду (1+r,)4y 


Discuss the possibility of expanding the Taylor series about a point other 
than y;. Consider how the convective terms might be handled and whether a 
higher-order truncation error for the equation as a whole could be achieved 
on a nonuniform grid. 

Apply the Keller box scheme, described in Sect. 15.1.3, to the problem of the 
boundary layer flow over a wedge (Sect. 15.1.2). 





Complex Boundary Layer Flow (Sect. 15.2) 


15.8 


For the flow over a flat plate a Crank—Nicolson discretisation of (15.14, 15) 
gives 





o5 MTD pos ED ушу m 
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(15.101) 


1 


Nonlinear terms at location х"! are linearised about x”, іе. 
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Show that the resulting (15.100 and 101) can be manipulated into the form of 
(15.46 and 48) to permit a coupled solution to be obtained. 

Implement the application of (15.49, 50) to the equations developed im 
Problem 15.8, with the addition of the u,du, /dx term from (15.15). Obtain 
solutions for the wedge flow (B —0.5) and compare with those produced by 
program LAMBL. 


Dorodnitsyn Boundary Layer Formulation (Sect. 15.3) 


15.10 Obtain solutions using program DOROD corresponding to Fig. 15.18 


15.11 


15.12 


15.13 


300 


but with КАТСН = 0.01 and DXMA = 0.01 and for three cases: i) N MAX 
—6, i) NMAX= II and iii) NMAX = 21. Compare the solutions for c, and 
6% with the tabulated experimental data given by Coles and Hirst (1968), 
Case 3300. 

Obtain solutions using program DOROD corresponding to Fig. 15.18 
for three cases: i) RATCH = 0.01, ii) RATCH = 0.02, iti) RATCH =0.05. Set 
DXCH sufficiently small to observe the behaviour of the step size (Ax) 
changing mechanism. Note the effect of RATCH on the accuracy and 
economy of the computational solution. 

Modify program DOROD to obtain the velocity distribution across the 
boundary layer. This is done most conveniently in terms of y* and u* 
(Sect. 18.1.1) where 


+ + т. ү? 
y —uyRe, и =u/u,, и, = кеі 


1 Í du 


and y-2——-|—————. 
y Ret? ? (1I— w)c(u') 


Discuss, in broad terms, what changes would be required to introduce 
one-dimensional quadratic elements (Sect. 5.3.2) into program DOROD. 
Exact evaluation of (15.63) is possible but tedious, Numerical evaluation 
based on Gauss quadrature (Zienkiewicz 1977, Chap. 8) is straightforward. 
Experience (Fletcher and Fleet 1984a, b) indicates that quadratic elements 
are more efficient than linear elements for laminar boundary layers but are 
less effective for turbulent boundary layers. 
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Fig. 15.25. Input data to program DOROD for flat plate turbulent layer flow 
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Starting data for turbulent flow over a flat plate are provided in Fig. 15.25. 
These results are based on the Wieghardt and Tillmann data given by Coles 
and Hirst (1968). Apply the program DOROD to this case and compare the 
predicted skin friction coefficient с, and displacement thickness 6* with the 
results tabulated by Coles and Hirst (Case 1400). 


3D Boundary Layer Flow (Sect. 15.4) 


15.15 Starting from (15.85 and 86) develop expressions for the coefficients a;, b,, c; 


15.16 


js “j? 
and а; in 


a; Fu Eb; Fri +e; Ек, where F= u or w (15.102) 


and (15.102) are the tridiagonal systems of equations associated with the 
grid line (k, n) in Fig. 15.23. Obtain the coefficients оГа;-а; for the 1) Crank- 
Nicolson scheme and ii) Krause zig-zag scheme. 

Apply the Krause zig-zag scheme to the laminar boundary layer flow over a 
flat plate on which is placed a circular cylinder of radius a, centred at х = x, 
and 2--0. The inviscid velocity distribution ahead of the cylinder is given 
accurately by potential flow theory (Sect. 11.3) as 
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The adverse pressure gradient associated with the circular cylinder is suffi- 
cient to make the boundary layer separate ahead of the circular cylinder. 
Starting well upstream of the cylinder with a flat plate boundary layer profile 
at all z locations, march the solution towards the cylinder until close to 
separation at z=0. A flat plate boundary layer solution may be assumed at 
Z=Zmax. SOlutions may be compared with those of Cebeci (1975) who 
applied the Keller box scheme to this problem. 


16. Flows Governed by 
Reduced Navier-Stokes Equations 


In this chapter categories of viscous-inviscid flow equations, intermediate between 
the full Navier-Stokes equations and the boundary layer equations will be con- 
sidered. These intermediate categories are called reduced Navier-Stokes (RNS) 
equations. 

For flows with thick viscous layers or with significant streamline curvature the 
boundary layer approximation produces inaccurate solutions primarily because it 
fails to account for the transverse pressure variation. However, from a com- 
putational perspective, the boundary layer equations possess the considerable 
virtue of being non-elliptic in the flow direction, thereby permitting accurate 
solutions to be obtained in a single downsteam march and, consequently, in an 
economical manner. The RNS equations are constructed to retain the economy of 
the boundary layer equations while accurately modelling physical processes that 
would otherwise require expensive solutions of the full Navier-Stokes equations. 

As is implicit in the above description the RNS category is less sharply defined 
than either the full Navier-Stokes equations (Chaps. 17 and 18) or the boundary 
layer equations (Chap. 15). Not surprisingly other intermediate categories have 
been identified in the literature that share some features of the RNS equations 
described in this chapter, 

Thus Lomax and Mehta (1984) refer to composite equations as the broad 
intermediate category which includes both inviscid and viscous approximations to 
the full Navier-Stokes equations. The composite equations include thin-layer, 
slender-layer and conical Navier-Stokes equations. These categories are associated 
with certain physical flow features, which permit particular approximations. Davis 
and Rubin (1980) refer to Non-Navier-Stokes viscous flow equations as defining a 
category essentially equivalent to composite equations. 

Rubin (1981) refers to ‘parabolised’ Navier-Stokes equations emphasising that 
it is the computational advantage of being able to march parabolic equations 
(Chap. 7) that is the most important property of the intermediate category. This 
same philosophy is present in the work of Rudman and Rubin (1968), Lin and 
Rubin (1973), Lubard and Helliwell (1974) and Lin and Rubin (1981). More 
recently Rubin (1985) has referred to this intermediate category as reduced 
Navier-Stokes equations; it is essentially this categorisation that we follow here. 

The above labelling has often been introduced in conjunction with external flow 
problems. For internal flows intermediate categories of equations govern “рага- 
bolic’ flows (Patankar and Spalding 1972), ‘partially parabolic’ flows (Pratap and 
Spalding 1976), ‘semi-elliptic’ flows (Ghia et al. 1981) and ‘partially elliptic’ flows 
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(Rhie 1985). However, just as for external flows, parabolised (Anderson 1980) and 
reduced (Kreskovsky and Shamroth 1978) Navier-Stokes equations, are referred 
to. In this chapter we will use the intermediate category, reduced Navier-Stokes 
equations, to describe both internal and external flows, although the precise form 
of the equations will often differ slightly in the two cases. 

The distinguishing features of RNS equations and the flows that they govern 
will be discussed in Sect. 16.1. Additional approximations and formulations for 
internal flows, e.g. in diffusers and ducts, are considered in Sect. 16.2. For flows 
external to a body (or bodies) the inviscid equations (Chap. 14) provide an excellent 
farfield approximation. For the viscous domain, close to the body, it is useful, in 
considering RNS systems of equations, to distinguish between supersonic and 
subsonic flow (Sect. 16.3). 

To complete the picture for external flows, some developments of the tra- 
ditional inviscid, boundary layer splitting for handling more difficult flows will be 
described. Here more difficult flows include phenomena like small separation 
bubbles and shock/boundary layer interaction. The more advanced inviscid, 
boundary layer formulations are often of RNS type rather than strictly boundary 
layer type. 


16.1 Introduction 


In Chap.1 it was noted that the rapid development of computational fluid 
dynamics has been caused, inter alia, by its widespread use in the design process. 
The design of equipment involving fluid flow (usually air or water) often involves 
choosing one condition at which the flow equipment, e.g. turbine, diffuser or even 
complete aircraft, is to operate at maximum efficiency and choosing a family of 
closely related “off-design” conditions, for which the reduction in performance 
should not be too great. 

The main role of computational fluid dynamics in the design process is to 
determine the detailed steady flow behaviour at the design conditions by solving an 
appropriate system of governing equations and related boundary conditions. 
Many practical design problems involve flows with a dominant flow direction. 
With an appropriate Cartesian coordinate system, this implies u > t, w, if the flow is 
predominantly in the positive x direction. An examination of the governing 
equations (Sect. 16.1.1) indicates that the viscous diffusion terms in the main flow 
direction are much smaller than the transverse viscous diffusion terms, and can be 
ignored. 

This last feature is a key element of the boundary layer equations (Chap. 15). If 
the pressure variation across the boundary layer is negligible, that is in the absence 
of significant streamline curvature, the local solution can be obtained very ef- 
ficiently via a single downstream march. 

Thus it is not surprising that the design of flow equipment is often based on a 
two-stage process, i.e. inviscid flow plus boundary layer correction. In the first stage 
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the flow is assumed inviscid and non-conducting and the solution (Chap. 14) 
provides the pressure distribution at the body surface, typically. The second stage 
adjusts the velocity and temperature fields close to the body surface to take account 
of the viscous and thermal boundary layer behaviour (Chap. 15). The boundary 
layer solution provides the shear stress and heat transfer at the body surface and, 
with the contribution from the pressure distribution, the drag on the body. If 
necessary the pressure distribution can be adjusted for the displacement thickness 
effect (Sect. 14.1.4). 

The trend in the design of flow equipment is towards higher efficiency so that 
the equipment can be smaller to perform a given task, leading to lower costs. This 
trend is exposing some of the inherent weaknesses in the traditional inviscid flow, 
boundary layer correction approach to the flow equipment design process. The 
difficulty can be appreciated with reference to aircraft design, where maximum 
range is closely related to the maximum lift/drag ratio of the individual wing 
sections (Kuchemann 1978). 

The characteristic variation of lift and drag with wing section incidence is 
shown in Fig. 16.1. The maximum lift/drag ratio occurs at a large angle of attack 
and not too far from stall. At this optimal angle of attack, the viscous layer over the 
leeward side of the wing section is thick, particularly downstream of any shock 
wave that may occur. Close to the trailing edge there will be significant pressure 
gradients transverse to the freestream direction (Nakayama 1984) associated with 
the merging of the windward and leeward streams. For some off-design conditions 
the wing sections will operate even closer to a stall condition, with a consequent 
further thickening of the viscous layer on the leeward side. Solutions to the 
boundary layer equations are not accurate for such conditions (Horstman 1984). 

Recourse to solutions of the full Navier-Stokes equations is possible, but 
uneconomic in the context of requiring solutions for parametric variation of the 
design variables: angle of attack, body geometry, Reynolds number, Mach number, 
etc. What is required is a category of equations that is able to model the physical 
processes (almost) as accurately as the full Navier-Stokes equations while retaining 
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Fig. 16.1. Lift and drag variation with incidence 
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(almost) the economy of the boundary layer equations. This category we will call 
the reduced Navier-Stokes (RNS) equations. 

The looseness of the categorisation implies that a number of different systems of 
equations can be interpreted as RNS equations. However, three features are shared 
by all RNS system of equations. These are: 


i) There is a dominant flow direction aligned approximately with one coordinate 
direction. 
ii) Viscous diffusion and heat conduction in the marching direction can be ignored 
compared with transverse viscous diffusion and heat conduction. 
ш) The RNS equations reduce to the Euler equations when transverse viscous 
diffusion and heat conduction are negligible. 


The construction of the basic RNS equations is made on ап order- 
of-magnitude basis (Sect. 16.1.1) similar to that used to derive the boundary layer 
equations (Sect. 11.4). But the transverse momentum equation is retained, іп 
approximate form, since a non-negligible transverse pressure gradient is often to be 
expected, on physical grounds, For external flows it is important that all terms in 
the Euler equations are retained exactly so that the RNS equations are applicable 
throughout the computational domain. In practice alternative computational 
techniques may be used in the inviscid region but the use of a globally applicable 
set of governing equations facilitates the matching of the solutions in the inviscid 
and viscous regions. 

The requirement of an economy approaching that of the boundary layer 
equations implies that the solution to the viscous region should be obtained in a 
single downstream march. In turn this implies that the equation system should be 
non-elliptic in the marching direction. Consequently no downstream boundary 
conditions can be applied. 

For internal flows and for supersonic external flows an accurate solution can 
usually be obtained with a single downstream march. The use of RNS equations for 
subsonic external flow usually requires repeated (iterative) downstream marches, 
particularly if small regions of reversed flow (separation bubbles) are present. For 
subsonic external flow the equation system has an elliptic character requiring 
prescription of downstream boundary conditions. However, the RNS strategy is 
still economical since relatively few iterations (downstream marches) are required, 
as long as any separated flow regions are small. 

Reduced Navier-Stokes equations will be discussed in this chapter in relation 
to steady flow only, since this is where the main application is. However, it is 
possible to envisage certain classes of unsteady flow having a dominant flow 
direction, that could be computed more efficiently by introducing an RNS approxi- 
mation. 

Historically, the determination of whether a particular RNS system of 
equations permits a stable solution to be obtained in a single downstream march 
has often been approached in the empirical manner of introducing a particular 
approximation and examining the numerical solution. If a realistic solution is 
found it is assumed that the RNS system is stable. Briley and McDonald (1984) 
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have used a more systematic strategy of testing whether the RNS system of 
equations is elliptic with respect to the marching direction. As noted in Chap. 2 this 
approach requires the construction of an enlarged system of first-order partial 
differential equations, which may possess a singular characteristic form causing the 
analysis to be inconclusive. 

In this chapter we prefer to use the more direct approach of a Fourier analysis 
(Sect. 2.1.5) applied to the governing equations. In Sect. 16.1.2 a Fourier analysis is 
used to determine, a priori, if the RNS system will produce a stable solution, in а 
single downstream march. Like the characteristic analysis (Chap. 2) the Fourier 
analysis determines the formal character of the system of governing equations, 
However, Fourier analysis has the considerable advantage of pinpointing which 
terms in the equations are responsible for any elliptic behaviour. It will turn out 
that additional approximations, often associated with the pressure, may be 
required to ensure non-elliptic behaviour, e.g. Sect. 16.2.2. The mechanics of 
applying the RNS strategy are demonstrated, in a practical way, in Sect. 16.1.4 for 
the prediction of the temperature profile at the entrance of a two-dimensional duct. 


16.1.1 Order-of-Magnitude Analysis 


In this section RNS equations will be derived from the steady two-dimensional 
Navier-Stokes equations for both incompressible and compressible laminar flow. 
The RNS equations will need to be modified for turbulent flow. However, the 
method of obtaining turbulent mean flow RNS equations remains essentially the 
same, i.e. an order-of-magnitude analysis. 

The development of reduced forms of the Navier-Stokes equations (RNS) 
follows broadly the derivation of boundary layer equations (Cebeci and Bradshaw 
1977). That is, significant viscous effects are presumed to be confined to a layer of 
thickness ó (Fig. 16.2), which is small compared with a characteristic length L in the 
flow direction. 

For laminar boundary layers, ó/L is O(Re^ !/?). For a typical Reynolds number, 
Ке = 106 this implies ó/L ~ 0.001. One motivation for deriving RNS equations is to 
cope with viscous layers that are typically thicker than occur in boundary layers. 
Thus values of ó/L in the range 0.1 to 0.01 may be expected to require RNS 
equations. In turn, this implies that terms in the full Navier-Stokes equations of 
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Fig. 16.2a, b. Typical viscous layer thicknesses for (a) external flow and (b) internal flow 
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O((6/L)*) may be dropped whereas terms of O(ó/ L) should be retained. In contrast, 
the derivation of the turbulent boundary layer equations is based on discarding 
terms of O(6/L). 

The incompressible Navier-Stokes equations are given by (11.81). For steady 
laminar flow in two dimensions, the nondimensional form of (11.81) is 
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where the Reynolds number Re= QU , L/u. Equations (16.1-3) have been non- 
dimensionalised as in (11.42). 

To establish the relative size of terms in (16.1-3) it is assumed that 2/дх is O(1), 
0/Cy is O((L/ó)) and 22/2у2 is O((L/5)*) when applied to и and v. Since и is O(1) and 
(16.1) cannot be simplified further, v is O(ó/ L). All terms on the left-hand side of 
(16.2) are 0(1). On the right-hand side of (16.2), 22и/дх? is O(1) whereas 0?u/Oy? is 
O((L/à)^); consequently 02u/óx2 can be discarded. 

In the classical boundary layer approach, 1/Re is O((6/L)*). However, іп a 
typical RNS application with Re large we expect 1/Re <O((6/L)*). To quantify this 
we assume 1/Re is O((6/L)*), so that (1/Re)??u/Cy? is O((5/L)). All terms of the left- 
hand side of (16.3) are of O(6/L). On the right-hand side of (16.3), (1 /Re)ĉ7v/ĉx? is 
O((6/L)*) whereas (1/Ве)д?2р/2у? is O((ó/L)?). Thus 42г/0х? can be discarded. 
Consequently the resulting RNS equations are 
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In classical boundary layer analysis (16.6) is discarded and replaced by др/ду=0. 
However, for thicker viscous layers for which the RNS equations will be required it 
is appropriate to retain (16.6). If significant streamline curvature occurs (16.6) 
should also include an additional centrifugal term. However, this term arises 
naturally when generalised curvilinear coordinates (Chap. 12) are used, which are 
usually preferred for non-simple computational domains. 

According to the above order-of-magnitude analysis the term (1/Re)??v/Oy? is 
O((9/L)) and could be ignored, as is recommended by Rubin (1984). We prefer to 
retain this term in the basic RNS formulation as it does not contribute to any 


elliptic interactions (Sect. 16.1.3) but does provide additional dissipation which 
may be useful computationally. 

The RNS equations (16.4—6) reduce to the Fuler equations when the viscous 
terms are negligible. This would be the case far from an isolated body іп ап 
otherwise undisturbed flow. 

Appropriate boundary conditions to suit the incompressible RNS equations 
will depend on the mathematical character of the system (16.4—6); this is examined 
in Sect. 16.1.3. 

The two-dimensional steady compressible laminar Navier-Stokes equations 
(Sect. 11.6.3) can be written in nondimensional form as 
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The nondimensionalisation used to obtain (16.7-11) is the same as in Sect. 11.2.5 
except that р" —(p!— p )/o,,U?, here. In (16.8 and 9), т,,, etc., are the viscous 
stresses and related to the velocity gradients by (11.27), which is the same in 
nondimensional form. In (16.10) the viscous dissipation Ф is given by (11.39). The 
relative order-of-magnitude of the various terms in (16.7-11) will be considered as 
for (16.1—3). 

The magnitude of the velocity components u and v and derivatives of u, v and p 
аге as for incompressible flow. The terms T and 0T/Ox are О(1) as are o and до/дх. 
If the wall temperature Т, is specified then 67/éy and до/ду are O(L/Ó). However, 
if an adiabatic wall condition is imposed, i.e. 07/0 y|, = 0 and the flow is subsonic 
or transonic, it is more appropriate to consider average values for дТ/ду and до/ду 
across the layer as being O(1) or even O(ó/ L). Consequently in deriving the reduced 
form of the compressible Navier-Stokes equations, two cases will be considered: 


(i) Specified wall Tone |27 до аге O(L/8) . 


or supersonic flow Oy ` ду 
(1) Adiabatic wall and oT | до are O(1) . 
subsonic/transonic flow | ду Qy 


Case (i) corresponds to large temperature changes through the computational 
domain driven by large temperature differences between the wall and freestream or 


by significant compressibility due to the motion (large Mach number). Case (ii) 
corresponds to smaller temperature changes through the computational domain 
driven solely by compressibility. As the Mach number is reduced, in the absence of 
external heating, derivatives of о and T reduce to zero. 

For case (i) all terms in (16.7) are O(1) and must be retained. In (16.8) all terms 
on the left-hand side are O(1). On the right-hand side of (16.8) t,, is O(1). The 
nondimensional viscosity behaves approximately like the nondimensional tem- 
perature. The shear stress component t,, = u(0u/Oy + др/дх), which is O(L/à) from 
the ди/ду contribution. By comparison дг/бх, which is O(ó/ L), can be neglected. 
Consequently (1/Ке)д(иди/ду)у/ду is the only one term that need be retained on the 
right-hand side of (16.8). 

On the left-hand side of (16.9) all terms are O(6/L). On the right-hand side 
т, 2 иди/ду and parts of other terms can be amalgamated when converted to 
equivalent velocity derivatives. When combined with (1/Re) many of the terms on 
the right-hand side of (16.9) are O((ó/ Ly). 

On the left-hand side of (16.10) all terms are O(1) except vép/éy which is 
О((6/ L) ). However, this term is retained as it may become O(1) in the inviscid 
region. On the right-hand side of (16.10) 0((kOT/Ox)/Ox/PrRe can be neglected and 
the only term in the viscous dissipation that makes an O((ó/ L)) contribution is 
Шби/дуу /Re. Consequently, as discussed above, the following reduced Navier- 
Stokes equations are obtained: 
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These equations retain all the ‘inviscid’ terms in (16.7-11) and are appropriate when 
large temperature changes are expected in the computational domain. 

For the second case when an adiabatic wall is used in subsonic or transonic 
flow the major difference is in the right-hand side of (16.14). It may be noted 
that гдо/ду in (16.7) is small when до/дбу is O(1). Consequently if 2 in t, is 
substituted from (16.7) the following equation replaces (16.14): 
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For the second case, even though véT/éy and vép/éy are small in (16.10) these 
terms are retained to recover the Euler equations in the inviscid region. 
Ignoring the temperature dependence of the viscosity and the density variation 
the x-momentum equation is the same for compressible flow (16.13) as for 
incompressible flow (16.5). The terms on the right-hand sides of (16.14 and 16) are 
O((5/L)*) if 1/Re is assumed to be O((ó/L)?). Consequently, as with the right-hand 
side of (16.6), terms on the right-hand sides of (16.14 and 16) can be dropped. 
However, to O((6/L)7), (16.14 and 16) сап be put in a form equivalent to (16.6), i.e, 
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With the exception of the viscous dissipation term in (16.15), all dissipative terms іп 
(16.13, 15, 17) have the same form. It is apparent from the above examples that the 
RNS equations differ from the full Navier-Stokes equations only in the dissipative 
terms retained. 


16.1.2 Fourier Analysis for Qualitative Solution Behaviour 


If the solution to the reduced Navier-Stokes equations is to be obtained by a single 
march in the x-direction it is necessary that the system of governing equations, e.g. 
(16.4--6), be non-elliptic with respect to the x-direction. This could be determined, 
using the techniques of Sect. 2.1.4, after constructing an equivalent first-order 
system of equations, in place of (16.4—6). 

However, more information can be deduced about the qualitative solution 
behaviour by introducing a complex Fourier series representation for the depen- 
dent variables. This approach can be illustrated by a suitably simplified form of the 
energy equation, 
ôT дт .@T CT 
ax tay д2 ay? =0, (16.18) 








where и апа v are constants of O(1) but may be positive or negative. The parameters 
ó and e are positive constants, with 6,¢<1. Equation (16.18) is a steady two- 
dimensional transport equation (Sect. 9.5). A comparison with (2.1 and 2) indicates 
that (16.18) is elliptic. Typical boundary conditions are shown in Fig. 16.3. 

It is assumed that the solution of (16.18) can be represented by a complex 
Fourier series, i.e. 
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However, since (16.18) is linear, only one component of (16.19) need be considered 
to determine the qualitative behaviour, i.e. 
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where Т сап be interpreted as the Fourier transform of T. Substitution into (16.18) 
produces a polynomial in с, and o, 


da2+iuo,+ea; +ivo,=0 . (16.21) 


Equation (16.21) is sometimes referred to as the symbol of (16.18). Equation (16.21) 
will be used to obtain the value of o, for апу real choice of o,. Substitution into 
(16.20) indicates the corresponding solution behaviour. Whether a particular mode 
present in (16.20) will contribute to the actual solution depends on the boundary 
conditions. The solution of (16.21) is 
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Since ó <1, this can be simplified to 
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Given that o, is real, the first root indicates that the behaviour of the T solution, 
from (16.20), is oscillatory in x from —o,v/u and has a diminishing exponential 
behaviour in x from ieo?/u, if и is positive. If и is negative there is an exponential 
growth. The second root indicates an oscillatory solution that grows exponentially 
if u is positive. Thus considering both roots it is clear that T will be oscillatory in x 
and grow exponentially whatever the sign of u. However, since (16.18) is elliptic the 
boundary condition at x= оо is available to prevent the exponentially growing 
mode appearing in the actual solution of (16.18), subject to the boundary con- 
ditions indicated in Fig. 16.3. 

The approximation that produced the reduced Navier-Stokes equations, 
Sect. 16.1.1, is equivalent to neglecting 66*7/@x? in (16.18). The resulting equation 
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is parabolic in x (Sect. 2.3) so that the boundary condition at x= oo Is not available, 
Introducing (16.20) produces the following equation in place of (16.21): 


{нт „-+всў +ivo,=0 or 
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which coincides with the first root in (16.22). The corresponding solution for T, 
from (16.20), will have a diminishing oscillatory behaviour in x as long as u and e 
have the same sign. If not, an exponentially growing oscillation will occur, which 
will preclude the use of a single march in the positive x direction to obtain the 
solution. The parameter є is equivalent to the viscosity or thermal conductivity, 
which are always positive. Therefore for stable solutions it is necessary that u is 
positive. Since (16.18) with ó = 0 is parabolic, positive u corresponds to information 
being convected in the positive time-like direction. 

It is clear from the above example that the Fourier analysis of the governing 
equation gives quite precise information about what type of solution may be 
expected and which terms in the governing equation are responsible. In particular, 
in relation to the reduced Navier-Stokes equations, the present analysis indicates 
whether exponential growth in x is to be expected, which will prevent the use of a 
single downstream march to obtain a stable solution. 

There is an obvious parallel with the use of Fourier analysis to determine the 
character of the solution of the discretised equations (Sect. 9.2.1). To the extent that 
the solution of the discrete problem converges to the solution of the continuous 
problem, it is expected that the results of the Fourier analysis applied directly to the 
governing partial differential equations will give comparable solution behaviour to 
the Fourier analysis of the discrete system of equations. However, where Fourier 
analysis is used to examine the stability of the discrete system of equations, i.e. the 
von Neumann stability analysis of Sect. 4.3, it is not known whether an apparent 
instability is a property peculiar to the discrete system of equations or a physical 
instability inherent in the solution of the governing equation and associated 
boundary conditions. 

The present use of Fourier analysis identifies possible unstable growth patterns 
inherent in the governing partial differential equations. In principle the physical 
boundary conditions could be introduced into the Fourier representation so that 
the resulting solution, equivalent to (16.19), would constitute a valid Fourier 
approximation of the true solution. This is essentially the approach used to study 
analytically the stability of various flow phenomena, e.g. Stuart (1963) or Drazin 
and Reid (1981). However such a comprehensive approach goes beyond what is 
required to identify suitable reduced forms of the Navier-Stokes equations. 

The present use of Fourier analysis may be compared with the traditional 
characteristic analysis of the governing partial differential equation (Chap. 2). In 
the traditional characteristics analysis only the highest derivatives are retained and 
the governing equation is reduced to characteristic form, ie. a characteristic 
polynomial is obtained, e.g. (2.36). It may be noted that if all but the highest 
derivatives are suppressed in the present Fourier analysis, the resulting polynomial 


їп б,» Gy, 6.8. (16.21) is identical with the characteristic form (also see Sect. 2.1.5). 
Thus the characteristic form of (16.18) can be obtained from (16.21) as 


doz +с02=0 , 


which has imaginary roots, so that (16.18) is classified as an elliptic partial 
differential equation. 

However, in the present application of determining whether possible ex- 
ponential growth nodes are present in the governing equation, Fourier analysis is 
preferred to characteristics analysis for the following reasons: 


i) [t takes into account all terms in the governing equations, not just the highest 
derivatives. 

ii) The contribution of specific terms in the governing equation to possible 
exponential growth can be identified directly. 

iii) The analysis is more robust, in that the possible failure to produce a result 
through degenerate systems (Sect. 2.1.4) is avoided. 

iv) The solution of the eigenvalue problem, e.g. (16.21) has more direct physical 
significance than the solution of the characteristic polynomial, e.g. (2.36). 


16.1.3 Qualitative Solution Behaviour of the Reduced Navier-Stokes Equations 


The various approximations to the Navier-Stokes equations can be examined, in a 
similar way to (16.18), after local linearization. That is u and v in the convective 
parts of (16.5 and 6) are assumed frozen at their local value. Thus the present 
analysis takes no account of any behaviour arising from nonlinear interactions. 
From the similarity of (16.5 and 6) with (16.18), when ó — 0, it might be expected that 
the solution to the reduced Navier-Stokes equations will demonstrate comparable 
streamwise growth/decay patterns to those of (16.18) with 6=0. Whether this is, in 
fact, the case or not will be indicated below. 

The application of Fourier analysis, as in Sect. 16.1.2, to the RNS equations, 
Sect. 16.1.1, implies consideration of a system of equations rather than a scalar 
equation, e.g. (16.18). The extension of Fourier analysis to systems of equations will 
be illustrated by starting with the incompressible Navier-Stokes equations for two- 
dimensional steady flow (16.1—3). In place of (16.20) it will be assumed that 


и üexp(io, x)exp(io,y) , 
u~bexp(io,x)exp(io,y) , (16.24) 
p pexp(ic,x)exp(io, y) , 


where ~ is taken to mean that the solutions will be of the form indicated. 
Equations (16.24) are substituted into the frozen form of (16.1—3) producing 


io, ig, 0 й 
iA t (c2 - o7)/Re 0 іс, || 6 |=0, (16.25) 
0 ІА +(02+02)/Ке io, || № 


where А-иб,--06,. 
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To obtain the solution to a homogeneous system of equations like (16.25) it is 
necessary that ае ]=0. For (16.25) this generates the following polynomial 
in бу: 


: ] 
(ох +95) ио, +00) + 5 (ox +05)]=0 . (16.26) 


The second factor has the same form as (16.21) and has roots 
бұ-іс2/(и Ее)-ов,2/и and -(ШЕе--о2/(иКе)|--б,г/и . 


Exponential growth is produced Бу the first root if u is negative апа Бу the second 
root if u is positive. The first factor has roots о, = tio,. The negative imaginary 
root will cause exponential growth in x, after substitution into (16.24). 

The system of equations (16.1—3) is elliptic. This can be established by intro- 
ducing auxiliary variables for the second-derivative term, and constructing an 
equivalent system of first-order partial differential equations. This system is 
analysed using the technique described in Sect. 2.1.4, leading to the characteristic 
polynomial (2.39). 

The present Fourier analysis produces the identical polynomial if the lower- 
order terms, i(uo,+vo,), are suppressed in (16.26). This is consistent with the 
classification of partial differential equations being based on the highest derivative 
in each independent variable. 

In (16.26) it will be seen that imaginary roots still occur when i(uc, + vo,) is 
suppressed, confirming that the system (16.1—3) is elliptic. Consequently boundary 
conditions are required on all boundaries, Sect. 2.4. The boundary conditions 
prevent the exponential growth, implied by the roots of (16.26), appearing in the 
solution to (16.1—3). 

If the above analysis, from (16.24) onwards, is applied to the reduced Navier- 
Stokes equations (16.4-6) the following polynomial is obtained in place of (16.26): 


(o2 -- o2) [i(uo, - vo,) +(1/Re)o2]=0 . (16.27) 


The neglect of the streamwise diffusion terms, 6?7u/0x? and д?р/дх?, has a similar 
effect on the second factor of (16.26) as occurred for the model problem leading to 
(16.21). That is, the following root is obtained from the second factor in (16.27). 


о? v 


б,=1 Re O, . (16.28) 





As long as и 15 positive, no modes with exponential growth in x occur. Thus the 
reduced form of the Navier-Stokes equations is effective in suppressing the 
exponentially-growing mode in the convection, diffusion operator. 

However, the reduced form of the Navier-Stokes equations has no impact on 
the first factor in (16.26) which is retained in full in (16.27). The first factor in (16.27) 
has a negative imaginary root and will produce exponential growth in the x 
direction. Suppression of the lower-order terms, (ис, +va,), in (16.27) does not 
affect the imaginary roots of the first factor. This indicates that the reduced 
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Navier-Stokes equations (16.4-6) are mixed elliptic/parabolic, with the elliptic 
behaviour coming from the first factor in (16.27) and the parabolic behaviour 
coming [rom the second factor. 

Any elliptic behaviour is sufficient to upset the time-like, single march strategy 
that motivates the interest in reduced forms of the Navier-Stokes equations. If the 
contributions to the first factor in (16.27) are traced back to the governing 
equations (16.4-6) it will be seen that the source of the elliptic behaviour is the 
interaction of the pressure terms in the momentum equations with the terms in the 
continuity equation. If there were some way of suppressing др/0х or др/ду in the 
governing equations, the elliptic behaviour would be avoided. 

The Fourier analysis of the reduced Navier-Stokes equations for compressible 
flow (16.12-15) leads to a more complicated characteristic polynomial, in place of 
(16.27), which cannot be interpreted so precisely. An intermediate category, suitable 
for transonic Mach numbers, can be considered by starting from (16.12, 13, 17) and 
neglecting the dissipative terms in (16.15) as in Sect. 18.1.2. Consequently (16.15) 
can be replaced by (11.104), which can be written nondimensionally as 


, 2 
ТУМАР d оу DM2[1—(u2+u2)]) . (16.29) 


This equation is used to eliminate p, in favour of о, и and v, from (16.13 and 17). 
This approximation is consistent with the observation that for transonic Mach 
numbers the temperature variation in the computational domain will be small if an 
adiabatic wall boundary condition is imposed. 

In terms of o, u and v the governing equations are 

















бо до ди QU 

ce =0 | 
"x Pay Sox “ду ; (16.30) 
а? до [ои\ди ди (7—1) ôv 1 ôu 

y Ox (° Jae y O ax Re 1529 ' 1631) 
а? до (y—1) ди ôv fov\édv 1 0% 
yy ; ШЕТШЕ y ду Re dy? (16.32) 


In the above equations the dependence of the viscosity и on temperature is 
neglected and the nondimensional sound speed is defined by 





1 
= Mi +2 | (16.33) 


If undifferentiated terms like a?, ou, ov, etc., in (16.30 32) are frozen and a complex 


Fourier series introduced for o, u and р, аз in (16.24), the following polynomialin б, 
Is obtained: 


2 2 
C (ig^ E ES — а2(02 -o2)— E v0) | =0, (16.34) 


where Л = ис, Рос, . (16.35) 
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For external flow problems far from an isolated body the reduced Navier- 
Stokes equations coincide with the Euler equations governing inviscid flow. This 
situation corresponds to setting Re- oo in (16.34), which reduces to 





. „А 
(ie =) (ис, +оо)? – а2(02 +02)]=0 . (16.36) 
The first factor has roots т„/т„= — v/u and the second factor has roots 
б, ип a*(M? – 1)? 
e, ёё с C (16.37) 


where the local Mach number, М = (и? -- v?)!/?/a. It is apparent from (16.37) that if 
the flow is locally subsonic, i.e. M « 1, a negative imaginary root will arise leading 
to exponential growth in the marching (x) direction. This corresponds to the 
inviscid equations being elliptic if M < 1, but hyperbolic if M > 1. 

For the general viscous case (16.34) 1s directly applicable. The first factor has the 
same behaviour as the second factor in (16.27). That is, no exponentially growing 
modes are produced as long as u is positive. The second factor is quadratic in о, 
producing the following values for the roots: 











xo uv iyuo, 
, Wa? 2oRe(u2— а?) 
а? 0.5уис, V іурс, |? 
M?—b- yy) — y . 16.38 
tap [ ) c>) оКеа? ү ) 


For large values of Re, [ ]'? is dominated by the (M? — 1) terms leading to strongly 
growing exponential behaviour for subsonic flow. 

For flows with u < a, the second term on the left-hand side of (16.38) produces а 
weak elliptic behaviour, as does the last term in [ ]'/? for any flow velocity. Thus 
the viscous terms are producing weak exponential growth in the x direction, 
although of reducing magnitude as Re increases. However, this result might be 
modified for the equivalent turbulent form of the RNS equations. 

It is seen that for both the inviscid and viscous cases, approximately subsonic 
flow will produce a strong exponentially growing mode in the x direction. How- 
ever, if it were possible to suppress бр/дх in (16.13), there would be no ex- 
ponentially growing inviscid modes in x as long as u is positive. 

For compressible flow with no restriction on the local Mach number the 
reduced Navier-Stokes equations are given by (16.12-15). The pressure can be 
eliminated in favour of the temperature and density via the nondimensional 
equation of state 


1-уМ%р-оТ. (16.39) 


Complex Fourier series, as in (16.24), are introduced for o, u, v and T. Substitution 
into the governing equations generates the following polynomial in place of (16.34). 
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2 2 
О Gy M; 70; 2 2/42 2 
_ LY А? — 
(оледі ion e оу) а“6%--б;)1 
оға? /у-1 202009 „ди[у—1\,, 
— lA —[-— |А =0. 40 
«SR y J eos 0) 0 ду\ y Re 0,6; (16.40) 


In deriving (16.40) isolated terms containing 1/Ке? have been ignored as has the 
temperature dependence of the viscosity и. The last term оп the right-hand side 
contains ди/ду which comes from the nonlinear dissipation term in (16.15). 

For large values of Re it can be seen that the solution behaviour will be 
dominated by the product of the first three factors in (16.40). The first two factors 
produce the same behaviour as the second factor in (16.27) and will not generate 
exponential growth in x as long as u is positive. However, the third factor is the 
same as the second factor in (16.36) and leads to the same result. That is, for 
subsonic flow exponentially growing modes in the x direction will occur. The 
inclusion of the other terms in (16.40) is not expected to significantly change this 
conclusion. 

As with the transonic flow case governed by (16.30—32), if др/дх (16.13) can be 
suppressed the goal of obtaining stable solutions with a single spatial march can be 
achieved. Of course arbitrary suppression of the др/дх term will lead to non- 
physical solutions of the resulting system of equations. 

The results for the various categories of reduced Navier-Stokes equations are 
summarised in Table 16.1. The broad conclusion is that the neglect of streamwise 
dissipative terms is effective in suppressing exponential streamwise growth as- 
sociated with convection diffusion interactions. However, it does not overcome the 
essentially elliptic behaviour associated with pressure terms for subsonic flow 
conditions. 


Table 16.1. Dominant solution behaviour for reduced Navier-Stokes equations 








Incompressible Subsonic Supersonic 
M~9O 9<М<1 М>і 
Elliptic behaviour due to Strong elliptic behaviour due to Hyperbolic behaviour from 
pressure/continuity pressure. inviscid terms 
interaction Weak elliptic behaviour from Weak elliptic behaviour from 
pressure/ viscous interaction pressure/ viscous interaction 


If there is some additional mechanism for "neutralising" the elliptic influence of 
the др/дх term in the x-momentum equation, the goal of obtaining an accurate 
solution in a single downstream march can be achieved throughout the range of 
Mach numbers. Many of the techniques described in Sects. 16.2 and 16.3 will, to a 
greater or lesser extent, exercise control over the influence of the др/дх term. 


16.1.4 THRED: Thermal Entry Problem 


In Sect. 9.5.2 the problem of a ‘cold’ fluid entering a ‘hot’ two-dimensional duct is 
solved using a pseudo-transient formulation to provide the steady spatial tem- 
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perature distribution for a given velocity distribution. This same problem will be 
utilised here to illustrate the mechanics of setting up and solving an equivalent 
“reduced” formulation. 

Using the nondimensionalisation given in (9.91), this problem is governed by 
the low-speed two-dimensional energy equation 


eT o CT 


д д 
ax Ttg OT) 2-55 


0 
ax , (16.41) 
where a, = І0/(РгЕе?) and а,- 1.6/Рг. The boundary conditions for (16.41) are 
(Fig. 9.12) 


OT 
Т(0, у)=0 on x20, .—-«0 on х-х 


Óx max 3 


and (16.42) 
T(x, +1)=1 on у=+1. 


Except very near the duct entrance, x = 0, the longitudinal temperature diffusion is 
very much less than the transverse temperature diffusion; consequently x,02 T/Ox? 
can be dropped from (16.41). The resulting "reduced" equation is written as 


Т 


д 
у= Tayl 


д 
- a OF) . (16.43) 
Since (16.43) is parabolic in x, no boundary condition is allowed at х= Xmax. The 
other boundary conditions are given by (16.42). 

This problem is to be solved in the computational domain 0<x € 2.00, 
-І.0<у<1.0 by marching in the positive x direction starting from the known 
solution at x=0. Thus x has a time-like role and the temperature distribution 
T(0, y) provides the ‘initial’ conditions. 

The group finite element formulation (Sect. 10.3) with linear interpolation 1s 
introduced in the y direction and combined with Crank-Nicolson discretisation for 
the x derivatives in (16.43). The resulting algebraic equations can be written 


M A(uTy ^! 0.5 n nti n nti 


y Ах y yy 


where n, j are the grid indices in the x and y directions, respectively. The operators 
L, and L,, аге the three-point centred difference operators 


Libo 757 qo (7217 


L , , 
y 2Ay yy Ау? 


(16.45) 


and M,, the mass operator, is defined for both finite difference and finite element 
formulations: 
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67376 


М,-10,1,0))) (ог the finite difference formulation. 


121) 
m=] | , for the finite element formulation, 
(16.46) 


It is assumed that the velocity field (u, v) is known. Consequently the following 
linear system of equations for AT5* {= T5* ! — Т") сап be constructed, after 
appropriate linearisations about the solution T}: 

[M ut] +L 0.SAx(L ost! —a,L,,) ]JAT5! 

= Axa, L,,T5 Ах? Т) M,T'Aw 1 . (16.47) 
To compare with the semi-exact solution of Brown (1960) the fully developed 


velocity distribution is assumed, 
u=1.5(1—-y*), 2-9. (16.48) 


For this choice of velocity distribution, which is independent of axial (x) location. 
(16.47) simplifies to 


[M,u,+0.5Ax(L,v)— 4, Ly) JAT!" ! = Ax[a,L,,7"—L,(vjT%)] . (16.49) 


Equation (16.49) is implemented in program THRED (Fig. 16.4). The main 
parameters appearing in program THRED are described in Table 16.2. To 
avoid the discontinuity in 7(0, + 1) implied by (16.42) the following ‘initial’ data on 
x=0 is prescribed in program THRED: 


T(0, у)= y? . (16.50) 


The computed centreline solution (y = 0) is compared with the semi-exact solution 
of Brown (1960). Brown obtained a separation of variables solution of (16.43 and 
48) based on an exponentially decaying solution in x and an eigenvalue/eigen- 
function expansion in y. The first ten terms of Brown's solution, specialised to the 
centre-line, are evaluated in the subroutine TEXCL (Fig. 16.5) to provide the semi- 
exact solution TEX. 

A typical solution, with Ах = 0.05, 4y — 0.20, produced by THRED is shown in 
Fig. 16.6. The computed temperature solution is symmetric about y = 0 so that only 
the temperature solution corresponding to — 1 < y 015 shown. The extreme right- 
hand column of T is the centre-line (y 20) value and may be compared with the 
semi-exact value TEX. For the relatively coarse-grid solution shown in 
Fig. 16.6 it is clear that the solution displays an oscillation close to x &0, y% — 1.0. 
This oscillation is associated with a rapid change in the boundary condition for T 
close to (0, + 1.0). The amplitude of the oscillation reduces with increasing x. For a 
finer grid in x or y the oscillation does not occur. 

It may be noted that solutions, e.g. AF-FEM, produced by program 
THERM (Fig.9.13) on an 11 x11 grid (4x0.20, Ау- 0.20) do not produce 
a significant oscillation adjacent to (0, + 1.0). However, program THERM is 
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THRED SOLVES THE REDUCED FORM OF THE THERMAL ENTRY PROBLEM 
BY C.N. MARCHING 


DIMENSION T(41),DT(65),U(41) , V(41) , R(65) , B(5,65) , EM(3) 
1,ALF(10),DYFL (10) 

DATA ALF/1.6815953,5,6698573,9,6682425,13.6676614,17.6673736, 
121.6672053,25.6670965,29.6670210,33.6669661,37.6664327/ 

DATA DYFL/-0,9904370,1.1791073,-1.2862487,1.3620196, -1. 4213257, 
11,4104012,-1.5124603,1.5493860,-1.5823802,1.6122503/ 
OPEN(1,FILE-'THRED.DAT') 

OPEN (6, FILE='THRED. OUT’) 

READ(1,1)NY,NXMAX,ME,DX,DXP,XMAX,PR 

FORMAT (315, 4E10. 3) 


IF(ME .EG. I)MRITE(6,2) 

IF(ME .EQ. 2)WRITE(6,3) 

FORMAT(' REDUCED THERMAL ENTRY PROBLEM BY C,N.~FEM',/} 
FORMAT(' REDUCED THERMAL ENTRY PROBLEM BY C.N.-FpM',/) 
WRITE(6,4) NY, NXMAX, DX, XMAX,PR 

FORMAT(' NYs',I3," NXMAX=',15,° DXs',E10.23,' XMAX=',F6.3,' PRs', 
1F6.3,/) 


NYP = NY - 1 
МҮН = NY/2 + 1 
NYPP = NY - 2 


ANY = NYP 
DY = 2./ANY 
ALY = 1.6/PR 


CA = 0.5*DX/DY 
CCA = ALY*DX/DY/DY 


IF(ME .EQ. 1)EM(1) = 1./6. 
IF(ME ,EQ. 2)EM(1) = 0, 
EM(2) 1. - 2.*EM(1) 


EM(3) = EM(1) 


SET U,V AND T INITIAL DATA 


DO 5 K = 1,NY 

KM = K - 1 

AK = KM 

Y = -1. + AK*DY 

U(K) = 1.5*(1. - Y*Y) 
V(K) = 0. 

T(K) = Y**32 


SET UP TRIDIAGONAL COEFFICIENTS AND FACTORISE B 


DO 6 K = 2,NYP 

KM = K - 1 

KP = K + 1 

B(1,KM) = 0. 

B(2,KM) = EM(1)*U(KM) - 0.5*CA*V(KM) - 0.5*CCA 
B(3,KM) = EM(2)*U(K) + CCA 

B(4,KM) = EM(3)*U(KP) + 0.5*CA*V(KP) - 9.5%ССА 
B(5,KM} = 0. 

CONTINUE 

B(2,1) = 0. 

B(4,KM) = 0. 


Fig. 16.4. Listing of program THRED 
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60 CALL BANFAC(B,NYPP,1) 

61 С 

62 X = 0. 

63 XPR = 0. 

64 NCT = Q 

65 SUMT = 0. 

66 7 МСТ = NCT + 1 

67 C 

68 C GENERATE Е.Н.5. 

69 C 

70 pO 8 К = 2,NYP 

71 KM = K - 1 

72 KP = K + 1 

73 8 R(KM) = CCA*(T(KM)-2.*T(K)+T(KP)) ~ CA*(V(KP) *T(KP) -V(KM) *T (KM) ) 
74 С 

75 CALL BANSOL(R,DT,B,NYPP,1) 

76 € 

77 pO 9 K = 2,NYP 

78 9 T(K) = T(K) + DT(K-1) 

79 X = X + DX 

80 C 

81 C ЕХАСТ C/L SOLUTION 

82 C 

83 CALL TEXCL(X,TEX,PR,ALF,DYFL) 
84 C 

85 pMP = T(NYH) - ТЕХ 

86 IF(NCT .6Т. 2)SUMT = SUMT + DMP*DMP 
87 IF(X .LT. XPR)GOTO 11 

88 WRITE(6,10)X, (T(K) ,K=1,NYH) , TEX 
89 10 FORMAT(' Xs',F4.2,' Ts',6F6.3,' ТЕХ=',Е6,3} 
90 АРК = XPR + DXP - 0.0001 

91 11 IF(X .GE. XMAX)GOTO 12 

92 IF(NCT .GE. NXMAX)GOTO 12 

93 GOTO 7 

94 12 ANCT * NCT - 2 

95 RMS = SORT(SUMT/ANCT) 

96 WRITE(6,13) NCT, RMS 


97 13 FORMAT(' NCTs',I5,' RMSs',E10.3) 
98 14 STOP 
99 END 


Fig. 16.4. (cont.) Listing of program THRED 


based on the solution of (9.90), which includes the term д°Т/дх?. This term 
introduces a smoothing effect and prevents an oscillation adjacent to (0, + 1.0) 
from occurring. 

Centre-line solutions (RED-FEM) produced by program THRED аге 
compared in Table 16.3 with those produced by program THERM and with 
the semi-exact solution by Brown (1960). The rms errors calculated for the RED- 
FEM solutions have omitted contributions from locations x =0, Ax to be consist- 
ent with the procedure adopted for program THERM (бесі, 9.5.2). With 
sufficient grid refinement in the x direction the RED-FEM solution can be made 
more accurate than the approximate factorisation finite element method (AF- 
КЕМ) solution. However, of greater significance is the economy of the RED-FEM 
solution, arising from the single downstream march required to obtain the solution. 
The RED-FEM solution with Ax = 0.05 is an order-of-magnitude more economical 
than the AF-FEM with 4x=0.20 while achieving about the same solution ac- 
curacy. 
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Table 16.2, Parameters used in program THRED 


— — T r spP 
Variable Description 





ME =], linear finite element method 
- 2, three-point finite difference method 
NY number of points in the y direction 
NXMAX maximum number of points in the x direction 
DX, DY Ax, Ay 
DXP Ax increment for printing temperature solution 
ХМАХ downstream extent of computational domain 
PR Prandtl number, Pr 
ALY а,--1.6/Рг 
ЕМ M, 
T; U, V temperature, velocity components in the x, y directions 
B tridiagonal matrix; left-hand side of (16.49) 
R right-hand side of (16.49) 
RMS | T. ,— TEX [ms 
TEXCL calculates TEX for given x and Pr 
ALF, DYFL arrays required by subroutine TEXCL 


SUBROUTINE TEXCL(X,TEX,PR,ALF,DYFL) 


FOR GIVEN X AND PR COMPUTE EXACT CENTRE-LINE 
TEMPERATURE DISTRIBUTION 


DIMENSION ALF(10),DYFL(10) 
ZD = -3.2*X/PR/3.0 


x со - C» Qn > Co Q = 
AAAA 


10 po 1 I = 1,10 

11 DUM = ZD*ALF(I)*ALF(I) 
12 IF(DUM .LT. -20.)GOTO 1 
13 DUM = EXP (DUM) 

14 CF = -2./ALF (I) /DYFL(I) 
15 TB = TB + CF*DUM 

16 1 CONTINUE 

17 TEX = 1. - TB 

18 RETURN 

19 END 


Fig. 16,5. Listing of subroutine TEXCL 


REDUCED THERMAL ENTRY PROBLEM BY C.N.-FEM 
NY- 11 NXMAX- 50 pX= .500E-01 XMAX= 2.000 PR= .700 
T= 1.000 1.076 .477 .188 .074 .046 ТЕХ: .058 


= 1.000 .701 .767 .614 .520 .495 ТЕХ= .493 
= 1.000 .868 .917 .827 .801 .793 TEX- ,786 


+  . 
ы о 
о uU 


с = 
о о 


1.000 .937 .972 .924 .918 .913 TEX- .909 
1.000 .969 .992 .966 .967 .963 TEX= .962 
= 1.000 .984 .999 .985 .987 .984 ТЕХ: .984 
= 1.000 .992 1.001 .993 ,995 .993 ТЕХ: ,993 


оз 
со 
e 


= 1.000 .995 1.001 .997 .998 .997 TEX- ,997 
= 1.000 .997 1.001 .998 .999 ,999 TEX- .999 
= 1.000 .999 1,001 ,999 1.000 .999 ТЕХ= .999 
= 1.000 .999 1,000 1.000 1.000 1.000 TEX= 1.000 
1 RMS= .350E-02 


. 
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Fig. 16.6. Typical output from program THRED 
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Table 16.3. Centre-line solutions for thermal entry problem, 4y = 0.20 


rms 
x 0.000 0.200 0.400 0.600 0.800 1.000 1.200 1.400 1.600 1.800 2.000 error 





(Semi-) exact 0.000 0.493 0.786 0.910 0.962 0,984 0.993 0.997 0.999 1.000 1.000 - 
AF-FEM 


Ax = 0.20 0.000 0.462 0.794 0.910 0.963 0,984 0,994 0.997 0.999 0,999 1.000 0.003 
RED-FEM, 
Ax = 0,050 0.000 0.495 0.793 0.913 0.963 0,984 0.993 0.997 0,999 1.000 1.000 0,0035 
RED-FEM, 
Ax =0.010 0.000 0.497 0.789 0.912 0.963 0.984 0,993 0.997 0,999 1.000 1.000 0,0019 


16.2 Internal Flow 


Many internal flows, e.g. in pipes, diffusers, ducts, engine intakes, can be described 
accurately by using reduced forms of the Navier-Stokes equations. However, as 
indicated in Table 16.1, the basic form of the RNS equations is likely to be elliptic. 

For steady internal flow the total mass flow past any downstream station is 
constant. This property provides an additional piece of information that can be 
exploited to construct a non-elliptic RNS system of equations. Examples of this will 
be provided in Sects. 16.2.1 and 16.2.2. For flows in highly-curved ducts ап 
alternative strategy, based on splitting the transverse velocity field, will be de- 
scribed in Sect. 16.2.3. The split velocity approach still permits an accurate viscous 
solution to be obtained in a single downstream march. 

Flow in straight pipes and ducts can be categorised into four types (Rubin et al. 
1977) depending on the distance from the entrance, as indicated in Fig. 16.7. The 
Reynolds number associated with the duct flow is based on the hydraulic diameter 
D, and the mean velocity U,,. The four categories are: 


A. Immediate entrance flow, x, is O(D,/Re). 


B. Entry region flow, Xp is O(D,). 
C. Fully viscous flow, хе is O(D, Re). 
D. Fully developed flow, Xp > D,Re. 


At the immediate entrance to the duct the flow behaviour demonstrates very 
severe velocity gradients adjacent to the duct lip, under the influence of viscosity 
reducing the inflow velocity to zero at the duct walls. A very fine local grid and the 
full Navier-Stokes equations are required to compute this domain accurately. In 
region B boundary layers develop on the duct walls and the flow field can be 
determined by a coupled inviscid flow (Chap. 14) and boundary layer flow 
(Chap. 15) analysis. Such a formulation is provided by Rubin et al. (1977). However, 
region B could also be computed accurately with an RNS formulation. 

Sufficiently far downstream, region C (Fig. 16.7), the “boundary layers” merge 
so that the flow, everywhere in the duct cross-section, must be considered viscous. 
That is, the magnitudes of the viscous terms in the governing equations are 
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Fig. 16.7. Flow classification for flow. 
in straight ducts 
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everywhere non-negligible. For this region a reduced form of the Navier-Stokes is 
appropriate to obtain the solution. 

Even further downstream, region D, the flow behaviour becomes independent 
of downstream location x. In marching the reduced Navier-Stokes equations the 
downstream coordinate, x, has a time-like role. Consequently the solution to the 
reduced Navier-Stokes equations in region D is equivalent to the steady-state 
solution of a (pseudo-)transient formulation (Sect. 6.4). 

For many internal flows the duct (or equivalent passage) terminates in regions 
B or C. The diffuser flows considered in Sect. 16.2.1 are in this category. For a fully 
developed flow, region D, the introduction of an obstruction in the interior or on 
the wall generates a new region C downstream of the obstruction. Further 
downstream a new region D occurs. 

For internal flows in ducts whose centreline is curved, secondary flows are 
present and region C persists. А typical transverse streamline pattern (i.e. based on 
secondary velocity components v and w) is shown in Fig. 16.8, The duct axis is 
curving to the right of the local primary flow direction. For flows with mild duct 
axis curvature the techniques discussed in Sect. 16.2.2 are effective in making the 
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governing equations non-elliptic with respect to the downstream direction. For 
more severe curvature the techniques described in Sect. 16.2.3 are appropriate. 

As indicated in Sect. 16.1.3 the basic reduced Navier-Stokes equations are 
elliptic for subsonic flow due to the pressure interaction. Additional constraints or 
approximations to the RNS equations are required to produce а non-elliptic 
system. These are illustrated here for axisymmetric incompressible laminar flow in 
a pipe (i.e. a circular duct). The appropriate RNS equations, equivalent to (16.4-6) 
but in polar coordinates, are 


ou OP LP ig (16.51) 





2 
ĉu ди ép | (5: 59 (16.52) 


+0—+—= + 
дх Or ôx Кең др? rér 
ôv дь Op atu ló v 
н +0 | a5 т”?! 16.53 
дх ôr ôr Re (5 де r ( 
For internal flows with small transverse velocity components the transverse 
variation of the pressure is small and its gradient in the marching direction (x) can 
be ignored in the corresponding momentum equation. Thus for axisymmetric flow 
the pressure can be split as 


P— Peu + р(х, r) 5 (16.54) 


where p.,, denotes the centreline pressure and p° is a correction to account for the 
radial variation. Substitution into (16.52 and 53) indicates that др“ /дх is O((0/ LY.) 
whereas the dominant terms in (16.52) are O(1). Here ó is the thickness of the 
viscous layer ( —0.5D, downstream of the merging of the viscous layers, Fig. 16.2), D 
is the local pipe diameter and L is a characteristic length along the axis of the pipe. 
Consequently др°/дх is dropped and (16.52) becomes 


ди | ди арыл 1 ди 1 ди 1655 
"ay at dx Re| ôr? r\ Gr | (16.55) 





In the radial momentum equation (16.53) the pressure gradient is Op*/ór since 
Cp, ;/0r =0. Consequently the three governing equations contain four dependent 
variables. 

However, an additional equation can be obtained by observing that, for steady 
flow, the overall mass flowrate m is constant. The mass flow rate is given by 


R 
m —2no | ur dr ; (16.56) 
0 
Thus 6m/éx = 0, i.e. 
дт 


an | и dre 16.57) 
— = r—dr= . 
дх 9) дх | ( 
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which is a more useful form for combining with (16.51, 53 and 55). It may be noted 
that (16.57) is also obtained by integrating the continuity equation (16.51) over the 
pipe cross-section. 

Equations (16.55 and 57) together provide и"*! and p?! as follows. Equation 
(16.55) is discretised in the x direction as 


u" Au" * 1 Ax Ди * 1/2, in * 1/2, p) — АРАЛАУ Ах , (16.58) 
where 
1 /€u lôu ди 
— Она Баты 16.59 
/ (era) "Or" (6259) 
Au^ = ти" . u^ * 1? = 0).5(и" un *!) and р"* {2 — 15р" —0.5р% 1 . 


The indices n and j define the grid points in the x and r directions, respectively. 
With three-point centred difference expressions introduced for the r derivatives in 
(16.59), a linearisation of (16.58) about downstream location x" as in Sect. 10.1.3 
gives 


eJ 
(w-osas e лат Ах Ја(и", v2 * ! P, r) Арел, (16.60) 


where J, is the discretised form of J. Equation (16.60) is tridiagonal and can be 
readily factorised into upper, U, and lower, L, triangular form (e.g. using BANFAC, 
Sect. 6.2.3). Consequently (16.60) can be written as 


дит = Ax UTL Ja- U^ LU Apt. (16.61) 


The application of (16.57) in discretised (e.g. trapezoidal) form gives an explicit 


expression for Ape. 


Ах| 07 1744г 
Apttt=—— | (16.62) 
ШЕ ‘Lar 
d 





Consequently (16.60 and 62) constitute a modified tridiagonal system at each 
downstream location x"*' that gives u^* and při’. 

The splitting of the pressure (16. 54) and the introduction of the mass flow 
constraint (16.57) produce a system of four equations in four unknowns. Appli- 
cation of the Fourier analysis, described in Sect. 16.1.2, indicates that the u solution 
will be made up of two components, one oscillatory and one with a diminishing 
exponential behaviour in x. Consequently a stable marching algorithm in x will be 
obtained and, in fact, the system is non-elliptic. The crucial step that makes the 
system non-elliptic is the dropping of the term др°/дх from the x-momentum 
equation to generate (16.55). 
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As long as this approximation is acceptable, accurate solutions can be obtained 
in a single march for internal flows governed by reduced forms of the Navier- 
Stokes equations. This will be the case for internal swirling flow, discussed in 
Sect. 16.2.1, and for flow in a straight duct, Sect. 16.2.2. However, for flow in highly 
curved ducts the transverse pressure gradients are significant, requiring an alter- 
native means of generating a non-elliptic system of equations. How this can be 
done is discussed in Sect. 16.2.3. 


16.2.1 Internal Swirling Flow 


This problem is motivated by the experimental observation (Senoo et al. 1978) that 
the addition of a small amount of swirl, wor), to the flow entering a conical diffuser 
is sufficient to prevent separation of the flow at the walls for cone angles that would 
otherwise just produce separation (215°), As a result the pressure recovery 
through the diffuser is greater for a given energy expenditure required to overcome 
viscous losses. 

This problem is governed by the incompressible turbulent Navier-Stokes 
equations (Armfield and Fletcher 1986). In a reduced form these become 




















= 25,79 (16.63) 
cpr e (16.65) 


In obtaining the momentum equations (16.64-66) the streamwise diffusion terms 
are second-order іп 6/1, and have been neglected. In forming (16.64 and 66) some of 
the turbulence terms are sufficiently small that they have been dropped. In 
modifying the radial momentum equation (16.65) the convective and dissipative 
terms are second-order and have been deleted. It may be noted that the pressure 
splitting (16.54) has been incorporated into (16.64 and 65). 

The turbulence quantities in (16.64 and 66) can be related to the mean flow by 





ҥш = «A and vw t) , (16.67) 
where у, and v; аге eddy viscosities which сап also be related to the mean flow 
quantities. The specific algebraic relations are given by Armfield and Fletcher 
(1986). 

Equations (16.63-67) and (16.57) provide a system of five equations in five 
unknowns, и, p, w, р p°, to be obtained as functions of x and r. In the actual 
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computation, the region in the diffuser is described in spherical coordinates 
(Armfield and Fletcher 1986). 

Application of the Fourier analysis described in Sects. 16.1.2 and 16.1.3 in- 
dicates that the system (16.63-67 and 57) is non-elliptic with respect to the x 
direction. Therefore ‘initial’ conditions are specified at one upstream location хе, 
Le. (Xo, r) = uo(r), W(X, r) 2 wo(r). At the diffuser wall (r—r,), u(x, ry) = v(x, ғ) = 
w(x, r,) —0. Along the diffuser centreline (r = 0), 0u/ór 2v — w-—0. 

Because of the pressure splitting (16.54), two almost independent systems can be 
constructed from (16.63-67). After discretisation, (16.63, 64) and the mass flow 
constraint (16.57) are used to obtain и”? !, рт! and v7* 1. Given и”! and v^* !, 
(16.65 and 66) provide w"*! and p^"*!, 

The computational domain and the corresponding grid description are in- 
dicated in Fig. 16.9. The discretisation of (16.63—67) proceeds іп two stages. First all 
r derivatives in (16.64 and 66) are discretised by 





д жат Pj 
дода iC oar), 
or Гужа К}-1 
0 
2, Ф (vó)+ O(AF2) (16.68) 
Or Or 


where ф and v are generic variables and j denotes the grid location in the radial 
direction. The form of discretisation indicated in (16.68) is appropriate for a 
nonuniform grid. In the present problem a refined grid, in the ғ direction, is 
required adjacent to the duct wall where severe radial gradients are to be expected. 

Equations (16.63 and 65) will be marched in the radial direction. The required 
form of discretisation of the radial derivatives is indicated in (16.74 and 79). 

Discretisation of the x derivatives in (16.64 and 66) is made to facilitate the 
construction of an efficient marching algorithm. Thus (16.64) is written in discrete 
form as 


noti noti 


и 
Ax? *! Ax" *! 





=J"7 124 O(Ax, Ar?) , (16.69) 


where 
Brio Qni nr п+ 1/2 _ п nti 
Дн —uj wi. uj —0.5(u5c us), 
п+ 1/2 _ п п 1 
vitt = (1 +0.5r,)05—0.5r, 0% 


and 


1 1 У, 
Ja Re Е ЫШ +L,,(v,u); + (5) Laue v,L,u, . (16.70) 
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Fig. 16.9. Computational domain and grid notation for internal swirling flow 


In (16.69) Apt i! = ра! — pt, апа vtt1⁄2 is projected from upstream values like 


x 


v,* 1? The grid growth ratio r, is defined by 


r = (x" tl —x"(x"—x" !)-2Ax"*!/Ax" . 


n+1/2 n+1/2 


By projecting v апа v^* !? from upstream but treating u implicitly, a 
linear, scalar system of equations for 4w;*! can be constructed from (16.69). To 


achieve this, J4(u5 * 1) is expressed as a Taylor series expansion, as in (8.19), 
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0J, 
Ja(u 5) J (u 94-2 Au i +O(Ax*) . (16.71) 
So that (16.69) becomes 
^ 054 0/74 nti T MEE nti 
и)-924х- o Au; = Ax Ja(uj п) Аре. (16.72) 


Equation (16.72) is а tridiagonal system of equations which could be solved 
conventionally, e.g. as in бесі, 6.2.2, if Ара! жеге known. Equation (16.72) is 
manipulated to provide an explicit expression for 4р"! by introducing the mass 
flow constraint as in (16.60-62). Thus the centre-line pressure adjustment is given 


by 
ах} rr IL lJ (un ott 12, ғ) аг 


Ара = ; (16.73) 
fru- 1L 'dr 
d 





where U and L are the upper and lower triangular factors of the left-hand side of 
(16.72). To be consistent with the discretisation given in (16.68), the integrals in 
(16.73) are evaluated by a trapezoidal formula 


JMAX- 1 
(Ее- У OS(FFj (raro). 

d j=1 

Given u7*' and р"! from (16.72, 73) the radial velocity component v"** is 


obtained from the continuity equation (16.63) written in discrete form as 





ntij2 ,Өғ1/2 п+1 
ЖЕТІЛ БІРІ 0) ) п+1/2 TFjeadMjrig 16.74 
y TUjeij2— y , (16.74) 
Vist x 


where v511/2—0.5(v7* 1/2 +017172). Thus an explicit formula for 077; can be 


obtained from 


lj VLLDMCM +1/2 Fj+1/2 
prt he = +i; J+1/ vti 05- l'jeija і 0.5 + j+1/ (16.75) 
it Ах Ах Ағ, 


with 
n+1/2 _ vti n 


+1 


Equation (16.75) provides the solution v"** via a one-dimensional radial march 


from the centre-line. 


The circumferential momentum equation (16.66) is used to obtain w"*! as 
follows, First, (16.66) is discretised to give 
Ду 
ujt? амт 17, шт tl p EO(AX?, Ar?) , (16.76) 
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where Са contains all the discretised radial derivatives, i.e. 


1 1 Wj Vew 
J J J 


Уф Yaw pw 


J 


Expanding w^ * ! about w^, as in (16.72), allows the following tridiagonal system for 
Aw"** to be constructed: 


| ға 
i osx aerias Galw’, u^ * М2 vit 12 г) + O(Ax2, Ar?) , 
(16.78) 


which can be solved efficiently using subroutines BANFAC and BANSOL, 
Sect. 6.2.3. 

Finally the radial pressure correction, р“, is obtained from (6.37) in the discrete 
form 


F. — ү. 
(piri =(р® + wath)? 221 C +LO(Ar2) (16.79) 


+112 
апа 


(py =0 , where w;,,,5—-05(w,- wj). 


Equation (16.79) is marched from the centre-line to the duct wall to provide the 
pressure correction (p°) + !. 

The overall algorithm obtains the solution sequentially at each downstream 
location without iteration in the radial direction. The solution in the x direction is 
obtained in a single downstream march. Consequently the method is very econ- 
omical. А non-uniform grid is used in both the radial and marching direction. The 
truncation error of the overall scheme is O(Ax, Ar’). 

The flow through the conical diffuser, Fig. 16.9, uses the above formulation in 
the pipe region upstream of the diffuser. In the diffuser itself spherical polar 
coordinates are used. The equivalent form of the above algorithm in spherical polar 
coordinates is discussed by Armfield and Fletcher (1986). 

Typical results for the axial velocity distribution are shown in Fig. 16.10. These 
velocity profiles are for a seven degree conical diffuser with a Reynolds number of 
3.82 x 10? based on the entrance diameter. The average swirl at inlet, w,,/u,, —0.3, 
corresponds to the experimental data of So (1964). The computational results have 
been obtained with 50 points in the radial direction and 150 points in the x 
direction. The minimum radial step size is 0.001 D and occurs at the wall, where D is 
the upstream duct diameter. The radial step size increases by 10% in moving 
towards the centre-line. 

The experimental data at x/D —0.6, which is just inside the diffuser, has been 
used as starting data for the computation. Comparisons are made with the 
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a M=RESULTS OF SO Fig. 16.10. Axial velocity profile for 
swirling diffuser flow 
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experimental results at x/D —6.3. The turbulence has been modelled with an 
algebraic eddy viscosity model, as indicated above, and with а k-e turbulence 
model (Sect. 11.5.2). Clearly both representations lead to close agreement with the 
experimental data. 

The corresponding swirl velocity distribution is shown in Fig. 16.11. As with the 
axial velocity distribution good agreement with the experimental data of So is 
achieved using either turbulence model. 


(QsRESULTS OF SO 


0.3й 


Fig. 16.11. Swirl velocity 
profiles in a conical 
т diffuser 





The broad conclusion is that the reduced Navier-Stokes equations (16.63—66) 
are effective in providing an accurate and economical solution to the internal 
swirling flow problem. However, it should be noted that too large an inlet swirl will 
cause a flow reversal at the axis in the diffuser. 

For larger values of swirl, with or without axial flow reversal, the RNS 
equations given by (16.63-67) will provide accurate solutions if repeated down- 
stream marches are made with др/дх retained in (16.64) but discretised with 
forward-differences (as in Sect. 16.3.3). This necessitates storing the full pressure 
solution from one downstream march to the next. In addition, for strongly swirling 
flows close to reversal, it is found necessary to construct a Poisson equation for the 
pressure, as in Sect. 17.1.2, and to obtain v from the radial momentum equation. If 
local axial flow reversal occurs it is necessary to use upwind differencing for the 
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axial convective terms and to store the velocity field corresponding to the reverse 
flow region. The problem of swirling flow іп a diffuser has also been investigated by 
Hah (1983) using a method similar to that described in Sect. 17.2.3. 


16.2.2 Flow in a Straight Rectangular Duct 


Compared with the problem of internal swirling flow this problem has two 
independent variables ( y, z) in the transverse direction. In developing the reduced 
form of the Navier-Stokes equations it will be assumed that the secondary 
(transverse) velocity components, р, м, are small compared with the primary 
(streamwise) velocity component, u. This implies that the curvature of the duct axis 
is small. In fact solutions will be presented in Figs. 16.13 and 16.14 for the flow in 
straight ducts using the formulation to be described in this section. The present 
formulation will be described for incompressible laminar flow; the extension to 
compressible and turbulent flow being straightforward. 

The flow geometry and associated grid parameters are indicated in Fig. 16.12. It 
is assumed that a preliminary inviscid solution is available providing and "inviscid" 
pressure distribution p!" (х, у, 2). The reduced form of the nondimensional 
Navier-Stokes equations (16.4-6) can be written in three dimensions as 
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Where Re is given in Fig. 16.7. 
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The momentum equations (16.81-83) contain a “viscous” pressure correction 
р“, which is the difference between the pressure for viscous flow and the inviscid 
pressure p'"’, which is treated as a known source term. In a similar manner to that 
for the internal swirling flow problem, Sect. 16.2.1, the pressure correction p" is split 
into two parts, 


p'(x, y, Z)= реп(х) +P (х, у, т). (16.84) 


Substitution into (16.81—83) indicates that др“ */Ox in (16.81) is of O((6/ LY) and can 
be neglected in comparison with the other terms which are of O(1). In addition, for 
uniform inviscid flow through a straight duct, p'"" is constant so that its gradient is 
zero. Consequently for the rest of the present description, the pin" terms will be 
dropped from (16.81-83). In addition, р, p^* will be written as pon, p°. 

With the above pressure splitting the system of governing equations is non- 
elliptic in x and suitable for a single-march solution. Since the axial coordinate (x) 
is time-like, initial conditions are required at the starting location хо. Thus 
u= uo( y, z), p = po( y, 2); the initial transverse velocities г, wg are adjusted to match 
Ug, Po and the interior algorithm. Boundary conditions are provided by the no-slip 
condition at the duct surface, e.g. u=v=w=0 at у= +0.5H. No boundary con- 
dition is required, or allowed, at the downstream boundary of the computational 
domain. 

The three momentum equations can be written 
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The transverse derivatives іп А0 аге discretised by three-point centred difference 
formulae 


(054 vk 0j- 1.) 
, 24у 
(Pj- 14-28) + Oj 41,4) 


b= et Ody?) , 





+O(Ay*) , 


and similarly for L.0 and 1,,.0. These formulae are suitable for a uniform transverse 
grid. If a nonuniform grid is used, (16.68) provides an appropriate discretisation. 

An equivalent discrete form of (16.85) suitable for marching along the duct (in 
the x direction), can be written 
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A0"*! 
= A30" + 1/2 4 A20"* 7 68" , where (16.86) 
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Equation (16.86) can be linearised using the equivalent of (16.71) giving 
[u"—0.5Ax(A}+ A)] 40" * =Ax(L} + L5)0" - 4х8". (16.87) 


This system is linear but the structure of the left-hand side of (16.87) does not lend 
itself to efficient solution. However, if the term +0.25 Ax? АҘ 4240"** is added to 
the left-hand side of (16.87) a factorisation, as in (8.22), is possible which permits the 
following two-stage algorithm to be constructed: 


(u —0.54x A40* = Ах(А)-- A2)0" + AxS" and (16.88) 
(и" —0.5Ax A2)40"* ! — 40% . (16.89) 


Equations (16.88, 89) have the same tridiagonal structure as (9.88 and 89) and can 
be solved by the same techniques, Le. subroutines BANFAC and BANSOL 
(Sect. 6.2.3). 

Equations (16.88 and 89) have a truncation error of (Ax, Ау?, 4z?) and produce 
a solution u"*!, р" **, w"*! for the velocity components, very economically. The 
first component, u”*', is obtained from Au"*! in conjunction with the centreline 
pressure correction, 4p77!, in the following way. The nondimensional mass flow 
constraint, equivalent to (16.57), can be written 


rep aunt dy 42-0, (16.90) 


where Au’ у is obtained from the solution of (16.88 and 89). However, for arbitrary 
pri! and hence arbitrary S,(1), (16.90) will not be satisfied. If S,(1) is written as 


eil s 


s= PP cast ), (16.91) 


n+i,m 


! is f (pti 1) and an iterative algorithm can be constructed to adjust pz; 


until (16.90) is satisfied. Thus a discrete Newton's method gives 
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which converges, typically, in two or three iterations of the m loop (Briley 1974) 
Each iteration requires а fresh A4u"* ^" from (16.88a and 89а). | 

After convergence of (16.92) and the solution of (16.88 and 89), the values of 
рең and ТІГЕ аге available. However, the solutions for the transverse velocity: 
components v and w from (16.88 and 89) are considered provisional since conti- 
nuity (16.80) is not satisfied. Consequently the transverse velocity components are 
split as 


pitta pp ра and мп1 = ур ру А (16.93) 


where the predicted values, v? and wP, аге obtained from (16.88, 89). The соггес- 
tions, t6 and w^, are calculated to ensure that the continuity equation (16.80) is 
satisfied. 

As in Sect. 17.2.2 the velocity corrections are assumed to be irrotational so that 
a velocity potential ф can be introduced such that 





ду 22 (16.94) 
If (16.93 and 94) are substituted into (16.80) a Poisson equation for ф is generated, 
i.e. 
саси | (16.95) 
which in discrete form becomes 
Aunt1 
(Lp + Lo" 2 — (4 Ax +L, +L "e= . (16.96) 


Since the right hand side is known from the solution of (16.88, 89), (16.96) can be 
solved by the methods described in Sect.6.2 or 6.3. An SOR or ADI iteration 
(Sect. 6.3) is constructed easily and converges rapidly if the converged solution ф" is 
used to start the iteration. 

Alternatively a direct Poisson solver (Sect. 6.2.6) can be used, if the grid is 
uniform. If the duct cross-section remains the same at all downstream stations the 
left-hand side of (16.96) need only be factorised once, assuming that sufficient 
storage is available. Solution of (16.96) at successive downstream locations then 
requires a matrix multiplication with different right-hand sides which is very 
economical. 

In solving (16.96), homogeneous Neumann boundary conditions, i.e. 0ф/дп--0, 
are specified at the duct walls. However, 0ф/08 is not zero, in general, at duct walls. 
Consequently although w* = 0 at z 2 constant walls and v^ =0 at у = constant walls, 
the no-slip velocity boundary condition is not completely satisfied. Briley (1974) 
recommends solving (16.88 and 89) with no-slip boundary conditions on г? and wP. 
Monitoring the errors in satisfying the no-slip boundary conditions for 1" * !, w"*! 
through (16.93) then provides a test for reducing the streamwise step size Ax. 
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Alternatively it would be possible to force v^, w^ to be zero at the duct walls after 
solving (16.96) or to adjust the wall boundary conditions on v”, wP to cancel 
vo", wo" values, as in Sect. 17.1.6. 

In solving (16.95) it is necessary that Green's integral theorem (Gustafson 1980) 
be satisfied, Le. 


[(44- -g ds=0 , (16.97) 


where c is a contour enclosing an area А, with s measured along c and n the 
outward normal to c. Thus A is the duct cross-sectional area and c coincides with 
the duct walls. The discrete form (16.96) will not satisfy (16.97) identically. Conse- 
quently fa in (16.96) is replaced by 


ô 
fs =Дү+ ШЕ үт | | (16.98) 


A failure to satisfy (16.97) typically produces a slow divergence of the iterative 
scheme (Briley 1974). 

The transverse pressure correction p° in (16.84) is obtained by constructing a 
Poisson equation from (16.82 and 83). In discrete form this becomes 





(Ly, Ly (py =L,F4+L,Fi=fy , where (16.99) 
nti  ,n 
Fic ut antt and (16.100) 
x 
nti jn 
Ез- М” aD pA 


In (16.100), v" * ' and w"** are obtained from (16.93) and the operator А is defined 
after (16.85). Consequently the source term, f, in (16.99), can be evaluated explicitly. 
The computational boundary for solving (16.99) is taken as the row of grid points 
just inside the wall. On this boundary Neumann boundary conditions on p° are 
specified by 





=F} or —-=Fi, (16.101) 


where F> and F4 are known from (16.100). 
To satisfy Green's integral theorem, f, in (16.99) is replaced by 


fá—fat- 4| [faa [| . (16.102) 


The numerical solution of (16.99) is carried out with iterative or direct methods, as 
for (16.96). 
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The complete computational algorithm сап be summarised as follows, The 
solution of (16.80-83) is undertaken in a single downstream march. At each 


downstream location x"** the following sequence is required to produce wl 


nti w^*! nti enti. 
p ‚ Реп and p 


i) (16.88, 89 and 92) provide u"t', р" ', v? and wP, 
ii) (16.96, 94 and 93) give v" * ! апа w"* 1, 
iii) (16.99) provides p^"* !. 


The overall algorithm is O(Ax, Ay2, 42°) and is efficient even though some steps 
of the algorithm are iterative. Compared with the internal swirling flow problem, 
Sect. 16.2.1, the presence of two independent transverse coordinates requires a 
more complicated solution procedure for the transverse velocities, v and w, and 
pressure correction, p^, via Poisson equations. For the internal swirling flow 
problem the radial velocity and transverse pressure corrections were obtained from 
one-dimensional radial marches. 

Briley (1974) has obtained solutions for the laminar entry flow in ducts of aspec 
ratio 1:1 and 2:1. Typical results for the flow in a 2:1 aspect ratio duct are showt 
in Figs. 16.13 and 16.14. The Reynolds number, based on the mean axial velocity 


20 VELOCITY SCALE, 


Ld (v/U.)Re or (w/U 


HALLA. 
NU 


— COMPUTED 


9MEASUREMENTS 
OF SPARROW. 
ET At. 





q Pa 
: SU 
> 
—COMPUTED 
° MEASUREMENTS 
OF SPARROW 
ET AL 
(x/D)/Re = 4 
0.0038 . . -0.5 
о о 0 „лу 10 2.0 z/W 
m Fig. 16.14, Secondary flow velocity 
Fig. 16.13. Axial velocity distribution in a duct of profiles in a duct of aspect ratio 2:1 
aspect ratio W/H = 2.0 (after Briley, 1974; reprinted (after Briley, 1974; reprinted with 
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U,, and the hydraulic diameter, Fig. 16.7, is Ке = 1333. The solutions are obtained 
on a 21x21 grid in each transverse plane and require 75 streamwise steps, 
typically. The transverse distribution of the axial velocity component at various 
downstream locations compares well with the experimental results of Sparrow et 
al. (1967), as indicated in Fig. 16.13. The corresponding secondary velocity com- 
ponents (Fig. 16.14) are seen to be rather small. Larger secondary velocity com- 
ponents are generated when the walls of the duct are heated differentially and 
buoyancy terms are included in the vertical transverse momentum equation. Briley 
(1974) considers this case also. 

The algorithm described above has been used, in a slightly modified form, for 
laminar incompressible flow in straight polar ducts by Ghia et al. (1977) and in 
curved rectangular ducts by Ghia and Sokhey (1977). The extension to flow in 
curved polar ducts is described by Ghia et al. (1979). 

The general problem of computing duct flows with a single downstream march 
is considered by Patankar and Spalding (1972), Rubin et al. (1977), Kreskovsky and 
Shamroth (1978), Anderson (1980) and Cooke and Dwoyer (1983), amongst others. 
For flows in ducts with an internal constriction, sufficient to cause streamwise 
separation, Ghia et al. (1981) demonstrate that reduced forms of the Navier-Stokes 
equations lead to accurate computational solutions as long as the single down- 
stream march is replaced by a repeated downstream-marching iteration in which 
the pressure field is stored and upgraded from one iteration to the next. This 
iterative use of an RNS formulation is conceptually similar to that described in 
Sect. 16.3.3. 


16.2.3 Flow іп a Curved Rectangular Duct 


For the flow in rectangular ducts with small curvature of the duct axis the 
formulation described in Sect. 16.2.2 is effective. The small curvature implies that 
the transverse velocity components v and w are small compared with the stream- 
wise velocity component u. This corresponds to a relatively small variation of the 
pressure correction p"^ in (16.84), particularly in the streamwise direction. This 
allows the neglect of ép’’°/éx in the streamwise momentum equation. 

For flows with large curvature of the duct axis the transverse velocity com- 
ponents v and w can be of the same order as the streamwise velocity component u. 
Consequently significant transverse pressure variation occurs and the pressure 
splitting introduced in Sect. 16.2.2 is inappropriate as a means of making the 
system of equations non-elliptic, since it will not lead to accurate solutions in a 
single downstream march. 

An alternative non-elliptic approach, which is suitable for flows with large 
curvature, is provided by Briley and McDonald (1984). In this formulation an 
inviscid solution for the same duct geometry provides a preliminary approximate 
solution U‘, V*, W and рі, which is modified by the subsequent solution of the 
RNS equations to predict the viscous flow behaviour in the duct. 

The transverse velocity is split as follows: 


к= Vv, 4 Uy , w=Wi!+w,+ wy ; (16.103) 


286 16, Flows Governed by Reduced Navier-Stokes Equations 


or, in vector notation, 
v=Viivw+wy, . (16.104) 


where each v term has components (v,w). The potential velocity correction 
VQ (05, Wọ} is generated primarily by the streamwise velocity gradient ди/дх 
and is necessary to satisfy continuity (16.80), as in (16.95). The rotational velocity 
correction v= (ty, Wy} is generated by the streamwise vorticity Q,, which in 
Cartesian coordinates is 


| OW! OWy дү! Ov, 


Q 
ду ду д2 д2 


х 





(16.105) 


If the inviscid solution is also potential, 0ƏW'/0y—ƏV'/0z=0. 

The non-elliptic character depends on the recognition that potential velocity 
corrections v, are small compared with the inviscid velocity field V' and with the 
rotational velocity field v,. This follows from a consideration of the order-of- 
magnitude of the various terms in the governing equations, as will be indicated 
below. 

The formulation will be described here for incompressible viscous flow in 
orthogonal coordinates; the corresponding compressible viscous flow formulation 
in orthogonal coordinates is given by Briley and McDonald (1984). The orthogonal 
coordinates аге (č, n, €) with local velocity components и, v, w along these co- 
ordinates. The metric parameters h,, h, and h, are defined by (12.20), Le. 


һ-хі-уізгі, di-xleylez, hi=x+y tz, (16.106) 


and are evaluated once the grid is generated as in Sect. 12.2. The equivalent 
Cartesian coordinate system is obtained by setting x,— y, =2,= 1 and all other 
transformation parameters equal to zero, so that h, =й, =й; = 1. 

The transverse velocity fields v, and v, are linked to a velocity potential ó and a 
transverse streamfunction y by 


р 19% w _ | 6¢ р, = 1 Oh) _ | (Oh) 
* hên? t hó Y hh OC ^ 














(16.107) 


For the purposes of comparing the orders of magnitude of various terms it will be 
assumed that the streamwise coordinate ё coincides with the streamlines of the 
inviscid solution, so that V'— W'—0. Consequently substituting (16.107) into 
(16.103) gives 


1 дф 1 O(h,y) _1дф 1 O(h,y) 


- —.—°9 _ | 16.108 
"hy on hh, 0 ` "Oh OL hih, ôn (16.108) 








The order-of-magnitude estimates, as in Sect. 16.1.1, will assume that viscous effects 
are confined to a layer of nondimensional thickness à that is small compared with а 
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nondimensional axial length of О(1). A characteristic axial length L is used for the 
nondimensionalisation. In the duct entry region (Fig. 16.7) ó is the boundary layer 
thickness; іп the fully viscous and fully developed regions (Fig. 16.7) ó is half the 
hydraulic diameter D,. 

In (16.108), h,, h, and h, are O(1). Close to a constant у wall (Fig. 16.15), 





д д д 1 
и, ШТА at are O(1) , vis O(6) and ën IS (1) (16.109) 
v,v, Vy are 0(1) 
W, We, Wy are 0(%) 
və is 0(52) 
U,W, Wy аге ой) 
V, Уф, Vg are о(%) 
wç is O(82) Fig. 16.15. Transverse geometry details 
Close to a constant ¿ wall, 
д д С 1 
Uu, U, Be” Ən аге O(1) , wis 0(0) and x is o(3) . (16.110) 


To be consistent with both (16.109) and (16.110) it follows that, in (16.107), ф is 
O(ó2) and y is O(ó). Corresponding to (16.109) 

Vy, vy are O(9) , w, is O(0?) and w, is O(1) . 
Whereas, corresponding to (16.110), 


Wa, Wy are О(д) v, is 0(5%) and v,is ОЙ). 


3 


Since severe gradients may occur adjacent to constant € or constant 4 walls it 
follows that 


vpis О(д), u, vy are ОП). (16.111) 


Thus the transverse potential velocity corrections у, are small compared with the 
streamwise velocity component u, whereas the transverse rotational velocity field 
v is of the same order as the streamwise velocity field. 
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The governing equations, equivalent to (16,80-83) can be written 
V-u=0 and (16.112) 
M=(u-V)u+Vp— р Е=0 ; (16.113) 


where и = (и, v, w), M is the vector of the three momentum equations and Е is the 
force due to the viscous stresses. 

Substitution of (16.104 and 107) into (16.112) produces a Poisson equation for 
the velocity potential ф. In Cartesian coordinates this is 





h г ди дү! oW! 
9,0% Ез + ) (16.114) 


op o7 \ax dy 02 


As is expected from (16.107), the rotational velocity field v, does not appear in 
(16.114). Equation (16.114) is equivalent to (16.95) and the same solution techniques 
[discussed after (16.95)] are appropriate. 

The small scalar potential assumption (16.111) leads to a simplification of 
(16.113). The convective operator 


(Ou ce 0 we 
h 62 h ôn hy af 





u. V (16.115) 


is retained іп ІШІ. However, u, which it operates on, is replaced by u^, defined by 
u^z (u, Ибро, Ии), (16.116) 


Le. the transverse potential velocity components are dropped, based on (16.111). 
The viscous force F can be written as 


F=Vu=—VxQ, (16.117) 


where the vorticity, (2—V xu. The order-of-magnitude analysis permits the 
deletion of д?и/дх? from F, and the deletion of x derivatives in the trans- 
verse components of V x Q. Thus F, and F, become 








0(h,Q,) 0(һ,0,) 
В.Е = — a t. hh F3= n М, (16.118) 
where the streamwise vorticity Q, is given by 
-1{ © { д i 
Q, = (Айз) a OP + wy) 21И tw)l]. (16.119) 


which reduces to (16.105) in Cartesian coordinates. 
If (16.116, 118 and 119) are substituted into (16.113) and the Fourier analysis of 
Sect. 16.1.2 applied to (16.113 and 114) the following polynomial is obtained: 
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2 2\2 
iet + 02)(ury 00,400.17 |) -0. (16.120) 





Neither factor produces any negative imaginary roots if u is positive, so that a 
marching solution in the x direction will be stable. 

In practice, the transverse momentum equations, M, =O and М; —-0 in (16.113), 
are not solved directly. Instead they are combined as (in Cartesian coordinates) 


6M, OM. 2,4 OM: 0Ms 2 


16.121 
Oz ду ду + 02 Í ) 











The first equation gives a transport equation for 9, as 


20, го, го, 1/80, PA, 
_ 20. 16.122 
“ах Uy ^" az Rel ay? | o8 (16.122) 








The second equation іп (16.121) gives a Poisson equation 


д?р д?р 


д д 
i ‚у . 16.1 
ôy? д2? ду (u: Voy) д2 (u: Vwy) (16.123) 


for the transverse pressure correction 


р =P- Pon - (16.124) 


In solving the discrete form of (16.123), the procedure used to solve (16.99) is 
followed. The centre-line pressure is evaluated from the mass flow constraint 
(16.90) by (16.92). In the present formulation no additional approximation is 
introduced in evaluating the pressure field from the splitting given by (16.124). 

The rotational velocity field definition (16.107) is combined with (16.119) to 
obtain the following Poisson equation for y (in Cartesian coordinates): 


у Ou дү! óW: 
zta + ` 
ду? Oz Oz ду 





(16.125) 


To satisfy the no-slip conditions, v —w = 0), using (16.103) it is necessary to 
couple (16.122) and (16.125) together by specifying the appropriate wall value of 
Q,. The solution of (16.114) with 6¢/én =0 at the duct wall and (16.125) with y =0 
at the wall ensures that the normal wall velocity is zero. At a wall of constant z (¢ in 
Fig. 16.15) the tangential velocity is 


êp 
êz 





2224 
р= Vit Ф ү 0. (16.126) 
ду 


The vorticity at the same wall is given by 
Да 02; 


О. = 
! Oz Oz 


(16.127) 
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For a finite difference discretisation, equivalent to that in Sect. 16.2.2, (16.126) is 
replaced by 


Pitik Фу-1,к умен Yika 
2Ау 242 





Vi + 0, (16.128) 
where grid point ( j,k — 1) lies outside the computational domain. Equation (16.127) 
is discretised as 


дү! 


+ Wiki рка 
02 


Az? 





О, pet 0. (16.129) 





w 


In (16.129) ôV '/0z|,, сап be evaluated using a three-point one-sided finite difference 
expression (Chap. 3). The wall value y; , — 0. Equation (16.128) is used to eliminate 


Ма in (16.129), i.e. 
. . a — . 1 
24 ні (ума ыы d | (16.130) 


ди" 
Az? 2Ay AZ 


Qi j= Oz 
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The imposition of (16.130) enforces the no-slip boundary condition on the v 
component at a constant z wall. An equivalent expression can be obtained to 
ensure that w=0 at a constant y wall, and similarly for orthogonal coordinates, 
The ф values are evaluated at the known x” station. 

The various equations are discretised in the same manner as in Sect. 16.2.2. Due 
to the non-elliptic nature of the small potential approximation (16.111) the stream- 
wise solution can be obtained in a single streamwise march, as in Sect. 16.2.2. At 
each downstream station the following sequence is followed. First (16.122 and 125) 
are solved as a coupled system. This produces 2 x 2 block tridiagonal systems of 
equations in place of (16.88 and 89), which are solved using the algorithm described 
in Sect. 6.2.5. If (16.122 and 125) were solved successively as scalar equations, the 
boundary condition (16.130) would place a very severe restriction on the axial step 
size. In discretising (16.122), the convective multipliers u, v and w are evaluated 
at x". 

The Poisson equation (16.123) for the pressure correction p' is solved in the 
same way as (16.99). The evaluation of the right-hand side terms is made at location 
x" except for vy, Wy, which are evaluated from "+1 via (16.107). The M, com- 
ponent of (16.113) and the mass flow constraint (16.90) are solved iteratively as in 
бесі. 16.2.2 to obtain u"*' and p%j;'. Combined with the pressure correction 
solution, p’, the complete pressure solution is obtained from (16.124). Finally the 
continuity equation (16.114) is solved for "++, and у»! follows from (16.107). 

Briley and McDonald (1984) provide the corresponding equations for com- 
pressible, viscous flow in orthogonal coordinates. A special fine-step iterative 
procedure is discussed by Briley and McDonald to allow the initial conditions to 
adjust to each other and the discretised form of the equations prior to marching the 
algorithm downstream. This helps to eliminate spurious streamwise oscillations. 

Typical results for the flow in a square duct, whose axis turns through 90? to the 
right, are shown in Fig. 16.16. The radius of the turn R/D, — 2.3. Six stations are 
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Fig. 16.16. Transverse pressure (top) and transverse velocity vectors (bottom) for flow through a 90” duct 
bend 


shown, with 90° corresponding to the exit of the turn. The inside of the bend is to 
the right, the Reynolds number is Re=790 (Fig. 16.7) and the viscous layer 
thickness at the beginning of the bend is 6/D, = 0.4. 

The solution is symmetric about the z axis so that the cell of rotating fluid in the 
transverse plane is reflected in the horizontal line у= 0. This cell is seen to migrate 
to the inner wall as the bend is traversed. The peak transverse velocity is 0.73 and 
occurs at the 60° location. This strong secondary flow is associated with a 
significant transverse pressure gradient др/02. Such a flow as this could not be 
computed accurately using the pressure splitting described in Sect. 16.2.2. Such a 
flow could be computed using techniques described in Sect. 17.2.3. However, this 
requires repeated downstream marches which is much less economical than the 
present single-march procedure. 

It may be noted that Briley and McDonald (1979) developed an earlier version 
of the current algorithm for a curved duct shaped like a turbine blade passage. In 
the 1979 algorithm the pressure field was approximated in a manner similar to that 
described in Sect. 16.2.2. In other respects the 1979 algorithm corresponds to that 
described in this section. Kreskovsky et al. (1984) and Povinelli and Anderson 
(1984) have used essentially the 1979 algorithm to investigate the mixer flow fields 
in a turbofan exhaust duct. Detailed comparisons indicate excellent agreement with 
experimental data. 
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The physical aspects of flow in curved pipes, with emphasis on laminar flow, are? 
discussed by Berger et al. (1983). Laminar flow in a square duct undergoing a 90: 
bend has been computed by Humphrey et al. (1977) using a computational method: 
similar to that described in Sect. 17.2.3. The most significant difference from the 
Briley and McDonald (1984) algorithm is the need to undertake repeated (iterative) 
downstream marches. Turbulent flow solutions in the same square duct geometry. 
undergoing a 90° bend, and using the same computational method, are given by 
Humphrey et al. (1981). Calculations for laminar flow in a pipe undergoing a 180° 
bend are reported by Humphrey et al. (1985). The computational algorithm is 
similar to that described in Sect. 17.2.3 except that convective derivatives are 
discretised by the higher-order upwinding construction of Leonard (1979), which is 
described in Sect. 17.1.5. 

Internal flows with strong streamline curvature have also been computed with 
the repeated downstream march procedure of Pratap and Spalding (1976). In this 
method, the pressure field is upgraded in each transverse plane essentially as in 
Sect. 17.2.3. But after each downstream march a one-dimensional (streamwise) 
global correction is made to the pressure field. The formulation has been extended 
to compressible flow by Moore and Moore (1979). A more recent extension based 
on generalised curvilinear coordinates and using a non-staggered grid is described 
by Rhie (1985), for compressible turbulent duct and diffuser flows. 

For internal flows in general, the extension of the basic RNS formulation 
(Sect. 16.1) using either pressure splitting (16.52) or transverse velocity splitting 
(Sect. 16.2.3), permits accurate solutions to be obtained in a single downstream 
march, as long as the axial velocity component, u, is positive. If reversed axial flow 
occurs then repeated downstream marches will be required. However, it is expected 
(Ghia et al. 1981) that this will still be considerably more economical than solving 
the full Navier-Stokes equations (Chaps. 17 and 18), as long as the reversed flow 
region is small. 


16.3 External Flow 


For an isolated body, the flow behaviour far from the body is closely approximated 
by the Euler equations (11.21). The construction of the basic RNS equations, 
Sect. 16.1, is constrained to ensure that the Euler equations are recovered for 
situations in which the viscous terms are negligible. Consequently, in principle, 
external flows can be computed efficiently using an RNS strategy. 

As might be expected from Table 16.1, supersonic external flow is well-suited to 
solution via an RNS approximation. With an appropriate additional approxi- 
mation to account for the subsonic surface layer (Sect. 16.3.1) the RNS equations 
produce an accurate solution in a single downstream march. 

For subsonic (Sect. 16.3.2) and incompressible (Sect. 16.3.3) flow the RNS 
equations are elliptic in the far field which necessitates a repeated downstream 
marching strategy, even with no reversed flow. The greater efficiency with which 
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the purely inviscid domain can be solved (Chap. 14) encourages the splitting of the 
computational domain into nearfield and farfield subregions. The RNS equations 
are used solely in the nearfield region with the farfield (inviscid) solution providing 
boundary conditions. A similar strategy is used in the more traditional viscous /in- 
viscid interaction approach (Sect. 16.3.4), except that the inviscid and viscous 
domains overlap. 


16.3.1 Supersonic Flow 


From the analysis of Sect. 16.1.3, stable solutions from a single spatial march are to 
be expected if the flow is locally supersonic. The weak pressure, viscous interaction 
noted in Table 16.1 can usually be overcome by choosing a marching step that is 
not too small (Sect. 16.3.2). For purely inviscid flow a single spatial march algor- 
ithm is described in Sect. 14.2.4. 

For viscous flow past a stationary surface, Fig. 16.17, there must always be a 
layer adjacent to the surface where the flow is locally subsonic since the velocity 
must be zero at the surface. In order to avoid exponential solution growth in the 
subsonic sublayer while marching parallel to the surface it is necessary to introduce 
an additional approximation. Typically this additional approximation is directed 
towards the pressure gradient іп the marching direction, Ср/дх, which appears in 
the x-momentum equation. 


RNS equations 


M> non - elliptic 
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Fig.16.17. Sublayer geometry 


One method for modifying the equations in the subsonic sublayer to produce a 
stable streamwise march is to assume that the pressure variation across the 
sublayer can be ignored (dp/éy %0 in Fig. 16.17) in the governing equations (Lin 
and Rubin 1973). For flows that are parallel or almost parallel to the surface, the 
subsonic sublayer will form the inner part of the surface boundary layer. For the 
flow past slender bodies the boundary layer will be thin and the condition 
Cp/Onx0 is valid throughout the boundary layer (Sect. 11.4). Thus the use of 
Ср/дулг0 across the subsonic sublayer (Fig. 16.17) is consistent with boundary 
layer theory. In practice the condition др/ду=© is used to obtain the pressure in 


294 16. Flows Governed by Reduced Navier-Stokes Equations 


the subsonic sublayer by extrapolation from the adjacent supersonic layer, ie; 
P. = Pup (Fig. 16.17). 

The above sublayer approximation will be illustrated for two-dimensiona] 
steady viscous (laminar) supersonic flow past a solid surface. The nondimensiona] 
governing equations, equivalent to (11.116), can be written 


ôF óG ôR ôS 





ax + ду ax tay , (16.131) 
where the dependent variable vector q has components 
а= {о, ои, оь, EJ. (16.132) 


In (16.132) E is the total energy per unit volume (11.118). The components of F and 
G are glven by 


F={ou, Qu? +p, ouv,(E+ pul. , 
(16.133) 
С ={оь, guv, Qv? +p, (E py)? . 


The components of R and S come from the viscous stresses (Sect. 11.6.3). 

To facilitate the treatment of curved surfaces it is convenient to introduce 
generalised curvilinear coordinates (Chap. 12). In the present example, since the 
flow past slender bodies is of primary interest, it will be assumed that ¿= ¿(x) and 
n — (x, y), where the physical orientation of č and ң is indicated in Fig. 16.18. 


c 
| nv 
x &,U* 
Fig. 16.18. Generalised coordinates 


© = &(х), 1= W(X, y) 


The governing equations (16.131) become 
ôF óG 28 28 

фа 134 
ae Т д ЕГІ (16.134) 


with 4-4// and the Jacobian J=¿,n,. The simple form for the Jacobian follows 
from the restriction & = ¿(x), which implies č,=0 in (12.49). 
The groups F and G are given by 


ж x U* U* «P, ° E Us T 

psp {eUS 090° up, о ДЕР ad (16.135) 
J J 

ë ЪЕ+ЂС (оУ5 ош/ +n p, guV°+n,p,(E+p)V°)" 
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where the contravariant velocity components 
=fu and V°=n,u+nyv . (16.136) 


The introduction of generalised curvilinear coordinates allows the coordi- 
nates lines (constant n) to coincide with the local flow direction more closely than 
would be the case with Cartesian coordinates. Consequently the basic reduced 
Navier-Stokes approximation of discarding streamwise dissipative terms in com- 
parison with transverse dissipative terms is equivalent to deleting ôR /дё in (16.134) 
and deleting ¿ derivatives in S. This approximation coincides with the thin layer 
approximation (Sects. 18.1.3 and 18.4.1). 

The components of Š are given by 


0 
pn nu, (4/3) nu, тот 
S= MNHN Wr HDE u My Pedy |, (16.137) 
(nz + 1;)[0.5щи* + v7), + (a7), k/(y — 1)/Рг] 
+(2/3)(nu+ n,v) n. u, + Nyt, 


where и, = u/ ón, etc. The particular structure of S follows partly from the deletion of 
č derivatives, partly from the simplified nature of the generalised coordinates 
(Fig. 16.18) and partly from the form of the nondimensionalisation. Velocities have 
been nondimensionalised with respect to a,,, the freestream sound speed, density o 
with respect to g,,, and total energy E with respect to о, а2,. Thus the Reynolds 
number Re= оа, L/u,,, where L is a characteristic length. 

With the introduction of the basic reduced Navier-Stokes approximation, it is 
convenient to write (16.134) as 


СЕ 08 óG 
ёё ду ôn 





(16.138) 


To invoke the sublayer approximation described earlier, it is necessary to replace F 
(16.135a) in the sublayer with the expression 


ex 
=F 
51 J sl 


where р, is the sublayer pressure. If и>а(1--е,), pa is obtained from the total 
energy per unit volume (14.96), i.e. 


F =*= (ou, Qu^ + pa, Qut, U(E + pa) , (16.139) 


Pa=(y— D[E—0.5o(u2 4:2)] . (16.140) 


The small parameter ë, is introduced so that the sonic condition u— is avoided. If 
u « a(1 +e), р. = Psup, 1€. an extrapolation is made along a constant ё line from the 
adjacent supersonic region. 
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To obtain the solution in a single downstream (č) march initial values for all 
dependent variables are required оп 2-40. At the body surface u=v=0, the 
pressure is obtained from the interior via др/0ң--0 and T or 2Т/дң are specified. 
Consequently о follows from the equation of state. At the farfield boundary 
M= Haa Í the dependent variables are matched to the freestream values. 

Since č is a time-like coordinate it is convenient to discretise (16.138) with the 
second-order three-level fully implicit scheme described in Sect. 7.2.3. Thus (16.138) 
is replaced by 





- Е" (2 
дё (5 ана where (16.141) 
AF"*!=F"*!_F" etc, and RHS=L,S—L,G , with 
L G- C 6-1 

T 249 


From (16.137) it сап be seen that 1,8 is of the form L,($L, ду), which is discretised 
as 


М) piri (на Vi) 6j 200; -%/;-1))4Ң?, (16.142) 


where ф;,›=0.5(ф;+ Фф; ү), etc. In (16.141 and 142) indices n and j define grid 
points in the č and y directions, respectively. 

To develop an efficient algorithm for marching (16.141) downstream it is 
convenient to work in terms of the solution vector q and to linearise about the 
known solution at downstream location 4", A Taylor series expansion gives 


Е" ~F"4 4dAQq"*! ; G''!-G' Bag") ; and 


белер Nag, where A= — B- = (16143) 
= = ôq 7 oq = 09 


and the ` also denotes that components of 4 are evaluated at n whereas the metric 
quantities are evaluated at n+ 1. 

In the sublayer, F, can be linearised by noting that F =F (â, Pa) when 
u<a(1+e,). Thus 


~ ~ 


^ ^ OF, |". OF, 
Е ғы | СЕ Ар ` + 


“Еа AS AQ" * en, (16.144) 





where F? = 4р" (0, 1, 0, и)  (£,/J)' ** and Ард”! has been replaced by Api after 
extrapolation from upstream. If и>а(1+е,), A 47 4 and F"=0. 

Substituting (16.143 and 144) into (16.141) produces the following linear system 
for Aq"*!: 
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~ 2 ~ ~ 1. 
pz B-L ЛЕН 


„= m 
24 АЁ -. - А 
-( E ans. 1 adtan- ab eod? | (16.145) 


The additional terms, AA 4 and AF", arise from the need to linearise А and F, at 
both the n and n+1 levels. This ensures conservative differencing, which is 
necessary for the accurate capturing of shocks (Chap. 14 and Schiff and Steger 
1980). A fourth-order dissipative term, 247, is added to suppress high-frequency 
oscillations (Sect. 18.5.1). This term has the form 


DQ" = s ASU (VA UY , (16.146) 
where г, < 1/8 for stability and 
(У,4,)247= 972—4" 1+697—44%.1+432 - (16.147) 


For (ће region outside of the sublayer, (16.145) is applicable except that А replaces 
A, and F,=0. 

With centred differences for L,, (16.145) produces a 4x4 block-tridiagonal 
system of equations with 2€ j €JMAX-1 at each downstream station n+ 1. The 
evaluation of the right-hand side of (16.145) involves only known terms at ё 
locations n and n—1. Boundary conditions at the surface (j=1) and farfield 
(j=J MAX) provide appropriate values for 14171 and 44151, Equation (16.145) 
can be solved efficiently using the block-tridiagonal solver described in Sect. 6.2.5. 

Schiff and Steger (1980) have applied the above algorithm to the two- 
dimensional supersonic viscous flow past a parabolic-arc aerofoil for both laminar 
and turbulent flow. The solutions give good agreement with a pseudo-transient 
time-dependent code (Steger 1978) which also furnishes the initial data at x/c —0.10 
where c is the aerofoil chord. 

However, if the marching step size (Л = Ax) is made too small (Ax/c < 0.005), 
the marching algorithm diverges. This behaviour is consistent with the weak 
elliptic behaviour associated with viscous terms (16.38). The divergent behaviour 
can be overcome by repeated (iterative) downstream marches with the p,, distri- 
bution provided by appropriate weighted combinations of previous iterations, i.e. 
it is necessary to construct a convergent global iteration. Schiff and Steger find that 
the solution after three or four iterations is sufficiently accurate. It should be 
stressed that for sufficiently large Reynolds number accurate solutions are obtained 
in a single downstream march on a grid coarse enough to prevent divergence. 

Schiff and Steger (1980) also obtain three-dimensional solutions based on the 
same algorithm. Typical solutions for pressure and velocity profiles on an inclined 
hemisphere-cylinder at 5? incidence are shown in Figs.16.19 and 16.20. The 
marching solution is obtained in the range 3.07 € x/Ry € 40.0, where Ry is the nose 
radius. Good agreement with the time-dependent code of Pulliam and Steger (1980) 
and the experimental results of Hsieh (1976) is apparent for both surface pressure 
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Fig. 16.19. Surface pressure distribution of ап 
inclined hemisphere-cylinder; М, = 1.40, Re(Ry) 
—2 x 10? (turbulent) (after Schiff and Steger, 1980: 
reprinted with permission of AIAA) 


16. Flows Governed by Reduced Navier-Stokes Equations 


O Ü MARCHING CDDE 
TIME-DEPENDENT CDDE 


LEEWARD PLANE 


N 


WINDWARD 
PLANE 





Fig. 16.20. Viscous layer velocity profiles on 
an inclined hemisphere-cylinder; М. = 1.40, 
Re, = 1.40 x 106 (turbulent). x/Ry, = 6.98 (after, 
Schiff and Steger, 1980; reprinted with per- 


mission of АІАА) 


and axial velocity profiles. It is noted by Schiff and Steger that the time-dependent 
code uses too coarse a grid in the range 9.0< x/Ry € 14.0 with a resulting loss of 
accuracy. 

An alternative strategy for handling the subsonic surface layer is to weight the 
pressure gradient in the marching direction momentum equation with a parameter 
œ such that the solution does not demonstrate exponential growth in a single 
downstream march. A suitable expression for œ is given by (16.153). If u> a the 
pressure gradient is handled conventionally. This technique has been used for 
supersonic viscous flow over delta wings by Vigneron et al. (1978), Tannehill et al. 
(1982) and for the supersonic viscous flow past inclined cones by Rackich et al. 
(1982). 

The Vigneron strategy will be illustrated for the two-dimensional reduced 
Navier-Stokes equations governing supersonic viscous flow, i.e. (16.12, 13, 15, 17), 
but with р" = p*/o,,U2, so that а? =ур/о in place of (16.33). The governing 
equations can be written as 











uOp/Ox--vOp/Oy 2/ да да\ ди дь 
_ =0 16.148 
р а "ах! ду "ох y ° ( 
ди ди др 1 ĉu 
2 ———- = 16.149 
ен 90у ax Reap” (16.149) 
Ov ôv Op 1 Ov 
Ll 2 16.150 
ой; 500; ду Ке ду? ' 
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ди дь OP 9 OP 2 да “а?а 0-0 du V 
р ax | dy кошо, у ду yPrRe| (ду ду? yRe (ду) ' 
(16.151) 


where c = 1 —(y — 1)о/у. To facilitate a Fourier analysis, as in Sect. 16.1.2, density 
and temperature derivatives have been eliminated in favour or derivatives in the 
pressure, p, and sound speed, a. The dependence (Т) and k(T) has been ignored. 

A Fourier analysis will be used to determine the restriction on œ such that 
(16.148—151), or their equivalent in terms of u, v, o, pand T, will provide an accurate 
solution in a single spatial march. The undifferentiated terms in (16.148-151) are 
frozen and complex Fourier series of the form, u~u exp(io,x)exp(io,y), are 
introduced for u, v, p and a, as in (16.24). 

The ensuing eigenvalue equation for б, has a somewhat simpler form if v=0. 
Thus it is assumed that locally the flow is in the x direction. This restriction 
facilitates the extraction of a simple analytic expression for œ., the critical value of 
со separating exponentially growing (i.e. unstable) solutions (о> w,,) from stable 
solutions (c < 0a). 

The resulting eigenvalue equation for с, can be written in approximate form as 














875 (62 D -G- ои? — wa? } — ato) 
? 
12 
= 5 OH 05; 050 Now? oa) —a?o3)=0 . (16.152) 


Far from the body surface the flow behaves as though the fluid is inviscid and the 
second term іп (16.152) can be ignored (I.e. let Re— со). Stable solutions obtained 
from a single spatial march require that в, should not have a negative imaginary 
value. From (16.152) the critical value of о is 


М? 


= —  — _. 16.153 
Qc: i 1--(у- DM? ( ) 


That is, if «o < о, stable solutions are obtained. For М, > 1, др/дх can be retained 
in full (œ = 1) without causing exponential growth in x. 

If viscous effects are included we would expect from (16.38) that weak instabili- 
ties may occur. However, an approximate limit on the dominant instabilities may 
be obtained from (16.152) by approximating it with 








uc, . о? 
(= ia Се®-@©'е}1=0, (16.154) 


where С= [0.5 +0.75(y—(y— 1)o) ]i? — оа? and is the average of the two coeffi- 
cients of c2 appearing in (16.152). From (16.154) no negative imaginary roots are 
generated as long as u and C are positive. Thus for C>0 


0.5+0.75уМ? 


crv a) nee 4442 ^" (16.155) 
S 1+0250_ NM? 


о 
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It can be seen that c, „> иш, so that the dominant restriction on œw when viscoug: 
terms are included is not so severe as for inviscid flow. However, the sweeping. 
approximation required to obtain (16.155) does not exclude the possibility of weak 
elliptic influences due to viscous terms being present with c < c, ,. Vigneron et a], 
(1978) have also obtained (16.153), but from a characteristics analysis. 

If no special procedure is introduced is handle the subsonic sublayer, stable 
solutions in a single downstream march can be obtained as long as AX 2 (Ах). 
This has been found empirically for supersonic flow past an inclined cone by Lin 
and Rubin (1973) and Lubard and Helliwell (1974). Lubard and Helliwell were able 
to show from a stability analysis that (4x),;, Aya. Thus for a sufficiently thin 
sublayer Ay,,, accurate solutions can be obtained without introducing additional 
approximations. Helliwell et al. (1981) provide the corresponding algorithm in 
generalised curvilinear coordinates. 

The economy inherent in the single-march RNS strategy permits complex 
geometries requiring fine meshes to be considered. Thus Kaul and Chaussee (1985), 
using the sublayer approximation, have obtained turbulent hypersonic flow sol- 
utions about ап X-24C research aircraft using а 61 x30 grid in each down- 
stream plane. Good agreement is reported with the experimental data of Neumann 
et al. (1978). Chaussee (1984) provides additional discussion on marching the RNS 
equations for supersonic flow. 


16.3.2 Subsonic Flow 


The Vigneron strategy of including only part of the pressure gradient in the 
marching direction is used to handle, in a stable manner, the subsonic layer that 
occurs with a viscous supersonic flow past a solid surface (Sect. 16.3.1). The same 
strategy is potentially useful for completely subsonic flow. 

However, an important difference arises in using an RNS formulation in 
external subsonic flow. The flow far from a body immersed in a uniform stream 
behaves as though the fluid is locally inviscid. In subsonic inviscid flow the 
equations are elliptic in character reflecting the physical role of pressure as a 
mechanism for transmitting disturbances upstream. 

Consequently even with a Vigneron strategy to stabilise each spatial march in 
the downstream direction it will be necessary to make repeated spatial marches (in 
an iterative manner) to obtain an accurate solution. But if the solution produced by 
a single downstream march is sufficiently accurate, relatively few iterations will be 
required, assuming that the repeated marching iteration is stable. 

For subsonic flow with no external heating, temperature changes are relatively 
small and accurate solutions can be obtained by replacing the energy equation with 
the constant total enthalpy condition (11.104). For steady two-dimensional sub- 
sonic viscous flow the RNS equations, incorporating the Vigneron approximation, 
become 


0 p 
DIS +о==0, (16.156) 
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оа? бо | „°ч " ди  o(y—l) МШ ñ д 1 ay 16157 
— LR ОИ p ; _ | 
у 0х e Óx © ду w Q ax Q бу} Re dy? ( ) 
а? до (7 — 1) u др QU QU 1 v 

y Oy y e ay 19%; y ду Re ey? ^ (16.158) 


where the pressure is nondimensionalised as р" — ро, 02. 

In the above equations the constant enthalpy condition has been combined 
with the equation of state to eliminate the pressure from the momentum equations. 
Equations (16.156-158) with œ= 1 are the same as (16.30-32). A Fourier analysis 
will be used here to determine the limitation on c for a stable downstream march, 
just as in Sect. 16.3.1. 

As in Sect. 16.1.2, complex Fourier representations are introduced for o, u and v 
in (16.156-158). This produces the following equation for the eigenvalues б,: 








OY ap o ay Ox | . iyuo, 
(2) әгіу-ө(у-1)1-ва БЕТТЕ 
2222 iyo, , de; _ 
«de a*) oRe | Jol ошо, +оо, & |=0 . (16.159) 


The second factor arises from the convection diffusion operator, as in (16.34), and is 
associated with a stable single-march solution as long as и is positive. The Vigneron 
weighting parameter œw appears in the first factor of (16.159). Attention will be 
restricted to the inviscid case (Re оо) with v=0. The first factor leads to 





G a 
* — + . 16.160 
оу ^ Ww[r-o(-0D]-oa р? е 
To avoid а negative imaginary value for c, it is necessary that 
^ М? 
os— > (16.161) 





1+(y—1)M2 ` 


This is precisely the same restriction as given by (16.153), which is to be expected 
since the inviscid form of (16.151) is equivalent to the constant total enthalpy 
condition. The use of different dependent variables to carry out the Fourier analysis 
does not affect the result. 

If M,.= 1 (16.161) introduces no approximation, but for M, < I (16.161) implies 
that the term (1 — о)др/дх is neglected from the streamwise momentum equation. 
Thus for subsonic flow past an isolated body the use of (16.161) throughout most of 
the computational domain constitutes a much bigger approximation than that 
required for a subsonic surface layer in an otherwise supersonic flow. 

The Fourier analysis of the governing equations (Sect. 16.1.3) has an obvious 
parallel with the von Neumann stability analysis (Sect. 4.3) of the discretised 
equations. This poses the interesting question whether there is an equivalent 
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stability restriction to (16.161) on the marching stepsize in the algorithm formed 
from the discretised equivalent of (16.156-158). 

For a point in the flow where v=0, a fully implicit discretisation of the inviscid 
form of (16.156-158) can be written 





ur(ort*—of) ow  —u) nr аа 

j y j^ | 8j PR j +o LU -0, (16.162) 
оза? "( "Жі. of) ut iw 

—|jlL—4L ^07  7-—[() 
| қ J Чу He) 5 , (16.163) 
а? п , pti yn 

— | L,gi*! — (gu Lu" * c (gu); -— — —0 , (16.164) 
7? Jj Ах 


where н'=и[1—с(у— 1)/у], о'= о(у—1)/у, Ly = {1, 0, —1}7/24у and indices n and 
j indicate the increasing x and y directions respectively. To apply a Fourier analysis 
to (16.162-164) the equations are linearised by freezing the terms multiplying the 
difference expressions. Terms in the difference expressions are given a complex 
Fourier representation in y only (Sect. 4.3). Thus 


gis rte (16.165) 


where 0—mnAy as in Sect. 9.2.1. With similar representations for и and v the 
following matrix equation is obtained 


Aq"*! — В" , where (16.166) 


u Q Qo u о 
A= ошау ои 0 |, В= | oj ow 0 
сау -сои ой 0 0 ou 


In А and B all terms are evaluated at x", y;, and o=i(Ax/Ay)sin 20. 
To ensure that (16.166) is stable it is necessary that all eigenvalues 








A43gSl.0, where (16.167) 
1 ofe? jf (j- DoMio'c? УМ: ооо | 
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A B= MET eC -5 ‚ (16.168) 
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with o/—-1—o(y-D)/», В=0° +7М:ооу, o,—(l/o,—1/e) and о, =УМ;/ 
[1--(y — DM$], ie. from (16.161). Introducing т= 1—4 leads to the following 
equation for the eigenvalues of 47! B, 


1(Bt?—207t+07)=0 . (16.169) 
Substituting for f and introducing 22 = —o? =(Ax sin 20/Ay)? gives 

[1+(y- DM$](o- o4) =e (r— 1)? . (16.170) 
The two cases o «oc, and coc, are of interest since they correspond to the 
inviscid form of (16.156—158) with v —0, being non-elliptic and elliptic, respectively, 


in relation to the proposed marching direction, x. 
For € < ©, (16.170) leads to 


Xai?(1—4)-1eAÀ , (16.171) 
where x—[1--(y— 1) M1 (о, — о). Thus 


. Fat? (Fat? je) 


ate) (16.172) 


Since 2 is complex it is convenient to interpret (16.167) as 44 € 1.0, which gives 


x 


< 16.173 
a+ 67 T ( 





Since 2 is positive and e is real, (16.173) 15 true without restriction on e and hence 
Ax. Thus for the non-elliptic case, c < «,, there is no restriction on Ax. If an 
explicit spatial discretisation had been used instead of (16.162-164) a stability 
restriction of the form Ax «(Ax),4, would be expected, Sect. 9.1. However, such a 
restriction comes from the numerical scheme rather than from the character of the 
governing equations. 

For oo, (16.170) gives 


Fat2(1—A)=ed , (16.174) 
where x—[1--(y — 1) M2 (о — о). Therefore 4 is given by 
yi 
imas (16.175) 


The condition 4 < 1.0 leads to e£» х! 7. The condition ¿> — 1.0 leads to г> 20! '? or 


Ах. 
ZX іп б cos 0237. 
Ay 
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On a finite grid, 6, ,-Аул/Уда, = sin 0 and cos@ x1. Thus 


Ax >o 


y 
1/2 max or 
Л 


Ax» 4[1-G— 0м оо)", (16.176) 


where Ymax is the transverse extent of the computational domain. Equation (16.176) 
indicates that when the governing equations are elliptic there is a step-size 
restriction of the form Ax »(Ax),4,, where (4x),;, 1s proportional to the degree of 
ellipticity. If (4x),;, 1s too large then accurate solutions will not be possible with a 
single spatial march. 

The dependence of (4х), „ on Vmax 18 similar to that found by Lubard and 
Helliwell (1974) for the subsonic sublayer in an otherwise supersonic flow. However 
Ymax in (16.176) is typically much larger than y, in Fig. 16.17. Rubin and Lin (1980) 
have obtained a restriction of the form Ax >ky,,,, for incompressible flow. Rubin 
(1981) conjectures that (Ax),;, is required to overcome the upstream influence 
inherent in the governing equations. 

From the above analysis and the work of Rubin (1984), and references cited 
therein, it appears likely that obtaining solutions to elliptic equations in a single 
march will be subject to a stability restriction of the form Ax >(Ax),,;, and that 
(AX)min is proportional to the degree of ellipticity. However, these conjectures are 
not yet proven in general. 

As noted above it is necessary to make repeated (iterative) downstream 
marches to obtain an accurate solution for subsonic external flow. The Vigneron 
approximation can be embedded in such an iterative scheme in the following way. 
Equation (16.157) is replaced by 


ди би др 1 ĉu др |% 
— --(1- ш- 16.177 
ои, 5002)" ax Ке ду? ( oM xf? (16.177) 





where c is chosen to satisfy (16.153). The term on the right-hand side of (16.177) is 
evaluated as an under-relaxed combination of previous iterations or is taken as the 
value at the outer edge of the viscous region. 

The solution of a purely inviscid problem is usually much more economical 
(Sects. 14.1 and 14.3) than the solution of an equivalent viscous problem. Conse- 
quently it is more efficient to solve the subsonic RNS equations from the solid 
surface to the location where the viscous terms in the RNS equations make a 
negligible contribution. Outside of this domain the governing equations are treated 
as being purely inviscid permitting a panel method (Sect. 14.1) or full potential 
method (Sect. 14.3.3) to be exploited. At each stage of the iteration the inviscid 
problem is solved throughout the inviscid domain and the RNS equations are 
marched downstream once. 

As long as the viscous (RNS) region is relatively thin in the transverse direction, 
the use of (Cp/Cx)' from the inner boundary of the inviscid region on the right-hand 
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side of (16.177) is a reasonable approximation. Such an iterative scheme will be 
described here. The alternative, of using local values of др/ох from previous 
iterations will be described In Sect. 16.3.3. 

The implementation of a subsonic RNS formulation can be carried out more 
conveniently if p appears explicitly. Thus (16.156-158) are replaced by the equiv- 
alent system of governing equations 


д(ои) 1900) 











= () 16. 
Эх ду ; (16.178) 
0 > д | д?и др Ñ: 
— c ранив ри E 
4, (eu + op) + s (Quo) Re ду? (1— о) ax}? (16.179) 
é д, 1 0% 
-- -- —— -s =l . 
gx (OMe) 25,09 + p) Re бу? , (16.180) 
and 
о=р ее [1—(u? +0*)] (16.181) 
SML NON | | 


where all groups in (16.179 and 180) have been nondimensionalised with о (04), 
Thus p*3— р“ /o, (U9 2 = 1/; M2, , which leads to (16.181) having a slightly differ- 
ent form to (16.29). 

For the present problem a change of notation is introduced. For the grid shown 
in Fig. 16.21 a marching algorithm (in x) is constructed to obtain the solution at 
Ха. А complete downstream march constitutes the (n+ 1)-th iteration. At each 
downstream location x;,,, the transverse solution, (и, v, р, Q);,; ,, 1s obtained 
sequentially. The notation shown in Fig. 16.21 may be contrasted with the notation 
used in Sects. 16.2.3 and 16.3.1 where n 15 used to denote the downstream location. 

Equation (16.179) is used to obtain u^71 after discretisation as 


((Qu^);, ia (ou?) k] _ {(QUU) + 12 ki — (Оир); + 12.1 } 
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(16.182) 
k+1 
k 
L. 
к-1 . | . | 
х Fig. 16.21. Grid for two-dimensional subsonic 


1-1 ] ]+1 RNS formulation 
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In (16.182) all terms are evaluated at x [+1 if no superscript is shown. Superscript g 
denotes the inviscid value; thus p^" is determined from the previous invisci 
iteration level at the outer edge of the viscous domain. The value of the Vignerott 
relaxation parameter Is ріуеп by (16.181). 

Terms in (16.182) evaluated at х; , 2 are linearised about x;, e.g. 


д 
(Quv); 1,2, љ(оир); p 4- 0.5 СЕНШЕ , 
j 


where 44544 ,—u;. u; The goal of the linearisation is to construct a linear 
system of equations for Au; , ; from (16.182). Therefore the dependence of оир on g 
and v is ignored in constructing the linear form. As a result (16.182) can be 
manipulated into a tridiagonal system of equations, 





A Atl. I BAL + Cy Autti =Й, (16.183) 
where 

А, = 70257 (oo EI 

B= xen? e 45.) , 

С,=0255 TORSE е ‚ and 





Ах 
D,— —[(он 1 (ом), озат пам 


Фи) (рт = pitt) — 0.5(1— ©) (Pit к= Рух) - 
At the body surface u;, , , = 0, so that 4u;, 1-9. At the outer edge of the viscous 
region (k= К), Аи ТҮ к= Мит, , ie. Дит к is provided by the inviscid solution. 
Equation (16.183) is solved efficiently using the Thomas algorithm (Sect. 6.2.2) so 
that u^71 к is obtained across the viscous layer at x;,,. 

As the second stage of the downstream march at x;,,, v^ 4 , is obtained by a 
one-dimensional sweep from the body surface to the inviscid boundary. Following 
Dash and Sinha (1985), (16.178, 180 and 181) are combined into a single equation ol 
the form 


E. =F—+ÇG , (16.184 


where E=o(1—M?), Е-оМ,М, and 


ди др yv д?р 
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Equation (16.184) is discretised to O(Ax^, Ау?) and manipulated to give 


J 


п Ау n n+ 
ӨЛІ, i| Pi Lx (01-і Dik- 1 Uj) +i 4 2AyG" Tik- 


Ay 
+ shaja atti асау" | (E Ка AX Fia- ) . (16.185) 


In evaluating ЕЛІ, 8-1» Fia. and Gh iik p v, p, о and a are projected from 


upstream. However, unti кіз available from (16.183). The value v^71 x at the outer 
edge of the viscous domain provides a boundary condition for the inviscid region. 
The pressure Diaci is obtained from an integration of (16.180) from the outer 


viscous/inviscid boundary to the wall, using 


1 +1 +1 
p5ik-i7 ра ЕР К —рк-1 
Ау 
+1 
+205 +12, к-12 tjesaa-ia eain 7 0р2) Сү, 


- Ббраузк-ар ( уда Ueima-il | 
2 
“Redy (9-1 
Finally the density follows from (16.181). 

Once a single march (n+ 1) has been completed a new inviscid solution is 
obtained. Typically this would be via a velocity potential formulation (Sects. 14.1 
and 14.3). The outer inviscid solution is driven by the normal velocity, v7, , к, at 
the outer boundary of the viscous domain. The inviscid solution provides u^71 x, at 
the outer boundary of the viscous domain, for the next inner solution, The interface 
between the viscous and inviscid domains should lie outside of the viscous region 
but its precise location is not critical. Since the inviscid solution can be obtained 
more economically than the RNS (inner) solution, it is desirable to keep the 
interface as close to the body as possible. 

Chen and Bradshaw (1984) have used the same type of algorithm as above, but 
expressed in surface-orientated curvilinear coordinates, in order to obtain the 
viscous (turbulent) transonic flow past a two-dimensional aerofoil at small angles 
of attack, Dash and Sinha (1985) have used a comparable algorithm to examine 
turbulent subsonic, mixing layer problems. However, in both these applications 
02= 0, so that the axial pressure gradient in the axial momentum equations is 
obtained from the inviscid solution, entirely. Both applications produce accurate 
converged solution in relatively few (€ 10) downstream marches. 


= Wypk HU jega T (16.186) 


16.3.3 Incompressible Flow 


For supersonic external flow (Sect. 16.3.1) the RNS equations can be solved 
accurately with a single march if the sublayer approximation is applied adjacent to 
solid surfaces. For subsonic external flow (бесі, 16.3.2) there is an upstream 
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influence, through the outer inviscid domain, which can be incorporated via а: 
repeated downstream march iteration. From a consideration of the Vigneron limit: 
on the axial pressure gradient in the downstream momentum equation (16.161) it ig 
expected that more downstream marches may be required for convergence of the 
iteration as the freestream Mach number M , is reduced. 

In a sense, as the compressibility due to motion reduces (i.e. reducing М), 
more upstream influence is present. This implies that for incompressible flow the 
solution algorithm should incorporate greater coupling between different parts of 
the computational domain. The coupling introduces upstream influence through 
the interface with the outer inviscid (elliptic) domain and through the use of 
forward differencing of др/дх in the downstream momentum equation. If separ- 
ation of the viscous layer occurs, the reverse flow also introduces upstream 
influence via the convective terms. 

If the computational domain contains massive separation or has no pre- 
dominant flow direction the RNS strategy of a single or few downstream marches is 
inappropriate. The RNS equations, e.g. (16.4-6), may still be an accurate approxi- 
mation but a strategy based on repeated downstream marches is no more econ- 
omical typically, than the use of a pseudo-transient strategy (Sect. 6.4). In this case 
the strong global coupling for incompressible flow manifests itself via the need to 
solve a Poisson equation for the pressure (Sect. 17.1 and 17.2). 

In this section the algorithm of Rubin and Reddy (1983) will be described. In 
this formulation a discrete Poisson equation for the pressure arises but it is coupled 
directly with the velocity components so as to take advantage of the RNS multiple 
downstream march strategy. The algorithm is effective even 1f small regions of 
reverse flow occur. In the Rubin and Reddy algorithm the RNS equations are 
applied throughout the computational domain. However, splitting of the domain 
into an inner viscous (RNS) domain and an outer inviscid domain, as in 
Sect. 16.3.2, creates no essential difficulty. 

The incompressible RNS equations for two-dimensional laminar flow can be 
written in conformal (Sect. 12.1.3) coordinates as 








e д 

— TI =0, 16.187 
Re (hu) t (hv) (16.187) 
д д oh Ch O 12/12 

— (hu?) + — (h? 2 А = һ 16.188 
ae Í u +o, | ШАБЫТ р ae + бё Re on (i ay | w») , (16.188) 
д д, дһ êh др 

- — — -0. 189 
ag o) +5, (he LU u MAE? 0 (16.189) 


Following Rubin and Reddy no viscous term is retained in (16.189). Turbulent flow 
RNS equations will be comparable if Reynolds stresses are represented via an eddy 
viscosity construction (Sect. 11.4.2). Equations (16.187-189) are the continuity, č- 
momentum and g-momentum equations, respectively. The velocity components 
along € and 5 lines are denoted by u and v, here. The orthogonal metric is defined 
by (12.20). For conformal coordinates, 
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hi =h,—=h=—(xš+y2)2= (xf ауд. (16.190) 


The (2, n) coordinate system is constructed (Chap. 13) so that опе 2 coordinate 
line (no) coincides with the body surface and other č coordinate lines are approxi- 
mately in the local flow direction. The у coordinate lines are orthogonal to č 
coordinate lines and consequently are orthogonal to the body surface and approxi- 
mately orthogonal to the local flow direction. The use of the (2, у) coordinate 
system allows the marching direction to be closely aligned with the local flow 
direction, which increases the accuracy of the RNS approximation. 

Rubin and Reddy (1983) indicate that the neglect of the transverse viscous 
terms in the -momentum equation is consistent with the neglect of the streamwise 
viscous terms in the €-momentum equation, for incompressible flow. However, the 
inclusion, or neglect, of the transverse viscous terms in the y-momentum equation 
has no effect on the character of the overall system of equations (Sect. 16.1.2). 

Since (16.187—189) are to be marched in the positive £ direction, all č derivatives 
of u and v are backward-differenced in non-separated regions. The term др/дё is 
discretised with a modified forward difference expression to introduce the required 
upstream influence associated with the elliptic behaviour of p. This implies that the 
complete p field must be stored so that it is available for the next (iterative) 
downstream march. In contrast the velocity field is not stored, but is computed 
anew on each downstream march, at least for non-separated flow. 

For regions of separated flow upwind-differencing is used for the convective 
terms. Since all ё-тагсһеѕ are made in the positive € direction it is necessary to 
store the velocity field from the previous iteration, but for the reverse flow region 
only. 

For ease of exposition the discretised form of (16.187—189) will be presented in 
non-conservation form on a Cartesian grid, with x as the marching direction. The 
result 15 





Liu g-ia thy 0 =0, (16.191) 
n poyn уыт гуы a PER Pir ly yn 

ui L. и ко; ку К+ p" ! taba ; (16.192) 
из рлу Lx 0з асло +U -ау by Vikt Ls, pi 0, (16.193) 


where L, and L,, are three-point centred difference operators (Table 9.3), and Ly , 
L; are one-sided operators, i.e. 





и. ри: V. 05р 

иц! n: ы 1,0) 1; к=“ Bk a |) | (16.194) 
All terms are evaluated at iteration level n, except p^, к, which is from the previous 
iteration. It can be seen (Fig.16.22) that the discretised continuity and y- 
momentum equations are centred (c, y) at ( J, k — 1/2) whereas the x-momentum 
equation is centred (x) at (j, k). This system has a truncation error of O(Ax, 4у2); 
Rubin and Reddy (1983) provide a closely related scheme that is second-order in 
both x and y. 
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— Ax — Fig. 16.22. Discretisatio 
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The present algorithm has been used to compute the incompressible laminar 
and turbulent flow past a finite flat plate and an isolated symmetric aerofoil, 
Boundary conditions, Fig. 16.23, аге и-г-0 at у=, (body surface); v=0, 
ди/д = 0 on a line of symmetry (у = уо). At the outer boundary (y=7,,,,) p= Pas 
u— U, and no boundary condition is required for v. At the inflow boundary 
(Ë= čo), u= Ug( y), 6v/0E — 0 where (у) is a prescribed velocity distribution. For 
the finite flat plate this is a boundary layer profile linked їо О, = U,, in the inviscid 
region. At the outflow boundary (é=€,,,,) the pressure or 0p/0¿= 0 is specified, 


£ - £5 €* Emax 
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Fig. 16.23. Boundary conditions for symmetric aerofoil 


At each downstream station, (16.191-193) are treated as a nonlinear system ol 
equations for q? x, k= 1, N, where q= {u, v, p)". This nonlinear system is linearised 
and solved iteratively using the Newton-Raphson technique (Sect. 6.1.1). The 
Jacobian is block-tridiagonal so that each stage of the Newton-Raphson iteration 
can be executed efficiently using the techniques described in Sect. 6.2.5. Aftet 
convergence of the Newton-Raphson iteration at the jth downstream station the 
process is repeated at the (j+ 1)-th station. 
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Each downstream march constitutes one iteration of a relaxation process 
(Sect. 6.3.1). Rubin and Reddy (1983) apply a von Neumann analysis (Sect. 4.3) toa 
linearised form (ie. undifferentiated terms locally frozen) of (16.191-193). The 
maximum eigenvalue has the form 


A 2 2 
гло" =) (>=) , (16.195) 
Утах Утах 


where C, is a constant of order one and the extent of the computational domain is 
0<х<х,,,, OSVSVmax since A«1.0 the relaxation procedure is stable but it 
becomes unacceptably slow as 4 approaches one. This will occur for large y,,,, or 
small Ax or Xmax 

The appearance of the group (z4x/y44,) is particularly interesting. For 
subsonic inviscid flow it was shown (16.176) that a stable solution could be 
obtained in a single march if (r4x/y,,,)- a! ^. For the present situation of 
incompressible flow and w=1, x— 1.0. Thus although a multiple march strategy 
has avoided the stability restriction (16.176) any attempt to make xAx/y,,,«1 
produces a very uneconomic algorithm due to the slow convergence of the 
relaxation process. It might be expected from (16.176) that for more compressible 
flows the convergence of the multiple march procedure will improve by using a 
Vigneron-related strategy. This is confirmed by Rubin (1985). 

To improve the convergence of the relaxation algorithm, Rubin and Reddy 
adopt a multigrid iteration (Sect. 6.3.5). A severely stretched grid in the ң direction 
is required to represent the thin viscous region adjacent to the body surface 
adequately. This reduces the effectiveness of the multigrid algorithm, primarily 
because of interpolation difficulties. Consequently Rubin and Reddy apply the 
multigrid algorithm in the ë direction only. 

The system of discretised equations (16.191—193) can be written as 


L'Q'- rh, (16.196) 


where Q^(z {u, v, pl!) represents a solution on a grid of typical size h(= 42). It is 
assumed that Aé is constant over the downstream domain or slowly varying. The 
right-hand side, F^, contains all the terms evaluated during the previous (n— 1) 
downstream march. That is, F* will contain p" !, and и" !, v"! in the separated 
region. The nth downstream march can be interpreted as a smoothing or relaxation 
process, as in (6.84). When a converged solution of (16.196) is obtained, p"— p" 1, 
etc. Rubin and Reddy apply the FAS multigrid formulation (Sect. 6.3.5) to solve 
(16.196). 

Rubin and Reddy (1983) have used four levels of grids with two to three 
relaxation sweeps on each grid and transfers in both directions. Once the finest grid 
is reached only the two finest grids are used for the final convergence. For 
unseparated flow the use of the multigrid construction produces one to two orders 
of magnitude reduction in the number of iterations and execution time, even when 
(7AX/Vmax) is small. However, if regions of separated flow occur or if a highly 
nonuniform Aé grid is used, Rubin and Reddy (1983) report that the multigrid 
techniques is less effective. 
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A typical conformal grid for the flow about an aerofoil at zero angle of attack is 
shown in Fig. 16.24. The y-scale has been magnified (о show the character of the 
grid more effectively. Solutions have been obtained for laminar flow up to 
Re= 10000. The streamlines close to the trailing edge are shown in Fig. 16.25, 
demonstrating the occurrence of a small separation bubble. Solutions have also 
been obtained for turbulent flow (Ке= 5 x 10°), making use of the two-layer 
algebraic eddy viscosity model described in Sect. 11.4.2. Rubin and Reddy (1983) 
present results for surface pressure and skin friction distributions and indicate good 
agreement with experiments. 
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Fig. 16.24. Conformal grid for 
flow about a NACA-0012 
aerofoil at zero incidence 
(after Rubin and Reddy, 1983; 
-18 -@ 5 ое 25 1.0 15 28 reprinted with permission of 
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Fig. 16.25. Streamlines 
near the trailing edge of 

a NACA-0012 aerofoil; 
Re= 10000 (after Rubin 
and Reddy, 1983; reprinted 
with permission of 
Pergamon Press) 
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Broadly the use of an RNS strategy in incompressible external flow requires 
more iterations (downstream marches) to obtain an accurate solution than is the 
case for high subsonic or supersonic external flow. However, for incompressible 
flows with a dominant flow direction an RNS strategy is still considerably more 
economical than solving the full Navier-Stokes equations by a pseudo-transient 
approach, for example as in Sect. 17.2.1. 


16.3.4 Viscous, Inviscid Interactions 


In the preceding sections of this chapter flow problems are considered for which the 
boundary layer equations are inadequate to provide accurate solutions, even 
locally. The inadequacy may arise because the thickness of the viscous layer is 
greater than permitted by boundary layer theory (Schlicting 1968). Alternatively, 
the streamline curvature in the problem implies a significant pressure gradient 
across the thickness of the viscous layer. 

However, for the flow around slender bodies, such as aerofoils and turbine 
blades at small angles of attack, and hence with small pressure differences between 
the windward and leeward sides, the boundary layer equations with a specified 
inviscid pressure distribution provide an accurate solution for the local velocity 
distribution. In turn this solution can be used to compute the displacement 
thickness (11.67); that is, the amount by which the equivalent body contour should 
be displaced to permit a more accurate recalculation of the inviscid solution. The 
small adjustment to the inviscid pressure distribution usually leads to close 
agreement with experimental pressure distributions, away from the trailing-edge 
region and as long as reversed flow associated with separation does not occur. 

Historically attempts have been made to extend the displacement thickness 
concept to allow for the wake, and to make the combined viscous, inviscid solution 
more accurate close to the trailing edge and if small separation bubbles occur 
(Cebeci et al. 1984). 

Even when the viscous, inviscid interaction is computed conventionally the 
influence on the inviscid solution is incorporated more efficiently by using the 
displacement thickness distribution to define an equivalent normal velocity at 
the body surface (Lock 1981), 


р(х, = (uô) , (16.197) 


where и, 15 the velocity at the edge of the boundary layer. This condition comes 
directly from the incompressible continuity equation and the definition of the 
displacement thickness ó* (11.67). In the wake region (16.197) is applied as an 
effective source panel (Sect. 14.1.1) located on the wake centre-line. The advantage 
of using (16.197) in recalculating the inviscid solution is that the computational grid 
remains the same and (16.197) appears as a local boundary condition for the 
governing equations in the inviscid domain. Using the displacement thickness 
directly changes the grid in the inviscid domain at each iteration. 
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The above viscous, inviscid interaction procedure can be repeated iteratively 
refining the pressure distribution at the edge of the boundary layer and the 
boundary layer displacement thickness at each step of the iteration. This is called a 
direct iteration method and is described in Sect. 14.1.4. 

The direct iteration method is based on the concept that the inviscid solution 
drives the boundary layer solution through specification of the boundary con- 
dition, u,(x) or p,(x), at the outer edge of the boundary layer and that the influence 
of the boundary layer solution, through the displacement thickness, on the inviscid 
solution is rather weak. 

Close to separation the character of the mutual interaction alters dramatically. 
Attempts to compute a boundary layer solution up to and beyond separation fail if 
р(х) is prescribed. As separation is approached the computed boundary layer 
normal velocity v demonstrates a singular behaviour (Goldstein 1948) which does 
not occur physically. 

This difficulty is overcome by using a so-called inverse method. That is, the 
displacement thickness 6*(x) or the skin friction coefficient c,(x) is specified and 
р.(х) is computed along with the boundary layer solution. When 6*(x) is specified 
the definition of the displacement thickness generates и, (х), and hence p. (x), as part 
of the solution process, from 


(1-2) ó*"(x). (16.198) 
0 H. 

In practice, the inverse method requires iteration of the boundary layer 
equations at each downstream station, х, , , until и, ;, , is obtained which satisfies 
(16.198) for the specified displacement thickness 6%:5, A discrete Newton's method 
(Sect. 6.1.1) can be used for this iteration. An auxiliary function, "= 0^ " —ó* 5, is 


defined. The iteration is advanced by computing ие тү, from 


u” 

hst ану. (16.199) 
with ue iii = ие. The iteration converges for m < 10 and is very economical. The 
inverse method for computing the boundary layer solution, with a reasonable 
choice for ó * *(x), permits a stable integration to be made through separation and 
into the region of reversed flow (Catherall and Mangler 1966; Klineberg and Steger 
1974). 

The inverse method for computing the boundary layer solution is combined 
with an inviscid computation, with specified и, (х), in the outer domain to produce 
an inverse iteration method to determine the viscous, inviscid interaction. The 
direct and inverse iteration methods can be compared as follows. 

It is convenient to write the relationship between the outer inviscid velocity 
distribution u,(x) and the displacement thickness ó*(x) in the following symbolic 
way: 

For inviscid flow: u= P[ó*], 

. (16.200) 
For viscous (boundary layer) flow: и. = B[ó*] . 
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Thus the direct iteration method can be represented as 
un^ Ds p[8*"] and St" VSB yet | (16.201) 


where n indicates the iteration level of the viscous, inviscid interaction. The inverse 
iteration method can be represented as 


ó*"* UL p-1[ m] and u^"*"-—B[ó*"*n»]. (16.202) 


The direct and inverse formulations can be combined into a semi-inverse iteration 
method (Le Balleur 1978; Carter 1981) 


u$ =P[ô*®],  uP-B[ó*?], and (16.203) 


без R [u?, už, ó*«] , 


where R is ап appropriate relaxation algorithm. The Ге Balleur prescription of the 
semi-inverse method is described for transonic flow in Sect. 16.3.6. The direct, 
inverse and semi-inverse iteration methods are illustrated conceptually 
in Fig. 16.26. 
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Fig. 16.26. Different methods for 


(c) Semi-Inverse Method (d) Quasi- Simultaneous calculating viscous, inviscid 
Method interactions 


An alternative formulation to the semi-inverse method is the quasi- 
simultaneous iteration method (Veldman 1981) in which (16.2002) is replaced by 


u= I[ó*] , (16.204) 


where / represents an interaction law that is an approximation to the full inter- 
action of the inviscid flow with the viscous flow. The interaction law is constructed 
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so that the local but not the global inviscid influence is accurately represented. 
Consequently the quasi-simultaneous method can be represented symbolically by 


ue ptt D] = p[oó*]— r[5*'?] ; 


ut" * 0 — B[ó*"* DI =O | (16.205) 


Thus on convergence of the iterative process it is clear that (16.200) is satisfied. The 
role of [[6*] is to allow the most important part of the inviscid interaction to 
be considered simultaneously with the development of the viscous solution 
(Fig. 16,26). 

In comparing the four methods shown in Fig. 16.26 it may be noted that the 
weakness of the direct method is that B `! in (16.2016) is almost singular when а 
strong interaction occurs, i.e. near a trailing edge. Although the inverse method 
avoids this problem (P ` is well-behaved), very slow convergence occurs because a 
very small underrelaxation factor is required for a stable iteration in a weak 
interaction region, Veldman (1984) finds that the underrelaxation factor is pro- 
portional to Ке” 1⁄2 when Re is large. 

The semi-inverse and quasi-simultaneous iteration methods achieve stronger 
coupling, and hence faster convergence, by simplifying one of the interactions. In 
the semi-inverse method the solution in the viscous flow region is represented by an 
integral (Cebeci and Bradshaw 1977, Chap. 5) method, so that the viscous domain 
solution can be interpreted as an extended boundary condition for the solution in 
the inviscid domain. In the quasi-simultaneous method the inviscid solution is 
represented in a simplified manner so that it can be considered an extended 
boundary condition to the boundary layer solution, More detailed comparisons of 
the four iterative methods, particularly in relation to the stability of the iterations, 
are provided by Wigton and Holt (1981) and by Veldman (1984). 


16.3.5 Quasi-Simultaneous Interaction Method 


The application of the quasi-simultaneous iterative method to incompressible flow 
is described in more detail in this section. A simplified inviscid solution is provided 
by thin aerofoil theory (Thwaites 1960). At the outer edge of the viscous region, the 
inviscid solution without interaction, u (x), is given by 


(dyg /d2) 


ux )=1+- L f Unido) dé , (16.206) 


л (x—¿) 


where ур is the body surface contour. Carter and Wornom (1975) model a viscous 
correction, du,(x), to uC (x) as 


-1{ id( ee g 





Š, (16.207) 


so that и, (х) = uf (x) + ди, (x). In (16.207) the integration limits х,, x, are restricted 
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to the region where the interaction is important. This ensures that the interaction is 
of a local nature. 

If the integral in (16.207) is evaluated approximately by the mid-point rule the 
equivalent of (16.204) becomes 


N 








Ue, =u) + 9,,5%--Е,, where (16.208) 
ізі 
yO 
X= ЕЗІП —j)?—0.25] and 
TAX /; 
1 (и 5*) 
Құ---((и09%%,-М-05)-----2 |. 
ЖЕТЕ С 09» ) (k 0.5) 


In (16.208) j and k correspond to grid points in the downstream (x) direction. 

At each downstream march of the boundary layer equations in the quasi- 
simultaneous method, и, and ó* аге coupled together by (16,208) and are 
obtained simultaneously with the boundary layer solution. During the nth down- 
stream march (16.208) is implemented as a Gauss-Seidel (Sect. 6.3) process 

k-1 N 
ue * D— Logo Duo > x,, 0T" * 4 Y x,,0 70 Кт. (16.209) 


ігі і-езі 


Veldman (1981) notes that, since x,,>0, а breakdown in the boundary layer 
calculation at separation is avoided, The particular choice of x,,, arising from the 
numerical integration of the Hilbert integral in (16.207), leads to relatively few 
(n ~ 10) downstream marches to achieve convergence. 

The global iterative process can be described as follows: 


Step А) n=0. A conventional inviscid solution using the panel method 
(Sect. 14.1.1), for a body profile ys (x) gives the basic inviscid velocity distribution 
u(x) at the outer edge of the viscous region. The boundary layer solution is 
marched downstream until the strong interaction region is reached. The dis- 
placement thickness is extrapolated through the strong interaction region to give 
the zero-th approximation, 6%%), 


Step B) n=1,.... The boundary layer solution is marched downstream sim- 
ultaneously with (16.209 and 198). 


Step C). After each downstream march the following convergence criterion is 
checked: 


max |ô" +D à*9| 10-4 , (16.210) 


If (16.210) is not satisfied ó* is overrelaxed with о = 1.5, typically. The iteration 
proceeds with Step B). 


For many flows the basic inviscid solution uf? (x) is sufficiently close to the 
converged inviscid solution uf? that the inviscid solution need not be recomputed. 
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However, if и”) differs significantly from ut) it would be appropriate to construct 
an equivalent body, yg +ô*™, and to recompute u (x) using the full inviscid 
domain solver. The global iterative process then restarts from Step A. 

A typical result for the surface pressure distribution through the separation 
bubble formed in the Carter-Wornom trough (Fig. 16.27), produced by the quasi- 
simultaneous method is shown in Fig. 16.28. Clearly accounting for the viscous, 
inviscid interaction is crucial if accurate solutions are to be obtained based on the 
boundary layer approximation. 
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Fig. 16.27. Dented plate for calculation of separation bubbles. The y scale is magnified (after Veldman, 
1981; reprinted with permission of AIAA) 
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Fig. 16.28. Pressure distributions 
In a Carter-Wornom trough 
(after Veldman, 1981; reprinted 
with permission of АТАА) 





The solutions shown іп Fig. 16.28 were obtained on a 121 x 81 grid covering the 
viscous domain and required about 10-20 iterations to satisfy (16.210) with œ = 1.5. 

Veldman (1981) shows that the above algorithm is consistent with triple-deck 
theory (Stewartson 1974) which is relevant to the analysis of singular points, such 
as separation and the trailing edge, as the Reynolds number approaches infinity. 
Most significantly, triple-deck theory demonstrates that the viscous, inviscid 
interaction, in incompressible flow, changes from direct to inverse form as the 
singular point is traversed in the main flow direction. Although Veldman demon- 
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strates the quasi-simultaneous interaction method for laminar flow, only, it is 
expected that the same form of algorithm would be applicable to turbulent flow or 
to shockwave, boundary layer interaction. 

The extension to subsonic or transonic flow is straightforward if any shock 
waves that are present are weak, so that the inviscid domain solution can be 
computed from the transonic potential equation (бесі, 14.3.3). If shocks are suffi- 
ciently strong that the Euler equations are required in the inviscid domain, the 
interaction through the displacement thickness needs to be supplemented, as is 
indicated in Sect. 16.3.7. 


16.3.6 Semi-Inverse Interaction Method 


This method is shown schematically in Fig. 16.26 which is based on (16,203), Le 
Balleur’s (1981) formulation utilises a defect representation in the viscous region. 
The defect representation of the governing equations is obtained by subtracting a 
reduced form of the Navier-Stokes equations from the Euler equations. This is 
appropriate since the inviscid domain overlaps the viscous domain. The defect 
equations governing steady two-dimensional compressible flow can be written 


с і у e 1 АУ — 
o (өш) — (0) ]+ = levh- (ory"h]=0 , (16.211) 
C | д ‚ | 

a Eu) — (ou!] +ay[(eueyh—(oue)'h] + K [ (our) – (ошау 


ó 
= 2 (pi-py-= , (16.212) 
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д. 
=—h— lo p” 
5? p), (16.213) 


where the coordinate system is orthogonal to the body surface, h— h, = 1-- Ky, 
h,=hs=1 and K(x) is the curvature of the body surface ( y = 0). In (16.212) т is the 
shear stress, laminar or turbulent. 

The farfield boundary condition for the viscous domain is that the inviscid and 
viscous solutions coincide i.e. 


lim [f'-f"J=0, fz={u,v, ор). (16.214) 


у x 


The nearfield boundary conditions for the viscous domain аге 


i) body surface: w=v'=0 , 


ii) wake centre-line: [uv |= [2 ]=0 , (16.215) 


where [ | denotes the jump. 
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Nearfield boundary conditions for the inviscid domain are 


. 0 . 
i) body surface: (о) =. j бон) —(ouy" ау, 
0 


ii) wake centreline: Гөу1-2. j [(oQu) —(ou) ]dy and (16.216) 
i f д 1 v 
[p'] = | эу? My . 
If ё(р!—р'°)/ёх in (16.212) is specified, the system (16.211—215) can be solved in а 
single downstream march, Thus it is a reduced Navier-Stokes formulation nomin- 
ally equivalent to (16.178-181). 

However, Le Balleur (1981), perhaps guided by the additional economy as- 
sociated with boundary layer integral methods (Cebeci and Bradshaw 1977), 
prefers to integrate (16.211 and 212) over y and to add in empirical relations to 
close the system, The result is a very economical marching algorithm for the 
viscous region. However, the use of empirical relations implies that the overall 
conditions, angle of attack, body geometry profile, etc., must be restricted to those 
broad categories for which the empirical relations are valid. In contrast, the only 
restrictions in the direct solution of (16.211-216) are those introduced in establish- 
ing the reduced form of the Navier-Stokes equations, i.e. neglect of axial viscous 
diffusion in (16.212) and all viscous terms in (16.213). 

Le Balleur et al. (1980) have used the defect formulation and the integral viscous 
method to establish the following coupling relationship between the inviscid and 
viscous domains: 


dp. 


A,O=A,6* 
1 20 dX 





+A; . (16.217) 


where Ө = {t/(u*+07)},-9 and A,, А,, Аҙ and ó* are determined by the current 
Inviscid and viscous solutions. Equation (16.217) is an equivalent statement to 
(16.200). In the direct mode, which is suitable for weak interactions, (16.217) 
provides the injection velocity, vf, at the body surface to compute a revised inviscid 
solution. At separation A, goes to zero which necessitates either an inverse 
[equivalent to (16.202)] or semi-inverse [equivalent to (16.203)] approach 
(Fig. 16.29). 

In the direct mode (Fig. 16.29) the predicted flow angle ©* from (16.217) is 
under-relaxed to provide ©"*'. Close to separation and downstream а semi- 
inverse method is used. A crucial part of this method is the form of the relationship 


ear. dp dp i 
© өл (4%) (2). (16.218) 


where (dp/dx)' and (dp/dx)' аге the pressure gradients from the current (inverse) 
viscous and inviscid solutions. Le Balleur (1981) applies a Fourier analysis to the 
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system of equations underlying (16.217) to determine an explicit functional form for 
(16.218). This is combined with the relaxation O"' = ©" + w(@* – ©”) to give the 
following overall semi-inverse algorithm 


ei orn ӘР брҮ (py 

О". Ө" = r B (2) (2). . (16.219) 
F: 1 

where = (1 — M2)!?, b= A;ó*/A, and 0<о-<2. In the above, M, is the surface 

(inviscid) Mach number. Le Balleur (1981) provides an alternative form to (16.219) 

when the flow is locally supersonic. It may be noted that although A, in (16.217) 

goes to zero at separation, (16.219) is well-behaved. 

Le Balleur (1981) provides the details of the above algorithm and presents 
results for the flow around inclined transonic aerofoils that include turbulent 
separation, Excellent agreement with experiments is indicated. Essentially the same 
approach can be used to investigate shock/boundary layer interactions (Le Balleur 
1984). 


16.3.7 Viscous, Inviscid Interaction Using the Euler Equations 


For flows where strong shocks are expected it is preferable to solve the Euler 
equations in the inviscid region. This implies that additional attention must be 
given to the matching between the overlapping inviscid and viscous domains, 
Johnston and Sockol (1979) have adopted a procedure related to the interactive 
defect formulation (16.211-213). In the Johnston and Sockol construction the 
steady two-dimensional Euler equations are written as 


Е! 1 
08 06 04. (16.220) 
ôx бу 


Тһе components of F' and С! are given by (14.95). 
Тһе steady two-dimensional Navier-Stokes equations, governing the flow 
immediately adjacent to the wall, are written as 


060. (16221) 
дх ду 
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The components of F” and С” in (16.221) are given in Sect. 11.6.3. By integrating 
(16.220 and 221) across the viscous layer 6 and combining, the following condition 
is obtained: 
д Сан 
Gi у= Gru T ҚЕ-Еау. (16.222) 
X0 


у= 


In the viscous layer it is assumed that the Navier-Stokes solution F" is approxi- 
mated by F°=F'+F°—Fi_, (Fig. 16.30), where F” is an economical boundary 
layer or reduced Navier-Stokes solution. Substituting for F° and F” in (16.222) 
gives 





ЕС Е! ЕР Fig. 16.30. Composite F construction 


| д 
Gi. =G o + | (F,-0-F”)dy . (16.223) 
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In practice, (16.223) provides boundary conditions for G'(1), G:(2) and G'(4) at 
y=0. G'(3) at y=0 is the surface pressure and is obtained, typically, from the 
normal momentum equation. It may be noted that G'(1) at y=0 is just the injection 
(normal) momentum and the relevant component of (16.223) is equivalent to 
(16.197). The additional boundary conditions, G'(2), _ о, etc., are required because 
the Euler equations are used in the inviscid region instead of the transonic potential 
equation. Le Balleur (1984) indicates that the additional boundary conditions 
required by the Euler equations are an advantage in the sense that more efficient 
coupling can be achieved between the inviscid and viscous domains, The Johnson 
and Sockol matching is also used by Whitfield and Thomas (1984). 

In conclusion one may note that the interaction techniques, described in 
Sects. 16.3.4-16.3.7 have their origin in the classical idea (Lighthill 1958) of allowing 
the viscous domain to influence the behaviour in the inviscid domain through the 
displacement effect. However, the extension of this idea to cope with trailing-edge, 
separation and shock/boundary layer effects leads to a conceptual approach (Le 
Balleur 1984, pp. 446-447) very similar to the reduced Navier-Stokes philosophy 
discussed earlier in this chapter. 
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16.4 Closure 


Reduced forms of the Navier-Stokes equations are useful for steady flows with а 
dominant flow direction if they permit the computational solution to be obtained 
in a single downstream march, or at worst, a few iterative downstream marches. 

The primary simplification arises from an order-of-magnitude analysis which 
indicates that terms associated with axial (downstream) viscous diffusion or heat 
conduction can be dropped from the governing equations since they are much 
smaller than transverse diffusion or heat conduction terms. This simplification 
implies that the downstream direction is aligned, at least approximately, with a 
particular coordinate direction. This may require the introduction of generalised 
curvilinear coordinates (Chap. 12) to improve the alignment. 

The use of Fourier analysis applied to a linearised form of the governing 
equations (Sect. 16.1.2) allows the character of the governing equations to be 
determined and establishes whether a stable solution can be generated with a single 
downstream march. Except for the case of inviscid supersonic flow, the basic RNS 
equations, ie. with axial diffusion neglected, are still predominantly elliptic. The 
pressure is found to play a central role in causing the elliptic behaviour. Conse- 
quently additional approximations to render the RNS equations non-elliptic often 
focus on the pressure gradient term in the axial momentum equation. 

For internal flows with transverse velocity components significantly smaller 
than the axial velocity component it is useful to split the pressure into a centre-line 
exponent p., and a transverse correction p°. An order-of-magnitude analysis 
indicates that др°/дх сап be dropped from the axial (x) momentum equation. 
Consequently p,,, is the only pressure appearing in the axial momentum equation 
whereas p° is the only pressure appearing in the transverse momentum equations. It 
is this establishment of separate pressures in the axial and transverse momentum 
equations that leads to a non-elliptic system of equations. This type of splitting is 
effective for axisymmetric weak swirling flow (Sect. 16.2.1), and duct flows 
(Sect. 16.2.2) as long as the curvature of the pipe or duct axis is small. 

For ducts with significant curvature the transverse pressure gradient becomes 
so large that the pressure splitting, utilised in Sects. 16.2.1 and 16.2.2, is inaccurate. 
A splitting of the transverse velocity components, into a rotational part driven by 
the streamwise vorticity and an irrotational (or potential) part driven by the need 
to conserve mass, permits the construction of a non-elliptic system of equations, 
even though the pressure terms are handled without approximation. However, it 
should be stressed that the viscous solution, in the split transverse velocity 
formulation (Sect. 16.2.4), is constructed as a correction to a preliminary inviscid 
solution. For subsonic flows this preliminary inviscid solution will have an elliptic 
character. 

For external supersonic viscous flows an accurate solution can be obtained in a 
single downstream march as long as the axial stepsize is not too small and as long 
as the subsonic region adjacent to the solid surface is rendered "non-elliptic". The 
extrapolation of the pressure across the subsonic sublayer from the supersonic 
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region is an effective "non-elliptic" strategy (Sect. 16.3.1). The alternative is to 
introduce a Vigneron weighting on the óp/Ox term in the axial (x) momentum 
equation at grid points in the subsonic sublayer. 

For external subsonic viscous flows the outer (i.e. away from an isolated body) 
inviscid flow is elliptic so that it is necessary to construct an iterative procedure of 
repeated downstream marches for solving the RNS equations. If the equations are 
only slightly elliptic it is necessary that the ellipticity parameter 24x/y,,,, > x! 7, as 
indicated in (16.176) for a stable single march (Sect. 16.3.2). For incompressible flow 
(х= 1), the group zAx/y,,,, cannot be very much less than unity if the global 
iteration is to converge after a few downstream marches (Sect. 16.3.3). Multigrid 
techniques (Sect. 6.3.5) are effective in accelerating the iteration. 

Most of the techniques considered in this chapter have been described in the 
context of laminar flow. However, they extend to turbulent flow without altering 
the non-elliptic nature of the various RNS formulations, as long as the turbulence 
is modelled via an eddy viscosity construction. Although the qualitative analysis 
(Sect. 16.1.2) mitigates against the computation of reversed flow with an RNS 
formulation, the empirical evidence (Sect. 16.3.3) suggests that the RNS equations 
are adequate if an appropriate iterative algorithm is used. However, if the separated 
flow region is a significant proportion of the computational domain, the RNS 
strategy of repeated downstream marches may offer no advantage over a more 
conventional (Sect. 6.4) treatment of the full Navier-Stokes equations. 

Since the equations governing inviscid external flow can be computed more 
economically than the RNS equations it is usually more efficient to split the 
domain into a (RNS) region adjacent to the body and an outer inviscid domain. In 
the RNS formulation described in Sect. 16.3.2 these two regions do not overlap. 
However, in the traditional inviscid flow, boundary layer splitting the two domains 
do overlap. For computing strong inviscid/viscous interactions (Sect. 16.3.4) the 
traditional approach can be modified to account for small regions of reversed flow 
and the rapid axial variation in skin friction and pressure that occurs at a sharp 
aerofoil trailing edge. As the traditional approach is extended to handle more 
complicated flows, Sects. 16.3.5—16.3.7, the resulting formulations resemble more 
closely the RNS formulation described in Sect. 16.3.2. 

АП the algorithms described in this chapter have been developed via finite 
difference discretisation. Other means of discretisation, e.g. the finite element 
method (Baker 1983, Chap. 7), are used with the RNS equations, but it is customary 
to use finite difference discretisation in the time-like direction. 


16.5 Problems 


Introduction to RNS Equations (Sect. 16.1) 


161 "The time-averaged governing equations for incompressible turbulent flow 
are given by (11,92-94), For a steady time-averaged turbulent flow near the 
entrance of a two-dimensional duct parallel to the x-axis use an order-of- 
magnitude analysis to determine a reduced form of the governing equations, 
equivalent to (16.4—6). Assume that all Reynolds stresses are O(6/L). 


16.2 


16.3 


16.4 


16.5 
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In orthogonal coordinates the incompressible Navier-Stokes equations are 
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Assuming that h,, h,, and K,, and К,, аге O(1) and that u>v, apply an 
TU t analysis to deduce the following reduced form: 
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Sketch and discuss the form of the solution T with x given by (16.20) for the 
following cases: 


i) u, væ 1; e, ó small, 
ii) uz 1; p small; e, ó small, 
i) u small; rz 1; e, ó small, 
iv) u small; væ 1; e small, ó large, 
v) u small; vx 1, 2x1, ó— 0. 
For incompressible laminar flow past a flat plate aligned parallel to the flow, 
Op/Ox x: 0 away from the leading edge. Carry out a Fourier analysis of: 


i) (16.1-3) with Ср/бх deleted from (16.2). 
ii) (16.4-6) with Ср/дх deleted from (16.5). 


Discuss the expected character of the solutions in relation to whether the 
system of equations are elliptic or non-elliptic. 

It is sometimes proposed that the term e€7@/Cy* is added to the right- -hand 
side of (16.30) as an aid to stabilising the computation. Here ғ is a small 
positive constant chosen empirically. Apply a Fourier analysis to (16.30—32) 
with such a modification and determine whether the solution is expected to 
behave differently from that indicated after (16.37 and 38). 
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Obtain solutions using program THRED with ME= 2, for the cases 


i) 4x2020, Ay=0.20 , 
ii) Ax=0.05, Ay=0.20 , 
ii) Ax=0.05, Ay=0.10 , 

) 4х=001, 4y-020 . 


Compare the accuracy of the centre-line solutions with those produced by 
RED-FEM and ADIFEM (Table 16.3). Compare the computational ef- 
ficiency (Sect. 4.5) via an approximate operation count and/or direct 
measurement of the CPU-time. 


` 


lV 


Internal Flow (Sect. 16.2) 


16.7 


16.8 


16.9 
16.10 


16.11 
16.12 


16.13 


Introduce the pressure splitting (16.54) and show that ép‘/éx in (16.52) is 
O((5/L)’) It will be helpful to consider the magnitude of ép*/ér in (16.53) 
first. 

After introducing the pressure splitting (16.54) and deleting др°/дх from 
(16.52) use the Fourier analysis of Sect. 16.1.2 to show that the modified 
system (16.51-53) is expected to produce a stable computational solution in 
a single downstream march. 

Show that (16.60) can be obtained from the discretised form of (16.55). 
Apply the Fourier analysis of Sect. 16.1.2 to the system of equations 
(16.80-83) with a constant p'"* and show that exponential solution growth in 
the x direction is to be expected. Introduce the viscous pressure splitting 
(16.84), drop др°/дх from (16.81) and show that the resulting system is 
expected to produce a stable solution from a single march in the x direction. 
Show that replacing f, in (16.96) with f? from (16.98) satisfies (16.97). 

Use the Fourier analysis of Sect. 16.1.2 to derive (16.120) from the system of 
equations (16.113, 114, 116, 118 and 119). Obtain the equivalent polynomial 
to (16.120) if (16.116) is not introduced in (16.113) and comment on the 
expected stability of a single-march solution. 

Obtain an expression for О, ; ,, equivalent to (16.130) to ensure that w= 0 at 
a constant y wall. 


External Flow (Sect. 16.3) 


16.14 


Consider the sublayer approximation in Cartesian coordinates with the 
constant total enthalpy condition (16.181). The governing equations are 
uQ, +оо, T Qu, Qv, =Ü , 
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16.15 


16.16 


16.17 
16.18 
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Apply a Fourier analysis to derive the characteristic polynomial 
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where Л = ис, + гоу. Show that the first factor does not produce a growing 
exponential solution if u is positive. Show that, if the last term in the second 
factor can be neglected, stable solutions in the x direction will be obtained. 
For subsonic inviscid flow a Vigneron weighting applied to др/ду gives the 
following governing equations in place of (16.156-158): 
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Utilise a Fourier analysis of these equations to show that the following 
characteristic polynomial is obtained: 
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Hence show that if v0, there is no choice of œ that will avoid exponential 
growth in x if u «a. 

The reduced incompressible Navier-Stokes equations can be solved in a 
time-like iterative manner if they are written 
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where ад?р/дхді is introduced to stabilise the time-like pressure iteration. 
Apply the Fourier analysis to show that the time-like iteration will be stable 
if x is positive. 

Show that (16.184) can be derived from (16.178, 180 and 181). 

Carry out Taylor series expansions of (16.191) about ( j, k— 1/2), (16.192) 
about ( j, k) and (16.193) about ( j, k— 1/2) and show that all three equations 
have truncation errors of O(Ax, Ay?). 
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16.19 Derive (16.197) from the incompressible continuity equation and the defi- 
nition of the displacement thickness (11.67). What would be the equivalent 
expression for compressible flow? 

16.20 Derive (16.223) from (16.220 and 221) and obtain explicit expressions for 

veo i= 1, 2, 4. 


17. Incompressible Viscous Flow 


In this chapter no assumption is made about the relative magnitude of the velocity 
components, consequently, reduced forms of the Navier-Stokes equations 
(Chap. 16) аге not available. Instead the full Navier-Stokes equations must be 
considered; however, it will be assumed that the flow is incompressible. 

The techniques developed in this chapter will be applicable to problems where 
there is no obviously dominant flow direction, e.g. room ventilation. In addition, 
for many flow geometries regions of reversed flow will occur, If these regions are 
large or occur in conjunction with flow unsteadiness, e.g. flow past a bluff body, the 
(repeated) marching techniques described in Chap. 16 are not suitable. 

The restriction to incompressible flow introduces the computational difficulty 
that the continuity equation (11.13) contains only velocity components, and there is 
no obvious link with the pressure as there is for compressible flow through the 
density. Two broad approaches to computing incompressible flow are available. 

First the primitive variables, (u,v, р) in two-dimensions, are used and special 
procedures are introduced to handle the continuity equation. The extension to 
three spatial dimensions creates no additional difficulty. Appropriate compu- 
tational techniques utilizing primitive variable formulations for unsteady flow are 
considered in Sect. 17.1. Alternative primitive variable formulations better suited to 
steady flow are described in Sect. 17.2. 

In two dimensions the explicit treatment of the continuity equation can be 
avoided by introducing the stream function. In addition, introduction of a transport 
equation for the vorticity leads to the stream function vorticity formulation which is 
described in Sect. 17.3. The extension of this formulation to three dimensions is not 
straightforward, since a three-dimensional stream function is not available. Instead 
it is necessary to consider the vorticity, vector potential formulation (Sect. 17.4.1). 

Most flows of practical interest will be turbulent, unless the Reynolds number is 
very small. The effects of turbulence on incompressible viscous flow are usually 
accounted for either by an algebraic eddy viscosity representation (Sect. 11.4.2) ora 
k-e turbulence model (Sect. 11.5.2). From a computational perspective the use of an 
algebraic eddy viscosity construction causes little change to the corresponding 
algorithm used for laminar flow. The differential equations for k and £ (11.95 and 
96) are structurally similar to the momentum equations and are usually discretised 
in the same way. Thus computational algorithms that are effective for incom- 
pressible laminar viscous flow are also effective, with minor adjustments, for 
incompressible turbulent flow. Consequently, no explicit attention will be given to 
the computation of turbulent flow in this chapter. 
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17.1 Primitive Variables: Unsteady Flow 


In two dimensions the governing equations for unsteady incompressible laminar 
Пом/ аге 
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Equations (17.1—3) are written in nondimensional form with the density absorbed 
into the Reynolds number, Re. By making use of (17.1), the left-hand sides of (17.2 
and 3) have been written in conservation form, as in (11.116). 

For unsteady flow, initial conditions u= u(x, y), г = гох, у) are required that 
satisfy (17.1). Boundary conditions at a solid surface require no relative motion 
between the fluid and solid surface, which fixes the velocity components. No 
boundary conditions are required for the pressure at a solid surface. If velocity 
components are specified on all boundaries of the computational domain, e.g. as in 
the driven-cavity problem (Sect. 17.3.1), it is necessary to ensure that the following 
global constraint is satisfied: 


[vn 48-0, (17.4) 


where c is the boundary of the computational domain. Equation (17.4) is the global 
equivalent of (17.1), as can be seen from comparing (11.7) and (11.10) with constant 
density о. 

If the computational domain includes open boundaries, as in the backward- 
facing step problem, Sect. 17.3.3, the number of boundary conditions required on 
open boundaries can be obtained from Table 11.5. At an inflow boundary two 
boundary conditions are required, typically specification of one velocity component 
and pressure. At an outflow boundary zero velocity derivatives would be appropri- 
ate with no boundary condition on the pressure. Since pressure appears only in 
derivative form in the governing equations it is appropriate to specify the 
magnitude of the pressure at one reference point. 

It should be stressed that the above boundary condition specification is made 
to ensure that the combination of the governing equations and boundary con- 
ditions constitutes a well-posed problem with a well-behaved solution. However, 
additional boundary conditions may be required to ensure that the discretised 
equations, which are actually solved, lead to a well-behaved computational 
solution. 
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The methods described in this section will be based, primarily, on finite 
difference discretisations and on the solution of a Poisson equation to determine 
the pressure behaviour (Sect. 17.1.2). To obtain accurate solutions without excess- 
ive grid refinement it is often necessary to discretise the convective terms more 
accurately (Sect. 17.1.5). Many of the solution strategies described in this section in 
a finite difference context are also applicable with other means of discretisation, e.g. 
spectral methods (Sect. 17.1.6). 


17.1.1 Staggered Grid 


Computational solutions of (17.1~-3) are often obtained on a staggered grid. This 
implies that different dependent variables are evaluated at different grid points. 
Peyret and Taylor (1983, p. 155) compare various staggered grids for the treatment 
of the pressure. Haltiner and Williams (1980, p. 226) discuss the ability of different 
staggered grid configurations to represent different Fourier modes (as in Sect. 9.2.1) 
of the solution to the shallow water equations, which are analogous to the Euler 
equations (Chap. 14). The preferred staggered grid configuration is that shown in 
Fig. 17.1. 





Fig. 17.1. Staggered grid 


It can be seen that pressures are defined at the centre of each cell and that 
velocity components are defined at the cell faces. Such an arrangement makes the 
grid suitable for a control volume discretisation (Sect. 5.2); this connection will be 
exploited in Sect. 17.2.3. Discretisation of (17.1) on the staggered grid shown in 
Fig. 17.1 gives 


Чарк Mi 402,6 





U; k+1⁄2 ÜLnk-ij2 
+— =0, 17.5 
Ах Ау (17.9) 
which can be rewritten as 
изаар, AY Up жау: AX 0 рок AY Up kai AXED. (17.6) 


Equation (17.6) is a discrete form of (17.4), i.e. (17.6 and 5) conserve mass on the 
smallest grid size. In addition a Taylor series expansion about the cell centre 
indicates that (17.5) has a truncation error of O(Ax?, Ay”), even though only four 
grid points are involved. 
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Іп discretising (17.2) finite difference expressions centred at grid point 
(j+1/2, k) are used. This allows 2р/дх to be discretised as (p; 4.5 ~P; i MAX which 
is a second-order discretisation about grid point (j+ 1/2, k). Similarly (17.3) is 
discretised with finite difference expressions centred at grid point (j,k + 1/2) and 
Ср/бу is represented as (р; + i — р; 1)/4У. 

The use of the staggered grid permits coupling of the u, v and p solutions at 
adjacent grid points. This in turn prevents the appearance of oscillatory solutions, 
particularly for p. that can occur if centred differences are used to discretise all 
derivatives on a non-staggered grid. The oscillatory solution is a manifestation of 
two separate pressure solutions associated with alternate grid points, which the use 
of centred differences on a non-staggered grid permits. The oscillatory behaviour is 
usually worse at high Reynolds number where the dissipative terms, which do 
introduce adjacent grid point coupling for u and v, are small. Clearly, from (17.1—3), 
there are no dissipative terms for p. 

An additional advantage of a staggered grid is that the Poisson equation for the 
pressure (17.13) automatically satisfies the discrete form of the integral boundary 
condition (17.4). This avoids additional adjustments to the right-hand side of the 
Poisson equation, as is required in (16.98). 

The use of staggered grids has some disadvantages. Computer programs based 
on staggered grids tend to be harder to interpret because it is desirable to associate 
a cluster of dependent variables with corresponding storage locations. Thus arrays 
storing u, v and p might associate storage location (j, k) with u;,,,? | and v; 44,2 
and p; , in Fig. 17.1. Generally boundary conditions are more difficult to impose 
consistently with a staggered grid, since at least one dependent variable, u or v, will 
not be defined on a particular boundary. If the grid is non-rectangular, and 
generalised coordinates (Chap. 12) are used, the incorporation of a staggered grid is 
more complicated. 

The staggered grid shown in Fig. 17.1 is used in the MAC method (Sect. 17.1.2). 
In discretising (17.1-3) the following finite difference expressions are utilised: 
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In the above expressions terms like w;,, , appear, which are not defined in 
Fig. 17.1. To evaluate such terms averaging is employed, i.e. 


LIES ат 0.5(и;+ вок FU js зг.) . 


Similarly (uv); 4 ү». ka 1$ evaluated as 


(uv); + из,к+1у2 = Lj 412.4 Hj a2] Го; ану: FD; i22] - 


17.1.2 MAC Formulation 


One of the earliest, and most widely used, methods for solving (17.1-3) is the 
Marker and Cell (MAC) method due to Harlow and Welch (1965). The method is 
characterised by the use of a staggered grid (Sect. 17.1.1) and the solution of a 
Poisson equation for the pressure at every time-step. Although the original form of 
the MAC method has certain weaknesses, the use of a staggered grid and a Poisson 
equation for the pressure has been retained in many modern methods derived from 
the MAC method. 

The method was developed initially for unsteady problems involving free 
surfaces. To allow the surface location to be determined as a function of time, 
markers (massless particles) are introduced into the flow. The markers are con- 
vected by the velocity field but play no role in determining the velocity or pressure 
fields. They will not be discussed further here. The impressive ability of the MAC 
formulation to give qualitatively correct simulations of complicated free-surface 
flows is illustrated in Fig. 17.2, which shows the time history of a drop falling into a 
stationary fluid. 

In the MAC formulation the discretisations (17.7) allow the following explicit 
algorithm to be generated from (17.2 and 3): 
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Similarly the discretised form of (17.3) can be written as 
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Fig. 17.2. Falling drop problem (after Harlow and Shannon, 1967; reprinted with permission of the 
American Association for the Advancement of Science) 


where 


{Шу+а,к+1у2— 20, ржу T Uj i k+1/2) 


ReAx? 





n — p 
G} ына m Uj ke i2 ДІ 


UL ku 3/2 —2Uj gia Б0р 12} (uU) уок 1/2 (ut);- 1/2, k + i21 


ReAy? Ах 








Cia t |" (17.11) 
Ay 


17.1 Primitive Variables: Unsteady Flow 335 


In (17.8 and 10) p appears implicitly; however, p"*! is obtained before (17.8 and 10) 
are used, as follows. The continuity equation (17.1) is discretised as 





nri atl nti nti 
(ui i2, 212,8) Whee 12 Pik 12) ig 


17.12 
Ax Ay (17.12) 


Du 
where D; , is the dilatation for cell ( j, k). 

Substitution for и? 1, ,, etc., from (17.8 and 10) allows (17.12) to be rewritten as 
a discrete Poisson equation for the pressure, i.e. 
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If the various terms on the right-hand side of (17.13) аге substituted from (17.9 and 
11) the result can be written 


р" 
КН, лаз 57 Desc a2 Lat); + уь} 

~(1/Re{L,,.+ L,,}D,,]" , where (17.14) 
Г.и? = (uj. к2н} r Puj. „)/Ах* and 


Ly (uv) к= {(uv); . 1/2,k+ 1/2 —(uv);- 1/2, 1/2 — (ub), 1/2,k — 1/2 
(ut); i - 121/AXAy . 


In (17.14) D;,/At may be interpreted as a discretisation of — oD/ct|; , with 
D', = 0. Thus the converged pressure solution resulting from (17.13) is such as 
to cause the discrete form of the continuity equation to be satisfied at time level 
n+l. 

Equation (17.13) is solved at each time-step, either using the iterative techniques 
described in Sect. 6.3 or the direct Poisson solvers described in Sect. 6.2.6. Once а 
solution for р"! has been obtained from (17.13), substitution into (17.8 and 10) 
permits uff fi, and v511,,; to be computed. 

Since (17.8 and 10) are explicit algorithm for u"*! and 2" *! there is a restriction 
on the maximum time step for a stable solution (Peyret and Taylor 1983, p. 148), 


nti 


0.25(Iu| +lvl)? At Re<1 апа 
(17.15) 


At/(Re Ax?) €0.25 , assuming that dx=Ay. 


Solution of (17.13) requires boundary conditions on p (Dirichlet) or derivatives 
of p (Neumann) on all boundaries. For the flow over a backward-facing step 
(Fig. 17.14), it would be appropriate to impose Dirichlet boundary conditions on 
AF and AB and Neumann boundary conditions on the walls FE, ED and DC. 
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Typically the discretised form of the momentum equations are used to provide 
Neumann boundary conditions. For boundaries like FE, where the primary flow is 
parallel to the surface, the boundary layer assumption др/дп =0 can provide an 
appropriate Neumann boundary condition for p, if Re is large. 

For internal flow problems Neumann boundary conditions are often prescribed 
for the pressure on all boundaries. In this case it is necessary that an additional 
global boundary condition be satisfied (as in Sect. 16.2.2). That is, 


1E eni jas dy= É Газ, (17.16) 


where the integral over c is made along the boundary of the computational domain. 
The left-hand side of (17.16) is evaluated in discrete form from the right-hand side of 
(17.13). 

If the discrete form of (17.16) is applied with the MAC method to an internal 
cell, e.g. cell j, Кіп Fig. 17.1, it is satisfied exactly if др/дп on the right-hand side of 
(17.16) is evaluated from the momentum equations. If (17.16) is applied over the 
complete computational domain it is necessary that mass is conserved globally, i.e. 
(17.4) is satisfied, and that др/дп is evaluated on the boundary from the 
momentum equations in a manner consistent with the interior discretisation, or as 
Óp/On —0, if appropriate. 

Failure to satisfy the discrete form of (17.16) causes either very slow conver- 
gence of the solution of (17.13) or even divergence. Even when (17.16) is satisfied the 
occurrence of Neumann boundary conditions for the pressure leads to a slower 
convergence of the iteration than if all boundary conditions are of Dirichlet type. 


17.1.3 Implementation of Boundary Conditions 


The grid is arranged so that boundaries pass through velocity points but not 
pressure points. For example, Fig. 17.3 shows the corner of a computational 
domain for which it is assumed that BC is a solid wall and AB is an inflow 
boundary. 

Clearly о; 1;2=02,1;2= ... =0, since ВС isa solid wall. Evaluation of (17.9) at 
node (2, 1) requires knowledge of из); о. This сап be obtained from the wall value, 


43,2. 1/2 Ü = 0. 5(u5,5 1 9-320) ОГ Изо T 43/21 · 


On AB, и and v аге given. The component и is used directly but р, , is used to give 
a value to ро у. Thus in the evaluation of (17.11) at node (1, 3), vo, 3,2 is given by 


Uo, 3/2 -20,2 3201,32 . 


If AB were an outflow boundary, with u positive, typical boundary conditions 
would be 
Ou 
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A Fig. 17.3. Typical boundary 
orientation in relation to the 
staggered grid 
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If (17.9) is evaluated on AB at node (5,2), (17.17) would be used to set 
Из, 2 — 4. 12, 2: Similarly in evaluating (17.11) at node (0, 2), (17.17) would be used 
to set 0, зо = 00 зә. 

The evaluation of the Poisson equation for the pressure (17.13) requires values 
of the pressure outside of the domain. When (17.13) is evaluated centred at node 
(2, 1) values of p, о and p; _,., are required. p, o is obtained by evaluating (17.3) 
centred at the wall, ie. óp/Oy —(0?v/Cy?)/Re, since v at the boundary is not a 
function of time. In discretised form this becomes 


Dx i P20 _ 1 va зо — 2U5 13  U2, 2172 
Ay Re Ay? | 





To satisfy (17.1) at the wall, до/ду--0 so that p, _,,.=02,3,. and 


203 3/2 


ро P2,117 Re Ay 


Harlow and Welch (1965) and Viecelli (1971) discuss appropriate boundary con- 
dition implementation at free surfaces. 


17.1.4 Developments of the MAC Method 


In the MAC method the pressure solution has the auxiliary task of satisfying 
continuity. A simplified Marker and Cell (SMAC) method has been developed by 
Amsden and Harlow (1970) in which a second Poisson equation for an auxiliary 
velocity potential is solved to satisfy continuity more directly. A similar concept is 
discussed in Section 17.2.2. 
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In the original MAC formulation it is necessary to evaluate pressures outside 
the domain using (17.2) or (17.3), when Neumann boundary conditions are 
required Íor p. Faston (1972) showed that a homogeneous Neumann boundary 
condition could be used instead, which is both more economical and easier to 
implement. 

In the current notation the justification for a homogeneous Neumann bound- 
агу condition Íor p will be established for the node (1, 2) adjacent to boundary АВ 
in Fig. 17.3. The discrete Poisson equation for the pressure, centred at node (1,2) 
can be written 
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The Neumann boundary condition for the pressure centred at node (š, 2) can be 
obtained from (17.8) as 


iac Pul Pisa ira | (17.19) 





If (17.19) is used to eliminate (P, ; — Po >) from (17.18) the result is found to be 
independent of F4,.,, and, hence, independent of any u or v values, outside of the 
domain, that appear in (17.9) Since the solution is independent of Е": 2 
the following substitution can be made in (17.18), Ft; =и1%!,, and from (17.19), 
Роз — Р, з. Thus a homogeneous Neumann boundary condition is introduced for 
the pressure. The term ut5i, is available as a boundary condition. The present 
description broadly follows Peyret and Taylor (1983, p. 164) who also bring out 
important similarities between the MAC method and the projection method 
(17.22—24). 

For many time-dependent problems the time-step restriction (17.15) required 
by the explicit treatment of (17.8 and 10) is unnecessarily restrictive. The extension 
of the MAC formulation to allow (17.2 and 3) to be marched in time with implicit 
approximate factorisations of the velocity terms is provided by Deville (1974) for 
very low Reynolds number flows and by Ghia et al. (1979) for high Reynolds 
number flows. A general discussion is provided by Peyret and Taylor (1983, 
pp. 164-166). 

The discrete equations to advance the velocity field (17.8, 10) can be written in 
symbolic vector form as 


u^ !-—F"-— At У.Р"! , (17.20) 


where Е = (F, G)" and V, denotes the discrete gradient operator. 
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The Poisson equation for the pressure (17.13) can be written as 


1 
Vš Ри T Va F" . (17.21) 


Equations (17.20 and 21) provide a concise description of the MAC method. 

Alternative MAC-like methods are available. The projection method is closely 
related to the MAC method and was proposed independently by Chorin (1968) and 
Temam (1969). In the present notation the projection method splits (17.20) into two 
stages 


u*=F" and (17.22) 
ult} а - AV Prt 1. (17.23) 


Substituting (17.23) into (17.12), written as V,u"*!=0, gives 


1 
УРИ уаш? (17.24) 


to ensure that u"* ! satisfies (17.1) as well as (17.2 and 3). In the projection method 


(17.22) is solved for u*, (17.24) for P"*! and (17.23) for и"*!. Originally the 
projection method wds formulated on a non-staggered grid. However, Peyret and 
Taylor (1983, p. 161) recommend that the projection method be used with a 
staggered (MAC) grid (Fig. 17.1). It can be seen from (17.22 and 24) that the 
projection method coincides with the MAC method in the interior. However, the 
treatment of the boundary condition is slightly different. Peyret and Taylor show 
that for the projection method the solution is independent of the prescription of u* 
on the boundary. This is essentially equivalent to the cancellation of Ең; ; from 
(17.18) after substituting (17.19). 

Goda (1979) has used the projection method to obtain the steady viscous flow 
in two and three-dimensional driven cavities. To avoid the explicit time-step 
restriction (17.15) Goda replaces (17.22) with 
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Equation (17.25) is an approximate factorisation, similar to those discussed in 
Sects. 8.2 and 9.5, that leads to a sequence of tridiagonal systems of equations if L, 
and L,,, etc., are three-point finite difference operators. Goda indicates the need to 
apply a CFL-type restriction of:the form At € Ax/|u,,,,| for stable solutions. 


max 
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Another variant of the basic MAC formulation (17.20 and 21) is that due to Hirt 
and Cook (1972). In the present notation a preliminary velocity field is obtained 
from (17.2 and 3) as 


ut = Е" At Vap" , (17.26) 


A pressure correction, dp=p"*'—p”, is evaluated from 
> l 
Vaðp =- Vau* . (17.27) 


+1 


The pressure correction is used to ensure that u"* ` satisfies continuity, i.e. 


1 
ut =ut— 1 Vaóp . (17.28) 


Finally the new pressure is given by 
р" = р"+дӧр . (17.29) 


Boundary conditions are implemented as in the MAC formulation (Sect. 
17.1.3). Hirt and Cook have used the above formulation to examine incompressible 
(laminar) viscous flow past three-dimensional structures. 

The Hirt and Cook formulation has been used to examine unsteady turbulent 
flow in a ventilated three-dimensional room by Sakamoto and Matuo (1980) and 
by Kato and Murakami (1986) with a k-e turbulence model (Sect. 11.5.2). А 
comparison of the experimental and simulated flow behaviour in room model is 
shown in Fig. 17.4. These results were obtained using a 20(x) x 24( y) x 15(z) grid, 
which was the coarsest grid that gave a reasonable prediction of the main 
recirculating flow and secondary flows. The flow is driven by an inlet in the roof. 
The ensuing jet strikes the floor and causes a recirculation up the walls in the 
symmetry planes, Fig. 17.4a and d. At floor level the outflow pattern, Fig. 17.4c, 15 
well predicted. At roof level, Fig. 17.4e, a return flow induced by the inlet jet is 
apparent. 

The description of the MAC-family of methods given above has assumed that 
computational boundaries coincide with Cartesian coordinate lines. For compu- 
tational domains of arbitrary shape it is possible to introduce boundary-fitted 
curvilinear coordinates (Chap. 12), transform the governing equations to be func- 
tions of the curvilinear coordinates and to apply the MAC formulation in the 
uniform computational domain. 

Patel and Briggs (1983) applied the original explicit MAC formulation, in 
curvilinear coordinates, to the problem of unsteady two-dimensional laminar 
natural convection. А staggered grid is used with the contravariant velocities 
(12.65) defined at each cell face and the pressure defined at each cell centre. Because 
pressure derivatives p. and p, appear in the equivalent of (17.13), Patel and Briggs 
consider two overlapping grids to evaluate p; and p, using adjacent pressure values. 
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Fig. 17.4. Room ventilation simulation (after Kato and Murakami, 1986; reprinted with permission of 
Japan Soc. of Comp. Fluid Dynamics) 


However, this means that the system of Poisson equations, equivalent to (17.13), is 
twice as large as when a Cartesian grid is used. 


17.1.5 Higher-Order Upwinding Differencing 


The difference formulae (17.7) used in the original MAC formulation are centred 
difference expressions. For convection-dominated flows the use of centred differ- 
ence formulae for the convective terms leads to solutions with severe non-physical 
oscillations (Sect. 9.3.1). Attempts have been made to stabilize the flow solution by 
discretising the convective terms with two-point upwind difference expressions 
(Sect. 9.3.1) or a weighted average of centred and upwind difference expressions 
(Hirt et al. 1975), However, solutions are generally inaccurate particularly if the 
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local velocity vector is oblique to the local grid and the local velocity gradients are 
large. More accurate solutions are obtained if the convective terms are represented 
by higher-order upwind schemes, such as the four-point upwind schemes discussed 
in Sects. 9.3.2 and 9.4.3. 

Davis and Moore (1982) use a primitive variable formulation for the incom. 
pressible Navier-Stokes equations that is conceptually similar to the MAC 
method. A staggered grid is used and a Poisson equation for the pressure is solved 
at each time step using a direct solver (Sect. 6.2.6) due to Swartztrauber (1974). 

A feature of the Davis and Moore formulation is that a multidimensional third- 
order upwinding scheme is used to represent the convective terms. As well as 
providing an accurate representation, the third-order upwind scheme is free of cell 
Reynolds number limitations associated with centred differencing (Sect. 9.3.1) The 
marching algorithm for the momentum equations is explicit and the empirical 
stability restriction at high Reynolds number is that the CFL condition 15 satisfied, 
Le. 


t At 
“dicio and "AM 19. 
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The multidimensional third-order upwinding is a generalisation of the one- 
dimensional quadratic upstream interpolation schemes introduced by Leonard 
(1979). The one-dimensional third-order upwinding scheme can be be illustrated in 
relation to the transport equation (9.56) written in conservation form, 
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where и varies through the domain but Is known. А conservative discretisation of 
(17.30) is 
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The velocity field u is defined on the uniform staggered grid (as for the MAC 
scheme, Fig. 17.1). However, 7;,,,. and Т, ,,; are related to the T field as 


Tj 15 7 OXT;* T - )—3(Ту-›—2Ту- (+T) and (17.32) 
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T, 57 T, Ту, 1-4 (Т,,-2Т,%7,,)). (17.33) 
The above discretisation of д(н Т)/дх is equivalent to the four point upwind scheme 
(9.71, 72); the parameter q can be chosen to increase accuracy or to alter the 
dissipation, dispersion characteristics (Sect. 9.4.3). 

The choice q = 0.375 corresponds to the QUICK scheme (Leonard 1979), which 
is effective for steady or quasi-steady flows. The QUICK scheme has been widely 
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used with SIMPLE-type algorithms (Sect. 17.2.3). However, for unsteady problems 
it is desirable to choose g so that temporal as well as spatial errors are reduced (as 
in Sect. 9.4.3), 

The one-dimensional scheme QUICKEST introduced by Leonard (1979) 
resembles a modified Lax-Wendroff scheme (Table 9.3) if и is a constant 
(C =udt/Ax) in (17.30), Le. 
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where the additional terms on the right-hand side of (17.34) аге introduced to give 
an overall truncation error of O(At*, Ax2). The convective terms are discretised to 
O(Ax?) and the time derivative is discretised to O(At*) in the limit x0. 


Davis and Moore generalise (17.34) to two dimensions and allow for a variable 
velocity field. Thus, for the two-dimensional transport equation, 
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Davis and Moore obtain the following explicit algorithm 
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where the Courant numbers are given by 


j+ 1/2 Ах , і- 1/2 Ах , 
AU, +12 Atty 1/2 
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At At 
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In forming (17.36) some O(At?) spatial cross-derivatives have been omitted to 
create a simpler algorithm, Formally this reduces the temporal accuracy of (17.36) 
to O(At). Consequently Davis and Moore (1982) employ small time-steps to 
minimise the error associated with the neglected O(At*) terms. 

For unsteady laminar flow past a rectangular obstacle (Fig. 17.5) Davis and 
Moore have used an algorithm, equivalent to (17.36) on a uniform grid, to explicitly 
march the discrete form of the momentum equation (17.2, 3) in time, In their 1982 
formulation, Davis and Moore solve the Poisson equation for the pressure (17.13) 
by an SOR technique (Sect. 6.3.1). 
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Fig. 17.5. Grid for flow past an obstacle, 
51 x 62 grid 









Subsequently (Davis et al. 1984), a direct solver based on Swartztrauber's (1974) 
method is used to solve (17.13) at each time step. This improves the computational 
efficiency considerably and permits continuity to be satisfied at each time-step to 
much greater precision than is economically possible with SOR iteration. A typical 
solution showing an intermediate development of a vortex street is indicated in 
Fig. 17.6. 

The Davis and Moore algorithm (1982) has been used to examine the detailed 
structure of flow in a driven cavity at Re=10* by Takemoto et al. (1985). More 
recently, Takemoto et al. (1986) have modified the algorithm in a number of 
important ways. First, they have expressed the governing equations in generalized 
curvilinear coordinates (Chap. 12). Second, they have integrated the momentum 
equations (17.2, 3) using a fractional step method, in which the convective terms are 
handled explicitly and the viscous terms are handled implicitly. A grid with 
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Fig. 17.6. Vortex shedding for Re = 1000 with the incident flow inclined at 15 to the horizontal (after 
Davis and Moore, 1982; reprinted with permission of Cambridge University Press) 


pressure and velocity components defined at the same nodes is used in preference to 
a staggered grid, The revised algorithm is used to examine the unsteady flow over a 
sinusoidal bump in a channel at Re = 10“, 

It is interesting that though the flow is unsteady the QUICK algorithm, 
essentially (17,32 and 33) with g=0,375, is used in preference to the QUICKEST 
algorithm, equivalent to (17,34), It is conjectured that the relative simplicity and 
economy of the QUICK algorithm is preferred. Takemoto and Nakamura (1986) 
apply the same algorithm to the three-dimensional driven cavity problem which 
previously has been computed by Freitas et al. (1985) using modified QUICK 
differencing in conjunction with a SIMPLE-type solution algorithm (бесі, 17,2,3). 


17.1.6 Spectral Methods 


The spectral method (бесі, 5.6) is more accurate per nodal unknown than any of the 
local methods, e.g. finite difference or finite element methods (Fletcher 1984, 
Chap. 6). For problems with sufficiently smooth solutions and benign (e.g. periodic) 
boundary conditions the spectral method demonstrates very considerable compu- 
tational efficiency (Sect. 4.5). However, for flow problems with more difficult 
boundary conditions the very high accuracy per nodal unknown may not be 
achieved and indeed there may be difficulty in obtaining stable solutions (Gottlieb 
and Orszag 1977), 

The important role of the boundary conditions, in relation to the formulation of 
effective spectral methods, has led to the increased use of pseudospectral formu- 
lations based on Chebyshev polynomials (Sect. 5.6.3). Since the nodal-point sol- 
ution is often obtained directly with modern pseudospectral formulations, the 
satisfaction of boundary conditions can also be handled more explicitly, 

The Chebyshev pseudospectral matrix (CPSM) approach is described briefly in 
Sect, 5,6,3, The crucial feature of this method is that explicit discretisation formulae 
for higher-derivatives, e.g. (5.162 and 165), are obtained based on the assumption 
that the function behaviour is accurately represented by a Chebyshev series 
spanning the global domain, The application of the CPSM method to unsteady 
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incompressible viscous flow will be described here, based on the formulation of Ku 
et al, (1987a, b). 

The nondimensional governing equations are given by (17.1-3). One-dimen- 
sional Chebyshev approximate solutions, like (5.150), are used to generate the 
following discretisations of spatial derivatives: 


N, + 1 
ди Nx+1 К y 
[ = G Purg , ~ =) би, т 
X Jik ігі Y ін 


m=1 


(17.37) 


where the components of С°), ete., correspond to the components of 64), etc., in 
(5.161). Equivalent formulae to (17.37) are available for derivatives of v and p. 

Time derivatives are discretised using finite difference expressions, and the 
projection method (17.22-24) is used to advance the solution in time, The first 
component of F" in (17,22) is interpreted as 


poit l /u Cu ёи? дир |" (17.38 
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where the spatial discretisation utilises (17,37), Similarly F5 is based on the CPSM 
discretisation of the equivalent terms in (17.3). 

After u* has been obtained from (17.22), p"*! follows from (17.24) with a 
particular treatment of the boundary conditions. Using (17.37), (17.24) can be 
discretised as 
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The summations in (17,39) have been split up to isolate some of the boundary 
values, Using the CPSM form of (17.23), RHS? can be replaced with 


ФИГА uS G) quel Gr pnti Gy (1) ni 
RHS? = w Jj Nx DEM m + UN, DIES (17.40) 





The boundary velocities appearing in (17.40) are all prescribed boundary values. 
Equation (17.39), with (17.40), is applied at all interior nodes. Consequently values 
of u*, v* on the boundary are not required. However, boundary values of p appear 
in (17.39) so boundary conditions for p are required, These are constructed from 
(17.23) and (17,1), For ј = 1 and №, + 1, this gives 
2 
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These expressions appear to involve и% and v* on the boundary, However, in 
applying the CPSM method the same simplification that led to (17.40) permits 
substitution of appropriate values of u"* ! and р" * !, Thus the CPSM form of (17.41 
and 42) is 


i) for j2 1 and N,+1, 
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ii) for k=1 and N,+1, 
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The combination of (17.39) at interior nodes and (17.43) or (17.44) at boundary 
nodes produces a dense linear system of equations for the pressure p"*', Because 
this system is linear it can be factorised once, e.g, using the subroutine FACT 
(Sect, 6.2.1), at the first time-step, Subsequent time-steps require back-substitution 
with different right-hand sides to obtain p"'', Subroutine SOLVE (Sect. 6.2.1) 
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performs each back-substitution in O(n”) operations. At each time step, once p"*! is 
available, и"?! v"*! follow from the discrete form of (17.23) based on the equiva- 
lent of (17.37). 

Since the implementation of (17.22) in the CPSM method is explicit there is a 
restriction on the time-step of the form 





< 2 2 Nš Ny E 
as (ш ыма +R) | (17.45) 

Clearly an increase in the number of grid points causes a severe restriction on 
the time-step, For the problem ofa driven cavity, Ku et al. (1987b) report accurate 
solutions for a Reynolds number of 10° with N,=N,=31 but require 15000 to 
30 000 time steps to reach the steady state. 

As well as using (17,43 and 44) as boundary conditions for the pressure solution, 
Ku et al, (1987a) have also tested the more conventional specification of the 
pressure gradient through the momentum equations (17,2, 3) at the boundary. For 
a thermally driven cavity the two boundary condition specifications produce 
similar solutions at a Rayleigh number of 10*, However, at a Rayleigh number of 
10° the use of (17.43 and 44), which effectively enforces continuity at the bound- 
aries, produces more accurate solutions, 

Ku et al, (1987b) extend the formulation to a three-dimensional driven cavity 
and obtain solutions for Reynolds numbers up to 1000 and a grid of 31 x 31 x 16 
points (the problem is symmetric about z —0,5). The major computational develop- 
ment is the use of an eigenfunction expansion to reduce the three-dimensional 
Poisson equation to a sequence of one-dimensional problems. This greatly reduces 
the storage that would be necessary to factorise the three-dimensional Poisson 
equation directly, 

Typical steady-state solutions obtained by Ku et al, (1987b) indicate (Fig. 17.7) 
that the character of the flow is significantly different in a three-dimensional driven 
cavity to that in a two-dimensional driven cavity, The differences are less for lower 
Reynolds numbers, The moving lid of the driven cavity is located at y — 1 and is of 
extent OEx xl, Oxzzl. 

Ku et al, (19872) also consider a CPSM implementation of the traditional MAC 
method (бесі, 17.1.2) but without a staggered grid, The global coupling implicit in 
the CPSM discretisation of pressure derivatives blocks the appearance of inter- 
twined but uncoupled pressure solutions associated with the use of centred 
differences on a non-staggered grid (Sect. 17.1.1), Ku et al, (1987a) note that when 
boundary values of pressure gradient are eliminated in favour of ди/2ї and 00/01, 
through the momentum equations, the resulting time-marching algorithm is stable. 
This appears to overcome the instability produced by the explicit pseudospectral 
method with pressure gradient boundary conditions satisfied by the steady 
momentum equations (Moin and Kim 1980), 

The main weakness of the CPSM strategy for steady or slowly varying flows is 
the severe restriction on the time-step (17.45). If (17.22) were treated implicitly a 
dense matrix factorisation and solution would be required at every time step, due 
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3D velocity distributions for 
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to the nonlinear nature of (17.22). For realistic problems іп two and three 
dimensions the resulting scheme would be very uneconomical. 

Gottlieb et al. (1984) review time stepping methods for incompressible viscous 
flow and suggest that the equivalent of (17,22) can be split into two steps, One step, 
involving the convective terms, is handled explicitly, The second step involving the 
viscous terms can be handled implicitly, Since this system is linear the CPSM 
strategy would only require a matrix factorisation at the first step, Such a splitting 
has been used with the pseudospectral method by Moin and Kim (1980) and with a 
mixed spectral/pseudospectral method by Orszag and Kells (1980). Orszag and 
Kells (1980) handle the convective terms partially implicitly by approximately 
linearising the convective terms at each time-step, However, Moin and Kim (1980) 
and Orszag and Kells (1980) only use Chebyshev polynomials in one direction; 
periodic boundary conditions permit the use of Fourier series in the other two 
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directions. In addition, both of these formulations use FFTs instead of the matrix 
operations favoured by Ku et al, (1987a, b), 

Spectral methods are used to examine fundamental instabilities which trigger 
transition from laminar to turbulent flow. Orszag and Kells (1980) show that 
transition occurs at a Reynolds number of the order of 1000 for plane Poiseuille 
and plane Couette flows. Orszag and Patera (1983) have shown that three- 
dimensional disturbances are necessary for transition in shear flows. For transition 
research high temporal resolution is more important than high spatial resolution. 
However, in the direct simulation of turbulence (Orszag and Patera 1981; Brachet 
et al. 1983) high spatial resolution and high temporal resolution is equally 
important, 

Most applications of spectral methods have been to problems with compu- 
tational boundaries that coincide with constant values of the independent vari- 
ables. For computational domains of more arbitrary shape it is possible to trans- 
form the governing equations using boundary-fitted generalised curvilinear co- 
ordinates (Chap. 12) and to apply the particular spectral method in the uniform 
generalised coordinate domain. However, to maintain the high accuracy of spectral 
methods it is necessary that the transformation parameters, ¢,, etc. also be 
evaluated using spectral methods (Orszag 1980), For finite difference methods of 
second-order accuracy it is sufficient to use second-order formulae to determine the 
transformation parameters (Sect. 12.2), 

The use of Chebyshev polynomials to define the collocation sampling points 
(5.152) produces a refined grid at the boundary of the domain but a relatively 
coarse grid in the interior. For viscous flow problems this is particularly well-suited 
to resolving the narrow boundary layers that occur adjacent to solid surfaces for 
large values of the Reynolds number, For problems with severe gradients in the 
interior, e.g. viscous compressible flow or a moving front problem, the distribution 
of sampling points produced by Chebyshev polynomials may be less efficient. 

One effective way to overcome this problem and to give the spectral method 
greater geometric flexibility is to break up the single global domain into a few, 
O(10), subdomains, In each subdomain a spectral method is applied, For the flow 
over a backward-facing step (Patera 1984), the global domain (Fig. 17.14) is broken 
up into seven subdomains. In each subdomain an interpolation with six to seven 
Chebyshev polynomials in each direction is sufficient to produce accurate 
solutions. 

The use of separate spectral expansions in each subdomain raises the additional 
problem of enforcing interdomain solution continuity. For the incompressible 
Navier-Stokes equations (17.1—3) continuity of the pressure, velocity components 
and first derivatives of the velocity components normal to the subdomain bound- 
ary is required. These conditions are imposed directly by Ku and Hatziavramidis 
(1985) in a velocity, vorticity formulation for pipe entrance flow. 

However, Patera (1984) avoids having to impose continuity on velocity deriv- 
atives explicitly. Patera develops a spectral element formulation within which 
Lagrange interpolation of the nodal unknowns is undertaken based on Chebyshev 
polynomials and collocation points, A modified projection method, equivalent to 
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(17,22-24), advances the solution from time level n to n+1. An intermediate 
velocity solution is obtained by explicitly advancing the convective terms in the 
momentum equation. This intermediate velocity solution provides the source term 
for the pressure Poisson equation, equivalent to (17.24). The solution for the 
pressure is used in the equivalent of (17.23) to further advance the velocity solution. 
The remaining step is to advance the velocity solution due to the viscous terms. 
This step is given an equivalent variational formulation and advanced in time with 
a Crank-Nicolson (implicit) construction. The use of the variational formulation 
avoids the need for continuity of velocity derivatives at inter-element boundaries. 
An alternative means of handling continuity of the velocity derivatives is provided 
by the global flux balance method of Macaraeg and Streett (1986), 

For simple geometries, like the backward-facing step, the spectral formulation 
in each subdomain can be expressed in terms of the physical coordinates, However, 
for more general global domains or if internal severe gradients are to be resolved 
accurately the use of distorted subdomains is appropriate, Korczak and Patera 
(1986) describe such a modification based on the isoparametric construction 
(Sect, 5.5.3). Macaraeg and Streett (1986) make use of a generalised curvilinear 
coordinate mapping in each distorted subdomains to achieve the same end result, 

In conclusion it may be noted that spectral methods are still at a less well- 
developed stage than finite difference methods, Their main advantage is the high 
spatial accuracy that can be achieved with relatively few terms in the approximate 
solution, or equivalently relatively few collocation points (Hussaini and Zang 
1987). For time-dependent viscous flow in which small time-steps are required to 
achieve sufficient accuracy, spectral methods are already competitive with finite 
difference methods, particularly in regular domains, For irregular domains and if 
the time dependence is not a limiting factor for accuracy then spectral methods are 
usually marched in time, or iterated to the steady state, with considerably less 
economy than purely local methods, like the finite difference and finite element 
methods, It appears, at present, that the overall computational efficiency of spectral 
methods for incompressible viscous flow is not as great as the best finite difference 
and finite element methods in complicated geometric domain. However, this could 
possibly change for computers with parallel-processing architectures (Ortega and 
Voigt 1985; Korczak and Patera 1986; Macaraeg and Streett 1986), 
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Any of the techniques described in Sect. 17.1 are applicable to steady flow by 
marching in time until the solution no longer changes. In addition if the transient 
solution is of no consequence the pseudotransient formulation (бесі, 6.4) is avail- 
able to implement more effective algorithms for obtaining the steady flow behav- 
lour. The pseudotransient philosophy is exploited in the artificial compressibility 
construction (Sect. 17.2.1) and in the practical use of the auxiliary potential 
function (Sect. 17.2.2). Although the SIMPLE method (Sect, 17.2.3) was developed 
originally to solve the steady Navier-Stokes equations directly, it is found to be 
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more effective if cast in a pseudotransient form, Finite element methods 
(Sect, 17.2.4) are suitable for either unsteady or steady flow. However, to determine 
steady flow behaviour they are usually applied directly to the steady Navier-Stokes 
equations. 


17.2.1 Artificial Compressibility 


In this method the solution to the steady Navier-Stokes equations are sought by 
applying a pseudotransient formulation (Sect. 6.4) to the unsteady momentum 
equations (17.2, 3) with the continuity equation (17,1) replaced by 


д ди д 
(о) о | (1746) 


In the limit that t— oc, (17,46) coincides with (17.1), The transient solution of (17.46, 
17.2 and 3) is not physically meaningful but the steady-state solution is. Equation 
(17,46) resembles the compressible continuity equation (11.10) and hence the name 
given to the method by Chorin (1967), 

The parameter a can be interpreted as an artificial sound speed, such that 
pa? o. However, in practice o does not appear explicitly and а and At have the 
role of relaxation parameters. Limitations on At will typically be determined by the 
stability of the computational algorithm. However, limitations will be necessary on 
the value of a as indicated by (17,52-54), 

Since a pseudotransient formulation is used to march (17.46, 2 and 3) in time, 
appropriate boundary conditions for a specific problem are the same as given in 
Sect. 17.1. 

In the original formulation, Chorin (1967) used leapfrog time-differencing 
(Sect. 9.1.3) and Dufort-Frankel spatial differencing (Sect, 7,1,2) with pressure and 
velocity components specified at the same grid points, Peyret and Taylor (1983) 
recommend the use of a staggered grid (Sect. 17.1.1) and show that if explicit time 
differencing is used, as in Sect, 17.1.2, the pseudotransient artificial compressibility 
construction can be interpreted as an iterative procedure to solve the discrete 
Poisson equation for the pressure (17,13) at t= оо, 

Here we describe an implicit pseudotransient algorithm to solve (17.46, 2 and 
3) based on the approximate factorisation procedure (Sect, 8.2.2). 

Equations (17.46, 2 and 3) can be written collectively as 
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As in (14.98), Jacobians A= 2F/0q, В= 06/04 are defined, For the present 
situation 
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0 а? 0 00 а? 
А=|1 2u O | and В= 0 v u |. (17.48) 
0 v и 1 0 2v 


However, in contrast to (14.97), the following relationships arise: 
F=Aq—uDq and G=Bq-vDq . 


Equation (17.47) is discretised with p, u and v specified at the same grid points and 
trapezoidal (Crank-Nicolson) time differencing 
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where Aq" * ! 2q"*! —q" and L,, L,,, etc, are three-point centred finite difference 
operators. For example Lyx 4" = (97; — 29%, +9: La Ax?. 

As in Sect. 8.2.2, (17.49) is to be manipulated to give a linear system in 44 
The terms F"*!, G"*! and q"*! are expanded as Taylor series about the nth time 
level to give 
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Consequently (17.49) can be rewritten as 
5 А" п р п+1 S 0 
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where 
RHS = 4t[(D/Re)(L,..+ L, )q'— L.F—L,G] . 


The left-hand side is approximately factorised (as in Sect. 8.2.2) and solved as a two- 
stage algorithm, with additional artificial dissipation, 
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Clearly each stage of the algorithm leads to block tridiagonal systems of equations 
that can be solved efficiently (Sect. 6,2,5). The explicit fourth-order smoothing on 
the right-hand side of (17.51a) is introduced to overcome any nonlinear instability, 
since trapezoidal time differencing is neutrally stable. The implicit second-order 
smoothing introduced on the left-hand side of (17,51) acts to balance the explicit 
smoothing during the transient to avoid slowing down the convergence to the 
steady state. The parameters c, and z; are chosen so that the artificial dissipation is 
negligible compared with the physical dissipation, here determined by the value of 
1/Re, The use of artificial dissipation is discussed further in Sect. 18.5. 

For non-simple geometries it is appropriate to use generalised coordinates 
(Chap, 12), The corresponding algorithm can be deduced from Sect. 18.4 and is 
used by Steger and Kutler (1977) to examine vortex wakes and by Kwak et al. 
(1986a) to investigate flow in engine manifolds. 

It may be noted that the artificial sound speed, a, appears in the expressions for 
A and B (17,48). The eigenvalues of 4 and B are 


A,—u,u,uc(alc-w))"? , Ag=v,v, vla? +07)? . (17.52) 


The transient solution can be thought of as being decomposed into different modes 
of the form exp( — 4 ,t), etc. Thus for large values of a’, different modes will decay at 
significantly different rates and the system of equations (17.47) is said to be stiff 
(Sect. 7,4). If an explicit algorithm were used to march (17,47) in time the stiffness 
associated with large values of a? would show up as a severe stability restriction on 
At. This is avoided by using the implicit algorithm (17,51). However, Steger and 
Kutler (1977) recommend that 


1 
а?<— (17.53) 
At 


to maintain first-order time accuracy in (17.51). If a? is made too small the 
continuity equation (17.1) will not be satisfied sufficiently accurately with a 
destabilising effect on the transient solution. Kwak et al, (1986a) provide the 
following lower bounds for a?. For laminar flow 


4 Xref 2 Xr 2 
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and for turbulent flow, 
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where Re, is the Reynolds number based on the turbulent eddy viscosity and х, and 
x, are the characteristic lengths that the vorticity and pressure waves have to 
propagate during a given time span. For a duct flow, x, is the total duct length and 
2x, is the distance between the duct walls. For the example of flow past a circular 
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cylinder at Re = 40 and using At =0.1, K wak et al. recommend 0,1 « а? < 10. Results 
are presented which suggest that the rate of convergence is not overly sensitive to 
the choice of a? within this range. 

The Kwak et al. algorithm has been used (Kwak et al. 1986b) to compute the 
horseshoe vortex pattern produced by the incompressible flow around a post of 
circular cross-section on a flat plate at a Reynolds number (based on the cylinder 
diameter) of 1000 (Fig. 17.8). The particle paths shown in Fig, 17,8 were obtained 
with approximately 100000 grid points and the solution required approximately 
800 iterations to reach convergence, The particle paths show the presence of a 
strong primary horseshoe vortex structure and also filaments of secondary vorti- 


city being convected normal to the flat plate (increasing z) before being swept 
downstream (increasing у), 












Fig. 17.8. Particle paths for the flow past 
a cylinder plate junction at Re=1000 

(after Kwak et al. 1986b; reprinted with 
3 permission of NASA) 


17.2.2 Auxiliary Potential Function 


This method is described in the context of a pseudotransient formulation 
(Sect. 6.4) to obtain the steady-state solution. It is convenient to write (17.1-3) in 
vector form. Discretising in time produces the following representation for the 


momentum equations: 


(u"* 1 —u’) 


1 
“+ V-(u"u"* 1) 4. Vp"4+Vdp"*!— _ М?и" +1 —() , (17.56) 
At Re 


where 


p"t}=p"4 dp"*? | 
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To advance the solution, (17.56) 18 split into two parts. First an estimate of the 
solution, u" * !, is obtained by solving 


At 
вату aeu) (рае аи 4: Ур" (17.57) 


for и*. In the second stage 


ш" 1% – At Убр"*1 , (17.58) 


n^i 


Requiring that ш" ** satisfy continuity produces the result 


Veu"t!=0=V-ut— A V7dp"t! , or 
V?óp'*! -(1/At)V-u* . (17.59) 


Clearly (17.59) is a Poisson equation for the pressure correction. This equation is 

equivalent to (17.24) that arose in the projection method, but u* 15 different. 
However, there is an alternative way of ensuring that ш" +! satisfies continuity, 

which is by adding an irrotational correction field u° and enforcing continuity, i.e. 


У-и" +: = ууж +V u =0 . (17.60) 


Since ш“ is irrotational a velocity potential can be introduced such that u° = УФ. 
Consequently (17.60) becomes 


V20= —V'u* . (17.61) 


Equation (17.61) is a Poisson equation for ó which is equivalent to (17.59). H 
equivalent boundary conditions аге used 


др"! = 9 


17.62 
Ai (17.62) 


Thus once (17.61) has been solved for $, p"'' follows directly from (17.62). 
Boundary conditions for (17.61) are usually specified values of &$/Cn subject to the 
global constraint, equivalent to (17.4), 


а-у ф4А--(|Уа%аА. (17.63) 


In practice 0ó/ën is set to zero on solid surfaces but the values on open boundaries 
are adjusted so that (17.63) is satisfied. The ф solution will not necessarily lead to 
0%/08-0 at the boundary. Therefore it is recommended that when solving (17.57) 
for u* the following boundary condition at a solid surface is applied: 


ux= — -| | . (17.64) 


д5 
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To O(At) the imposition of (17.64) will ensure that u?* ! = 0 where the direction s is 
tangential to the boundary. Thus the complete no-slip boundary condition are 
satisfied at the (n + 1)-th time level. 
For an unsteady problem (17.61) would be solved exactly at every time-step. 
However, for steady incompressible viscous flow it is more efficient to replace 
(17.61) with 


06 2 А 
a ф+У`и* =0 , (17.65) 
which сап Бе marched forward in time in conjunction with (17.57). Usually а larger 
time step 18 used in (17.65) or it is advanced three or four time-steps for each time 
step that (17.57) is advanced. For small values of time (17.61) will be only 
approximately satisfied and it is necessary to under-relax the pressure correction, 
i.e. (17.62) is replaced with 


ф 


° 17.66 
Ai ( ) 


pr *=p"—B 


The concept of splitting the velocity field so that one part has zero curl, 1e. can 
be obtained from a velocity potential as in (17.61), underlies Chorin’s (1967) 
projection method (Sect. 17.1.4). The first explicit use of an auxiliary potential 
function was in the SMAC method of Amsden and Harlow (1970). More recently 
the method has been used by Dodge (1977), Cazalbou et al. (1983) and Kim and 
Moin (1985) with finite difference discretisation and by Ku et al. (1986b) in 
conjunction with a pseudospectral method. Briley (1974), Ghia and Sokhey (1977), 
Yashchin et al. (1984) and Briley and McDonald (1984) have used an auxiliary 
potential to obtain the transverse velocity field in modelling duct flows (Sect. 
16.2.2), Khosla and Rubin (1983) have used a conceptually similar idea in con- 
structing a composite velocity procedure to obtain the flow behaviour in thick 
viscous layers. 


17.2.3 SIMPLE Formulations 


This family of algorithms is based on a finite volume (Sect. 5.2) discretisation on a 
staggered grid (Sect. 17.1.1) of the governing equations. The method was intro- 
duced by Patankar and Spalding (1972) and is described in detail by Patankar 
(1980). The acronym, SIMPLE, stands for Semi-Implicit Method for Pressure- 
Linked Equations and describes the iterative procedure by which the solution to 
the discretised equations is obtained. The iterative procedure will be interpreted as 
a pseudotransient treatment of the unsteady governing equations (17.1-3) in 
discrete form to obtain the steady-state solution. An important link with the 
auxiliary potential function method (Sect. 17.2.2) will be indicated. 

On a staggered grid different control volumes are used, Fig. 17.9, to discretise 
different equations. In addition the grid notation associated with particular depen- 
dent variables is staggered, Fig. 17.9. Thus the physical locations of p;, ,,; , and u; , 
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Fig. 17.9. Control volumes used in SIMPLE formulation 


are the same, as are the physical locations of p; ,, ,,; and v; ,. The discretisation 
indicated below corresponds to a uniform grid. The more general case of a 
nonuniform grid can be obtained from Sect. 5.2 or Patankar (1980). 

For the control volume shown in Fig. 17.9a the application of the finite volume 
method (Sect. 5.2) to the continuity equation (17.1) produces the discrete equation 


(uig uti Ауы (5i —v iL Ax —0 . (17.67) 


Application of the finite volume method to the x-momentum equation (17.2) using 
the control volume shown in Fig. 17.9b leads to the discrete equation 





AX Ay Y, , 
(S Q 4 Ui) UT uasa m КЇР,» МУТ (СҮ. 2 Су {-1у;)4Х 


+(р ti Pa )Ay=0, (17.68) 
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where 
1 ди 1 ди 
Е =u? —— d GD =uv——- — 
И Ке ох ап ui Re ôy ` 

Thus 
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Re Ax and 


FO). ,7025(u; ,4-u5 4.402 — 





Hike jk 
GU, ,,5—025(0; 0; 1,804; k tUe : x 





Re Ау 
Consequently (17.68) can be written as 
Ax Ay + п н п п 
к ta, 92 +) ачи" p +b'+Ay(piil ape )=0 , (17.69) 


where Y as, u^, denotes all the convection and diffusion contributions from 
neighbouring nodes. The coefficients а" , and at, depend on the grid sizes and the 
solution u, гаї the nth time level. The term b*— — AxAy ut ,/At. It may be noted 
that some terms in ЕС? and G‘? have been evaluated at the nth time-level to ensure 
that (17.69) is linear in и" +, 

Using the control volume shown in Fig. 17.9c the discretised form of the y- 
momentum equation (17.3) can be written 


АхАу 
At 


+(Piet1— Р» )Ах=0, (17.70) 





(vik —Uv к) + HFR › -FP 2, k jQAy 4 (671 k+1 2 =- GP}, 2)4x 


where 


1 ор 1 cv 
FƏ=w-— | and 62)=12 | 
“Re ax Re éy 


Substituting for F'*) апа G” allows (17.70) to be written 





Ax A . 
| " tai му Хамд ++ ashi priu , (17.71) 


where the various coefficients have a similar interpretation to that indicated for 
(17.69). 

At any intermediate stage of the SIMPLE iterative procedure the solution is to 
be advanced from the nth time level to the (п + 1)-th time level. The velocity 
solution is advanced in two stages. First the momentum equations (17.69 and 71) 
are solved to obtain an approximation, u*, of u" *! that does not satisfy continuity. 
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Using the approximate velocity solution u*, a pressure correction др 15 sought 
which will both give р”! — p" + dp and provide a velocity correction, u°, such that 
u"* > =u*+u‘, where u"*' satisfies continuity in the form of (17.67). 


To obtain u*, (17.69 and 71) are approximated as 


n+l 








Ax Ay ; 
| " ка}, ha tE tam = bY AV ria , (17.72) 
Ax Ay " А ' А a 
| At taja jtt Daho —AXx( Pirai Руы) - (17.73) 


Patankar (1980) recommends writing (17.72 and 73) as scalar tridiagonal 
systems along each x grid line (k constant) and solving them using the Thomas 
algorithm (Sect. 6.2.2). Subsequently (17.72 and 73) are written as scalar tridiagonal 
systems along each y grid line ( j constant) and solved using the Thomas algorithm. 
This is conceptually similar to, although not identical with, the ADI procedure 
discussed in Sect. 8.2.1. 

To obtain equations for the subsequent velocity correction и“, (17.72) is sub- 
tracted from (17.69) to give 





Ax Ay -— g 
| At edi Jum У Arpa дра). (17.74) 


and (17.73) is subtracted from (17.71) to give a corresponding equation for v^. 
However, to make the link between u^ and др as explicit as possible, the SIMPLE 
algorithm approximates (17.74) as 


Шала, (Өр, —Ópjsia) » where (17.75) 
d;,—EAy/i(1-cE)aj,j and E-Ataj,/AxAy . (17.76) 


An equivalent expression can be obtained to link vj , with (ôP; , — др; + 1). Sub- 
stitution of иу —uf,--w,, into (17.67) and use of (17.75), etc, produces the 
following explicit algorithm for др, ,: 


a^, OD, p=) ab, OP tb? , (17.77) 


where р? = —(u*,—ut , р) Лу (с — v5, ,)4x. Equation (17.77) is a disguised 


discrete Poisson equation that can be written symbolically as 
;. 1 
Viópz--V,u*, (17.78) 
At 
which is equivalent to (17.59). It may also be noted that (17.75) is equivalent to 


1 
c=—— V ðp. 17.79 
u ТТМ. р (17.79) 
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Comparing (17.79) and (17.62) indicates that др is an effective velocity potential and 
the velocity correction, и“, is irrotational. The complete SIMPLE algorithm can be 
summarised as follows: 


1) u* is obtained from (17.72 and 73), 

2) dp is obtained from (17.77), 

3) u° is obtained from (17.75) and equivalent form for г“, 

4) р"! is obtained from р"! — p" E a,óp, where z, is a relaxation parameter. 


The SIMPLE algorithm contains two relaxation parameters x, and E(= At). 
Solving the steady momentum equation is equivalent to setting E = >. In this case 
it is recommended that х, = 0.075 to achieve a stable convergence. A more rapid 
convergence is found, empirically, if E= 1 and 2,--0.8 (Patankar 1980). 

Raithby and Schneider (1979) have made a systematic study of SIMPLE-type 
algorithms and conclude that a more efficient algorithm is obtained if Ez 4 and 


1 


х=. 
P IE 


(17.80) 


Van Doormaal and Raithby (1984) call (17.80) a consistent SIMPLE algorithm, or 
SIMPLEC as an acronym. However, Van Doormaal and Raithby give an alternative 
interpretation of SIMPLEC. It is argued that the approximation inherent in 
passing from (17.74) to (17.75) causes an increase in the number of iterations to 
convergence, although it does improve the economy of each iteration. 

A closer approximation to (17.74) is obtained by subtracting X a;,t5 from 
both sides and dropping X aps (u5, — и“ ,) from the right-hand side to give 


из uo d; (Op; y —Ópj. 1,4) , (17.81) 
in place of (17.75), where 
d',-EAy/[(l-b- E); = EX а}. 


If the correction u is slowly varying in space only a small error is introduced in 
dropping X aj,(u5, — < р), but (17.81) retains the significant economy of being 
explicit. In forming the Poisson equation for óp, (17.81) is used instead of (17.75) 
and similarly when computing i5 ,. However, when obtaining p"* !, as in step 4) of 
the SIMPLE algorithm, no underrelaxation is required, i.e, x, = 1, if the SIEM PLEC 
option (17.81) is introduced. А conceptually similar modification to SIMPLE is 
discussed by Connell and Stow (1986). 

Application of the original SIMPLE algorithm to a range of problems suggests 
that óp is an effective mechanism for adjusting the velocity field but is often less 
effective in rapidly converging the pressure field. Patankar (1980) introduced a 
revised algorithm, SIMPLER, to improve the situation. The SIMPLER algorithm 
consists of the following steps: 


1) A velocity field u is computed from (17.72 and 73) with the pressure terms 
deleted from the right-hand sides. 
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2) Equation (17.77) then becomes a Poisson equation for p"*! 
й replacing the u* terms in b. 

3) The р"?! (solution from step 2) replaces p" in (17.72 and 73), which are solved as 
in SIMPLE to give u*. 

4) Equation (17.77) is solved for др and it is used to provide u 
further adjustment is made to p"*! from step 2. 


rather than óp with 


n+1—u* +u but no 


Clearly SIMPLER involves solving two Poisson steps and two momentum steps 
per iteration cycle. Although more expensive per iteration than SIMPLE, conver- 
gence is reached in sufficiently few iterations that SIMPLER is tvpically 50% more 
efficient, It may be noted that steps 1) and 2) of SIMPLER correspond to the 
projection method (17.22 and 24). 

Van Doormaal and Raithby (1984) have compared SIMPLE, SIMPLEC 
and SIMPLER for a recirculating flow and flow over а backward-facing 
step. In obtaining solutions, (17.77) 1s repeated v times at each iteration until 
lr," 5,1819, where |r,|| is the rms residual of (17.77), i.e. 


r =) ab, Óps-Fb"—a?,Óp,, and |, > 2. | 
J k 


Optimal values of y, range from 0.05 to 0.25. А comparison of the computational 
effort (CPU-secs) to reach convergence is shown in Бір, 17.10. Clearly both 
SIM PLEC and SIMPLER are more efficient than SIMPLE, with SIMPLEC to be 
preferred. However, the optimal choice of E, and to a lesser extent 7,, is problem 
dependent. 

SIMPLE-type algorithms on staggered grids have also been used with gen- 
eralised (body-fitted) coordinates (Chap. 12). Raithby et al. (1986) have used the 
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Fig. 17.10a, b. Comparison of SIMPLE. SIMPLEC and SIMPLER (after van Ооогтаа] and Raithby, 
1984; reprinted with permission of Hemisphere Publishing Co.) 
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SIMPLEC algorithm with orthogonal generalised coordinates. It is found that 
formulating and discretising the problem at the stress level, as in (11.26) produces a 
more efficient code. Appropriate laminar or turbulent stress strain relations are 
introduced subsequently in an appropriate discrete form. However, if first-order 
upwind discretisations are introduced at this stage, the overall solution accuracy is 
often reduced. If higher-order discretisations are used more grid points are coupled 
and the solution algorithm is less economical. 

Shyy et al. (1985) have applied the SIMPLE algorithm on a staggered grid 
with non-orthogonal generalised coordinates. The QUICK differencing scheme 
(Sect. 17.1.5) and a three-point second-order upwind scheme [g = 1.5 in (9.53)] for 
the convective terms are compared. Two-dimensional turbulent flow in a kidney- 
shaped channel provides the test problem and 31 x 26 and 56 x 36 grids are used. 
Although this problem has no exact solution the second-order upwind scheme is 
generally preferred as it is more robust and more efficient without producing 
obviously less accurate solutions. The QUICK scheme [4:=0.375 in (9.53)] is 
divergent on a very distorted mesh and generally requires more iterations when it is 
convergent. 

The lack of robustness of the QUICK scheme has also been reported by Pollard 
and Siu (1982) and Patel and Markatos (1986) in applying the SIMPLE algorithm 
on a Cartesian grid. In relation to (9.53) it can be seen that reducing q produces a 
scheme closer to the three-point centred difference formula (q = 0). Thus the lack of 
robustness with the QUICK scheme (q — 0.375) compared with the second-order 
upwind scheme (q = 1.5) is not unexpected. 

Phillips and Schmidt (1985) have combined a SIMPLE algorithm on a stag- 
gered grid with QUICK differencing of the convective terms. А multigrid pro- 
cedure (Sect. 6.3.5) is employed to accelerate the convergence to the steady state. 
Phillips and Schmidt consider the driven cavity problem at Re = 400 and natural 
convection in a vertical cavity (de Vahl Davis and Jones 1983) at Ra —109. The 
multigrid procedure is used with different grid refinements in different parts of the 
domain. Typically the finest grids (л = 1/32) are introduced adjacent to the walls 
but a less fine grid (h= 1/16) is employed in the interior. The coarsest grid (й = 1/4) 
in the multigrid procedure is used throughout the domain. 


17.2.4 Finite Element Formulation 


Most of the algorithms described above substitute a Poisson equation for pressure 
or potential for the solution of the continuity equation (17.1). In contrast the 
traditional finite element method operates on (17.1) directly. This method will be 
described first; subsequently the penalty finite element method will be described. 
This method solves a combination of the continuity and momentum equations for 
the velocity components, and the pressure does not appear explicitly. 

A Galerkin finite element formulation (Sects. 5.3—5.5) is applied to the steady 
two-dimensional incompressible Navier-Stokes equations, ie. (17.1—3) without the 
time dependent terms. 
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The starting point is to interpolate the velocity and pressure fields as in (5.58), 
u=) шфі п. =) аф), p=) Фп). (17.82) 
I i I 
The interpolation is assumed to take place within quadrilateral elements with (2, у) 
being local element-based coordinates. Appropriate orders of interpolation for the 
different dependent variables will be indicated below. 


Substitution of (17.82) into the governing equations produces non-zero re- 
siduals. Formation of the Galerkin weighted integral (5.5 and 10) gives 


ди дь 
— +— |p? dxdy=0 17. 
IESS xdy=0 , (17.83) 
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In (17.84 and 85) an integration by parts has been made of the weighted viscous 
terms; for ease of exposition it is assumed that the computational domain 15 


rectangular with x, € x € x, and yg € y € yy. Substitution of (17.82) into (17.83— 
85) produces a system of equations that can be written 








Aq-R' , (17.862) 
Sqaq + Bp-R" , (17.86b) 


where q is the vector containing all the unknown nodal values of both velocity 
components and R" and R° are known vectors arising from the Dirichlet boundary 
conditions. 

Equation (17.86) constitutes a nonlinear global system of equations. Typically 
the solution is obtained iteratively using Newton's method (Sect. 6.1). At each stage 
of the iteration a sparse linear system of equations must be solved. This is usually 
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carried out with a sparse Gauss elimination procedure (Sect. 6.2) based on the 
frontal method (Hood 1976). 

The major problem with the above finite element formulation for the incom- 
pressible Navier-Stokes equations is the choice of the approximating and weight 
functions ф“, $" and $? in (17.82-85). It might be expected that equal-order 
interpolation of u, v and p in (17.82) would be appropriate. However, this can cause 
(17.86) to become singular, because the discrete continuity equation (17.83) is 
applied at too many nodes. This was found empirically by Hood and Taylor (1974). 
Even if (17.86) is mathematically well-behaved the resulting solution demonstrates 
a highly oscillatory pressure field; however, the velocity field is usually well- 
behaved. 

It may be recalled that a similar situation arises with the use of a centred 
difference representation for the pressure derivatives in the momentum equations if 
the velocity components and pressure are defined at the same grid points 
(Sect. 17.1.1). This was the major reason for introducing a staggered grid. 

Taylor and Hood overcame the oscillatory pressure problem by introducing 
mixed interpolation, biquadratic interpolation for the velocity components и and v 
and bilinear interpolation for the pressure. This produces smooth solutions and has 
been widely used subsequently. In a sense this formulation is inefficient in that the 
overall accuracy 18 second-order from the bilinear pressure interpolation whereas 
the economy is governed by the use of biquadratic interpolation for the velocity 
components. This leads to relatively dense matrices S, 4 and B in (17.86), which 
implies a high operation count in the subsequent iterative algorithm (Fletcher 1984, 
pp. 95-97). 

The computational efficiency is improved somewhat by using linear interp- 
olation of the velocity components and a constant value for the pressure in each 
element. However, this combination can produce oscillation in the pressure field 
for certain computational domains and choices of boundary conditions. The 
general problem of oscillatory pressure solutions occurring for various com- 
binations of interpolation has been studied by Sani et al. (1981). 

Broadly the problem can be reduced, or eliminated completely, by carefully 
matching additional computational boundary conditions to the choice of interp- 
olation used. It is always necessary to use pressure interpolation that is of lower 
order than the velocity interpolation. If this still permits oscillatory pressure 
solutions to occur it is possible to filter or smooth the pressure solution to obtain 
useful information. It is shown theoretically by Sani et al, and confirmed numeri- 
cally, that the velocity solution is well-behaved even if the pressure solution is 
oscillatory. 

It 1s emphasised that the necessity of using lower-order interpolation for the 
pressure than that for the velocity stems directly from the use of (7.1) in (17.83). 
Schneider et al. (1978) demonstrate that if an auxiliary potential formulation 
(Sect. 17.2.2) is constructed in conjunction with a Galerkin finite element dis- 
cretisation, equal-order interpolation for velocity and pressure is well-behaved. 
This is also the experience with a group finite element formulation (Fletcher 1982; 
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Srinivas and Fletcher 1984) for compressible viscous flow at low subsonic Mach 
numbers. 

Compared with SIMPLE-type formulations on a staggered grid the use of 
quadratic velocity interpolation and linear pressure interpolation produces sol- 
utions of high accuracy for the velocity field as long as boundary layers that form at 
high Reynolds numbers are properly resolved (Castro et al. 1982). A failure to do 
this leads to an oscillatory solution of a cell- Reynolds nature (Sect. 9.3.1). It can be 
argued (Gresho and Lee 1981) that this is a virtue since it provides a warning that a 
physically important flow feature is not being properly resolved. 

In practice the finite element method is often used with a relatively small 
number of elements (or equivalently nodal points) spanning the computational 
domain. For flows of moderate to high Reynolds numbers the resulting oscillatory 
solutions produced by the conventional finite element method has prompted 
considerable interest in Petrov-Galerkin (Fletcher 1984, Chap. 7) constructions 
that permit an effective *upwind" (Sect. 9.3) treatment of the convective terms. For 
example Brooks and Hughes (1982) base such a formulation on ensuring that the 
upwind treatment is directed along the local streamline, thereby avoiding numeri- 
cal cross-stream diffusion (Sect. 9.5.3). 

A very effective way of constructing accurate non-oscillatory finite element 
algorithms for high Reynolds number flows is based on identifying the oscillatory 
errors with higher-order terms in the Taylor series expansion in time of the 
corresponding pseudo-transient formulation. This is an extension of the ideas 
developed in Sects. 9.2-9.4. Such a construction is provided in a basic form by 
Baker (1983, Chap. 5) and developed as the Taylor weak statement (TWS) of the 
Galerkin finite element formulation (Baker et al. 1987). 

It is possible to eliminate the explicit appearance of the pressure in the 
momentum equations by adopting a penalty function method (Temam 1968). In 
this method the continuity equation (7.1) is replaced by 


ди др 
өз (ат ; (17.87) 


where в is a small parameter, 10°? € e € 10 ^ typically. This construction has 
some similarity with the artificial compressibility method (Sect. 17.2.1) but does not 
require a pseudotransient strategy. In practice (17.87), in either exact or discretised 
form, is used to eliminate the pressure from the momentum equations. Thus the 
solution is obtained in terms of the velocity field only. The pressure is recovered 
subsequently from (17.87). The penalty function formulation is widely used with the 
finite element method. 

For the equivalent Stokes problem, i.e. the Navier-Stokes equations without 
the convective terms, it is demonstrated (Baker 1983, pp. 266-270) that the penalty 
function method can be derived by minimising a functional constructed to simul- 
taneously satisfy the continuity and momentum equations. The extension to the 
Navier-Stokes equations follows by replacing the variational formulation with the 
Galerkin (weighted residuals) formulation (Sect. 5.1). 
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Two alternative penalty function formulations are used with the finite element 
method. First, (17.87) is substituted into the steady form of (17.2 and 3) and the 
Galerkin finite element formulation applied to the resulting equations. This con- 
struction has been used by Hughes et al. (1979) with the velocity field given a linear 
interpolation on quadrilateral elements. 

However, in evaluating the integrals numerically in the equivalent of (17.84 and 
85) Gauss quadrature (Zienkiewicz 1977) is used. In evaluating the penalty terms 
which replace the pressure terms it is necessary to use a lower or reduced order of 
Gauss quadrature so that the equivalent of (17.86) is non-singular. All other terms 
are evaluated with a sufficiently high-order Gauss quadrature scheme that the 
numerical integration is exact. Sani et al. (1981) demonstrate that the use of reduced 

. integration is equivalent to the implicit use of lower-order interpolation for the 
pressure. 

Alternatively, in the consistent penalty function method (Engelman et al. 1982), 
(17.87) is discretised using a conventional Galerkin formulation but with lower- 
order interpolation used for the pressure field and for the weight function. Sub- 
sequently the discrete pressure field arising from (17.84 and 85) is eliminated using 
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Fig. 17.Па-4, Natural convection in a wing fuel tank conduit. a) Finite clement grid. b) Temperature 
contours. с} Velocity vectors. d) Streamlines (after Engelman, 1982; published with permission of Fluid 
Dynamics International) 
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the discrete form of (17.87). For quadrilateral elements with linear velocity interp- 
olation and constant pressure interpolation the two formulations are identical at 
the discrete level. 

The penalty formulation does provide inherent smoothing for the pressure field 
(Sani et al. 1981), although additional smoothing may also be required (Hughes et 
al. 1979). The penalty method is usually considerably more economical than the 
mixed interpolation (u, в, p) formulation, For quadratically-interpolated velocity 
on elements with curved sides (to suit irregular geometries) the consistent penalty 
function formulation is more accurate (Engelman et al. 1982) than the use of 
reduced integration and theoretically better supported. 

The finite element method lends itself to the construction of general-purpose 
codes for solving coupled fluid flow, heat transfer problems in complicated geo- 
metric domains. FIDAP (Fluid Dynamic Analysis Program) is such a general- 
purpose code and is described by Engelman (1982). A representative problem that 
can be successfully modelled by FIDAP is indicated in Fig. 17.11. 

A conduit passing through a wing fuel tank contains three electrical wires at 
different temperatures. FIDAP determines the natural convection in the air gap 
surrounding the wires. Shown in Fig, 17.11 are the finite element grid, temperature 
contours, velocity vectors and streamlines for a Rayleigh number of 800 000. The 
solution indicates thermal plumes rising from the hot wire and dropping from the 
cold wire. The grid contains 2654 nodes and 624 nine-node quadrilateral elements. 


17.3 Vorticity, Stream Function Variables 


As an alternative to solving the governing equations in primitive variables it is 
possible to avoid the explicit appearance of the pressure by introducing the 
vorticity and stream function as dependent variables (Sect. 11.5.1), at least in two 
dimensions. 

In two-dimensional flow the vorticity vector 


C=curl q (17.88) 


has a single component, which is defined conventionally as 
с=с сул. (17.89) 


The transport equation for the vorticity (11.85) with the aid of the continuity 
equation (17.1) 1s 





(17.90) 
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where the Reynolds number Re = U, L/v. In two dimensions a stream function can 
be defined by 


ov 


Ox 


u=— and v= , (17.91) 


and substitution into (17.89) produces the following Poisson equation for the 
stream function: 


CE ove. (17.92) 


Equations (17.90—92) constitute the governing equations for the vorticity 
stream function formulation of incompressible laminar flow. Strictly by substitut- 
ing (17.91) into (17.90) it is possible to eliminate the explicit appearance of u and r. 
However, such a formulation may produce less accurate solutions although it 
does save the additional storage of u and г. Initial and boundary conditions to suit 
(17.90—92) are discussed in Sect. 11.5.1. 

The system of equations (17.90-92) is applicable to both steady and unsteady 
laminar viscous flow. However, only the vorticity transport equation (17.90) 
depends explicitly on time. Consequently, for unsteady problems (17.92) implies 
that the stream function field must be determined to be compatible with the time- 
dependent vorticity distribution at every time-step. 

For unsteady problems (17.90) is parabolic in time if u and v are known. Thus it 
can be marched efficiently in time using an ADI or approximation factorisation 
technique (Sect. 8.2). At each time step the discrete form of (17.92) is solved for y. 
Equation (17.92) is strongly elliptic if š is known and can be solved by iterative 
(Sect. 6.3) or direct methods (Sect. 6.2). Since (17.92) is a Poisson equation very 
efficient direct methods (Sect. 6.2.6) are available if the grid is uniform. 

For steady flow problems, (17,91, 92) and the steady form of (17.90) are a system 
of elliptic partial differential equations. Since (17.90) is nonlinear it is necessary to 
employ an iterative algorithm, At each step of the iteration (17.90 and 92) are used 
to update the ¿ and Ņ solutions either sequentially or as a coupled system, Gupta 
and Manohar (1979) employ a sequential algorithm. 

It is necessary to use under-relaxation in determining boundary values of the 
vorticity, to provide a Dirichlet boundary condition for the steady form of (17.90), 
The cause of this problem is that physical boundary conditions are available on y 
and 04у /дп but none on ё. When numerical boundary conditions are constructed 
for € which satisfy the integral boundary condition (11,90), no under-relaxation 15 
required (Quartapelle and Valz-Gris 1981), even though a sequential algorithm 15 
used. 

However, if the steady form of (17,90 and 92) are solved as a coupled system the 
two boundary conditions on y апа ¢w/én are sufficient. Campion-Renson and 
Crochet (1978) use such a formulation with a finite element method to examine the 
flow in a driven cavity. No numerical boundary condition for 2 is required. 
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The pseudotransient strategy (Sect. 6.4) offers an alternative path to obtain the 
steady flow solution, To implement the pseudotransient approach (17,92) is 
replaced by 


^ 2 
су Ze d 2-9 | (17.93) 


Ct ex^ ду? 





When the steady state is reached (17.93) reverts to (17,92), The choice of the 
time-step At that appears after discretisation of (17.93) provides an additional level 
of control over the pseudotransient iteration. The sequential versus coupled 
treatment of (17.90 and 93) is also relevant to the pseudotransient strategy. Typical 
examples are provided in the next section. 


17.3.1 Finite Difference Formulations 


In this section we consider a typical sequential and a typical coupled solution 
algorithm for the steady laminar flow in a driven cavity (Fig. 17.12). The lid of the 
cavity moves continuously to the right with a velocity и= 1. No-slip boundary 
conditions on the velocity components и and г are equivalent, through (17.91), to 
the indicated boundary conditions on y and ¢W/én. 


velveO ш: 0; ӛш/ду-1 
A — % /ду р 


w= 0 ф= 0 
ду/дх=0 Qy/àx 20 
y 
B x С Кір. 17.12. Two-dimensional driven cavily 


ф=0, ду/ду=0 


А sequential algorithm due to Mallinson and de Vahl Davis (1973) is described 
which is based on a pseudotransient solution of (17.90 and 93). In this formulation 
uniform-grid three-point centred difference formulae are introduced for first and 
second spatial derivatives. In the notation of Chap. 8, 








C(uc) . art - 
Cx = (и), + O(Ax^) , дуз оба Oy) ‚ ete, 
where 
uc). —(uc),_ 
Lut), = ek ЧӨ +, ang (17.94) 
Ly ik = Sick Z Sha + eae І . 
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Mallinson and de Vahl Davis write the semi-discrete form of (17.90) as 


12$, 
аса , where (17.95) 


Ах ,  (1/Re) L.C; — (и), к , 
А” к= (I/Re) L,£; , — Ly (v6); 4 ‚ 


and ¢ is a relaxation parameter that can be varied spatially. When all grid points 
are considered the following vector equation results: 

05 
a LA" + A] . (17.96) 
The elements of the matrices A” and А? can be obtained from (17.94). 

Equation (17.96) and an equivalent semi-discrete vector equation, based on 
(17.93), are advanced in time using an algorithm introduced by Samarskii and 
Andreev (1963), 


[1 —0.5e At A* ] AG* = eAt[ А*+ A"]C^ , 
(17.97) 
[1—0.5e At 47146": 2 AGC* and 


cette ды 


It is clear that (17.97) is equivalent to (8.23 and 24) with = 0.5 and the u and v 
terms in A", A” evaluated at time-level п. This is essentially an approximate 
factorisation with Crank-Nicolson time differencing. A consideration of the modi- 
fied Newton method (Sects.6.4 and 10.4.3) suggests that setting B=1 would 
produce a more rapid convergence to the steady state. 

Mallinson and de Vahl Davis apply the Samarskii and Andreev scheme 
sequentially to (17.93 and 90). They find that the fastest convergence corresponds 
to At 2:0.8 Ax? 20.8 Лу? and At x 50e 4t. De Vahl Davis and Mallinson (1976) use 
this algorithm to compare three-point central differencing and two-point upwind 
differencing for the convective terms in (17.90) for large Reynolds numbers. Clearly 
the higher-order upwind schemes (Sects. 9.3.2 and 17.1.5) could be incorporated 
into the present method with some modification of the implicit algorithm. 

When solving (17.93) for the driven cavity problem the Dirichlet boundary 
condition for y is used. When solving (17.90) a Dirichlet boundary condition for 615 
constructed. How this is done is indicated in Sect. 17.3.2. 

Rubin and Khosla (1981) solve (17.90 and 92) as a coupled system using a 
modified strongly implicit procedure (Sect. 6.3.3). To obtain a diagonally dominant 
system of coupled equations for large values of Re the following discretisation of 
0и) /дх is introduced: 


DUM (иу) (OTi 05A4x(1 24) (и). (07.98) 


372 17. Incompressible Viscous Flow 


where 
L: (uÜ), _ [ (ug); . ЕТ (uc); x] 


Ах 


and р. —0 if uj, 20 and и, = 1 if u; <0 The above scheme due to Khosla and 
Rubin (1974) is an upwind scheme at the implicit level (п + 1). However, under 
steady-state conditions it reverts to a three-point centred finite difference scheme, 

Using (17.98) and an equivalent form for 0(06)/0у, but assuming и, v > 0, the 
discrete form of (17.90 and 92) can be written 


[(uC); к - (иб), ta] 
Ax ' 
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vat t 
$ DEM NEM 1 . 
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Fig. 17.13. Streamline pattern for flow in a driven cavity at Re = 10000 (after Ghia et al., 1982; reprinted 
with permission of Academic Press) 
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Equations (17.99 and 100) constitute a 2 x 2 system of equations which is diagonally 
dominant and couples together implicit (n+ 1) values of £ and at grid points 
(7—1, k) (j k), (j+ 1,4), (j, k— 1) and ( j, k+ 1). The velocity components іп (17.99) 
are evaluated at the explicit (n) time level. If (17.99 and 100) at all interior nodes are 
considered collectively the resulting sparse 2 x 2 block matrix equation can be 
solved efficiently using the strongly implicit procedure (Sect. 6.3.3). The details are 
provided by Rubin and Khosla (1981). Because of the strong coupling between ё 
and y at the implicit time level no under-relaxation 1s required for stability when 
implementing the vorticity boundary condition. 

Ghia et al. (1982) combine the Rubin and Khosla formulation with multigrid 
(Sect. 6.3.5) to obtain the flow behaviour in a driven cavity (Fig. 17.12) for Reynolds 
numbers up to 10000 on a 257 x 257 uniform grid. A typical result is shown in 
Fig. 17.13. The flow is characterised by a primary eddy filling most of the cavity 
and a sequence of counterrotating corner eddies. Ghia et al. note that the use of 
multigrid produces an algorithm that is about four times more efficient than using 
the strongly implicit procedure conventionally on the finest grid. 


17.3.2 Boundary Condition Implementation 


The implementation of the boundary conditions for the ¢, y formulation will be 
discussed in this section. Most attention will be given to the construction of the 
vorticity boundary condition at the solid surface. However, the prescription of 
appropriate boundary conditions at inflow and outflow boundaries is also im- 
portant and will be discussed in relation to the flow past a backward-facing step. 

As indicated in Fig. 17.12 the no-slip boundary conditions at a solid surface are 
equivalent to 


ë 
w=0 and wag. (17.101) 


The first boundary condition is used with the Poisson equation for the 
streamfunction (17.92). The second boundary condition is used in the construction 
of a boundary condition for the vorticity. This will be illustrated for the lid (AD in 
Fig. 17.12). A Taylor series expansion of the streamfunction about the grid point 
(j,k) on AD gives 


ду Ay | 0%) 
сал Via — AY| = — — .... 17.102 
Vik-1— ҙа || + 2 É "n ( ) 
From the discrete form of (17.92) and (17.101a), 
д? 
а-| oL 17.103 
бы PME (17.103) 


дү 
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Consequently (17.102) can be rearranged to give 
2 
Uc ука y) 049) (17.104) 


This first-order formula was first used by Thom (1933) and has been used 
extensively since. Comparable formulae can be readily obtained for the other 
surfaces. 

Since a second-order accurate discretisation is used in the interior it is desirable 
to use a second-order accurate implementation of the boundary conditions 
(Sect. 7.3). This can be achieved as follows. 

A second-order implementation of (17.103) is 


t _#к-1 — Ai а АУ к+1 
j.k Ay? 





+ O(Ay?) . (17.105) 


In addition, a third-order accurate expressions for [ду /ду], , is 


-| | к-а Өф 1 t3; T 2, к+1 
CY |р 64y 





і + O(Ay?) . (17.106) 
The nodal value y; , + , lies outside of the computational domain and is eliminated 
from (17.105 and 106) to give 


0,5 | 
bam sai ас) + OLY?) . (17.107) 
This form is attributed to Jensen (1959) by Roache (1972) and is used by Pearson 
(1965) and Ghia et al. (1982). 

Equation (17.107) produces more accurate solutions than the use of (17.104) in 
the comparative tests of Gupta and Manohar (1979). However, when used in a 
sequential algorithm more iterations are required using (17.107), and for large 
values of Re divergence may occur even when the boundary value of the vorticity is 
under-relaxed. When used in a coupled algorithm (17.107) causes no particular 
difficulty. 

An alternative vorticity boundary condition for ¢ is available іп а pseudo- 
transient formulation, 


pe = Ch Bily /en] 9) - (17.108) 


This appears to provide a more direct implementation of the boundary condition 
(17.101b). The relaxation parameter В must be chosen appropriately (Israeli 1972) 
to ensure convergence. However, Peyret and Taylor (1983, p. 187) point out a 
rather direct link with a vorticity boundary value evaluation via (17.104), as 
follows. 

At the (n + 1)-th step of a pseudotransient formulation the boundary value for 
the vorticity is given by 
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к =e (у) к, (17.109) 


where ¢¥, is obtained from (17.104) and у is a relaxation coefficient. Combining 
(17.104) and (17.109) to eliminate c7, gives 


a" еп 2у 2 Уп 
Seje tyz pia 1+4у93— 0.5 Ду 554) . (17.110) 


If [2у/02и], , in (17.108) is replaced by (y; — V; к 1)/ Ау the result is 


"n vn p n n 
OE cat d Vie Arg) - (17.111) 


To O(Ay), (17.110 and 111) are equivalent if f = 27/245. 

To examine suitable computational boundary conditions on open boundaries it 
is convenient to consider the flow past a backward-facing step, Fig. 17.14. As noted 
in Sects. 11.5 and 11.6.4, open boundaries can be classified as inflow and outflow 
boundaries and the required number of physical boundary conditions are indicated 
in Table 11.5. 





------- 
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һ=1 AID D C 
Fig. 17.14. Flow past а backward-facing step 


In relation to the flow past a backward-facing step (Fig. 17.14), AF is an inflow 
boundary and BC is an outflow boundary. However, AB will be either an inflow or 
outflow boundary depending on the local sign of v,,. The crucial feature of 
boundary AB is that it is remote from the backward-facing step and the local flow 
direction is almost parallel to 4B. Such a boundary will be called a farfield 
boundary and appropriate boundary conditions will be indicated below that do 
not depend on specifically identifying it as an inflow or outflow boundary. 

At an inflow boundary it is appropriate (Table 11.5) to specify all but one of 
the dependent variables for incompressible viscous flow. For flow past a back- 
ward-facing step it is appropriate to specify u(y), p(y) and to determine г(у) from 
the interior solution. Thus in the stream function, vorticity formulation wy is 
specified at inflow; specifying © is not recommended. Roache (1972) prefers to 
specify 220/ ex? «0. On AF in Fig. 17.14, € is obtained from (17.89) as 


m 


eee eee ed EE 
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u — ц _ QU 
Tm а | (17.112) 
1,k 





if three-point centred difference formulae are used for discretisation. However, 


Qv 
дь о impli 
241. implies 


ev _ ov _ _ Vau Wart Vas 
CX fik OX |а Ax? | 


Thus ¢, , is evaluated in (17.112) from the boundary values of u and the interior 
values of y. А similar construction is used by Fletcher and Srinivas (1983) except 
that [év/éx = — 0*y/6x?]; , is obtained from the interior solution via a one-sided 
discretisation without invoking 0%/0х2-0, 
At outflow, BC in Fig. 17.14, Roache (1972) and Baker (1983) recommend 
2 
& 9 and C o . (17.113) 


CX Сх 





Тһе second boundary condition is implemented as 0?^y/0y?—(, from (17.92). 
However, it is important that this boundary condition is compatible with the 
boundary conditions on DC and AB. Roache (1972) also recommends an alter- 
native vorticity treatment of evaluating 0(uC)/ex in (17.90) on BC using a two-point 
upwind formula and evaluating |0%/2х71маха-І0%/9хІмах-і.. Then no 
boundary condition on ¿yc is required. Fletcher and Srinivas (1983) obtain a very 
similar effect by deleting the term 227 /2х? from (17.90) on BC; this is justified on an 
order-of-magnitude basis. However, with this simplification (17.90) becomes spa- 
tially parabolic in the x direction and no boundary condition on ¢ is required. An 
alternative interpretation, which is computationally equivalent, is to set 
0*(/0x? 20 on BC. 

The farfield boundary condition specification of u=1 provides a Neumann 
boundary condition on y. For streamlined bodies it is possible to compute an 
approximate farfield solution by assuming inviscid flow everywhere, e.g. using a 
panel method (Sect. 14.1). This often permits a more precise boundary condition 
u= U (x) and allows AB to be brought closer to the body. However, it is 
recommended that this procedure be used to provide Neumann boundary con- 
ditions, to avoid the possibility of an unphysical boundary layer adjacent to AB 
that a Dirichlet boundary condition specification may cause. 

For the separating flow field caused by a backward-facing step it is better to 
keep AB sufficiently far away that u= 1 and © = 0, An alternative frictionless *wind- 
tunnel" boundary condition is to specify u= 1, 2-0 on AB. This effectively 
imposes a Dirichlet boundary condition y 44— y 4. The Dirichlet boundary con- 
dition for the vorticity is constructed from the interior y field in the same manner 
as (17.104). If these two boundary conditions are combined they also imply 
Си/ду- Cv/Ox —O. As long as AB is sufficiently far from the step the global solution 
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will be relatively insensitive to the particular boundary condition specification on 
AB. However, a poor choice may introduce a boundary layer or locally oscillatory 
solution adjacent to AB. 


17.3.3 Group Finite Element Formulation 


In this subsection the group finite element formulation (Sect. 10.3) will be applied to 
the incompressible laminar flow past a backward-facing step (Fig. 17.14). A 
pseudotransient formulation applied to (17.90, 91 and 93) will be used to provide 
the steady flow behaviour. Subsequently the related flow past a rearward-facing 
cavity (Fig. 17.17) will be considered. When blowing and suction is introduced into 
the cavity it is found that an unsteady solution can result. 

The Galerkin finite element method, with bilinear interpolation on rectangular 
elements (Sect. 5.3), is applied to (17.90). Approximate solutions, like (5.58), are 
introduced for ¢ and for the groups uf and vC, as in (10.54). The result, in semi- 
discrete form, 1s 


: l 
M.& M, +M, ® Luut +M, ® Loi- (M, 8 La +M, ® Lp t0 , 
Re ^ 
(17.114) 


where М,, M, are directional mass operators and L,, L,,, etc., are directional 
difference operators (Vol. 1, Appendix A.2), Оп а rectangular but non-uniform grid 
(Fig. 17.15) these operators have the form 


l donor r, l4+r, 11^ 
M = 45, х Š 5 М,- +, ” Й 
х t 3 3 , t 3 J 














‘10,0 (1,0, —1}7 
L, == L,——————— , 17.115 
* 2Ax ` ú 24у ) 
1 І T 
— r. F. F; ry 
La = Ax? ES Ду? | 


For a uniform grid (r = ғ, = 1) the formulae given in (17.115) revert to those 
given in Table 9.1. 

Equation (17.114) represents a system of ordinary differential equations in time, 
The following three-level algorithm is derived from (17.114) to advance the solution 
in time: 


(1—y)AC" * ! — y AC" 


x y Ai = BRHS"*'4(I—f)RHS" , (17.116) 





where у and f can be chosen to suit the application. For time-dependent problems 
a suitable choice is у = 0 and f = 0.5, which produces the Crank- Nicolson scheme. 
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E axr s Fig. 17.15, Nonuniform rectangular grid 


When obtaining steady-state solutions using a pseudotransient approach a pre- 
ferred choice is y=0.5, B= 1.0, since it gives faster convergence (Fletcher and 
Srinivas 1983). The above algorithm is also applied to the two-dimensional 
transport equation (9.87). 

In (17.116) the following terms are defined: 


ACtiL(QU0[ дїЗ=["—[71 and (17.117) 
RHS=(1/Re){M, ® L., + M, @ L,,} — M, @ Luut- М, Lyit . 


То produce an economical algorithm while avoiding severe stability restrictions on 
the time-step it Is necessary to obtain a linear system of equations from (17.116) for 
Ac" * !. This requires linearising RHS" * !, This is done most efficiently by expanding 
as a Taylor series about time level n, i.e. 





e & д LM 2 др 
RHS RHS) — + — (RH 
ap (RHS) 2 + a RHS) ас + = (RHS) Ше 


RHS"'*!  RHS" + | à 


(17.118) 


and truncating after the terms shown. If дё /01 is replaced by A("* ! /At, substitution 
of (17.118) into (17.116) gives 


д 
А (RHS) AC" * '  ALRHS*? + M. @ M, Ac" . 
1+7 б 
(17.119) 





(1 +a] M.e M,— At 


In RHS” all terms are evaluated at time level n except и and v which are evaluated 
at ("+ BAt. This is desirable for solving unsteady problems, but for steady prob- 
lems, where the transient accuracy is not important, it is computationally more 
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efficient to evaluate u and v at time-level n as well. The evaluation of u and v in 
RHS”: produces scalar, rather than 3 x 3 block, tridiagonal systems of equations 
(17.120 and 121). If u and v are evaluated at t” + BAt second-order time accuracy is 
preserved. 

Equation system (17.119) is a linear implicit system for AC" * +, A direct solution 
of (17.119) would be computationally expensive. However, the two-stage split 
schemes developed for the diffusion equation (8.45, 47) and transport equation 
(9.88, 89) are also applicable here. In the first stage, the equation 


p 1 
M.—At — | — Е, = Е * 
| х 1+7 Ве хх xH Ас 


At y 
= ^  RHS$"?.4 —— M, & M,AC" 17.120 


provides a collection of independent tridiagonal systems of algebraic equations 
along each gridline in the x-direction (constant k in Fig. 17.15). The algorithm 


provided in Sects. 6.2.2 and 6.2.3 solves (17.120) efficiently. In the second stage, the 
equation 


pof)! н 

СЕ ә») Ии (17.121) 
is solved using the Thomas algorithm (Sect. 6.2.2) for each gridline in the y- 
direction (constant j in Fig. 17.15). In (17.120 and 121) и and v are functions of 
position and are operated on by the L, and L, operators respectively. This is not 
the case in (9.88 and 89). 

The Galerkin finite element discretisation of (17.93) follows the same path as 
above. The following semi-discrete form is produced in place of (17.114): 

oV М.М 17.122 

M, ® M,——(M,G Ly. +M, ® Ly jW— GM. (17.122) 
Applying the same splitting algorithm as for the vorticity transport equation 
produces the two-stage algorithm 


T 








(u.a ba Jae = 4 (M, @ 1„„+ M, @ Lu" 
1+7 1+7 
Ат y 
-M.©M Аф" 17,123 
je (en v) | | 
апа 
{M,—At[B/U+y)]L,,} A" р. (17.124) 


In (17.123 and 124) At is a pseudo-time-step that permits the iterative solution 
y" *! to be obtained at each physical time-step At. For unsteady problems the 
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iterative solution must continue until (17,92) is satisfied, but for steady problems 
it is acceptable to iterate (17.123 and 124) three or four times per physical time 
step At. Convergence to the solution of (17.92) occurs as the solution of (17.93) 
approaches the steady state. 

At each time step At the Thomas algorithm, Sect. 6.2.2, can be applied directly 
to obtain the solution of (17.123 and 124) along gridlines in the j and k directions 
respectively. 

Equation (17.91) relates the velocity field to the streamfunction solution. 
Applying a one-dimensional Galerkin formulation to (17.91) produces the follow- 
ing dependence of the velocity solution on the streamfunction solution: 


M,u—-L,j and M,v—--L,y. (17.125) 


These equations are tridiagonal along gridlines in the k and j directions respect- 
ively. Consequently they can be solved efficiently to provide the velocity field (и, v) 
once the streamfunction solution is known. 

The implementation of the boundary conditions requires additional pro- 
cedures. At a solid surface a pseudotransient form of (17.92) is used to provide the 
boundary value of $, 

eC Cw д? 


э [V a Lp). 17.126 
a (Seat 2 (17.126) 


Application of the Galerkin finite element method and an approximate factoris- 
ation produces a two-stage algorithm similar to (17.120 and 121). Thus for the first 
stage, 


(y+ 4B At)M, AC*=aAt(M,® L. + M; Lp) Y” - &ALM, f(o) + M.g(u)] . 
(17.127) 


and for the second stage, 
M, AC" I= 46%. (17.128) 


The additional terms f(v) and g(u) arise from the application of Green’s theorem to 
0^y /0x* and 0?^y/0y? when the Galerkin node is on the boundary (Sect. 8.4.2). For 
surface FE in Fig. 17.14, f(r) 2 0 and g(u) = upg/ Ay. If the computational boundary 
coincides with the surface of the step, uy; —0. However, Fletcher and Srinivas 
introduce a surface layer to avoid difficulties with the singular behaviour of the 
vorticity at E. As a result uy, is non-zero. 

In applying the Galerkin finite element method only two rectangular elements 
are used adjacent to a boundary, instead of four as in the interior. Consequently the 
mass and difference operators normal to the boundary have a different form to that 
in the interior (17.115). However, the tangential mass and difference operators have 
the same form as in the interior. Thus on surface FE (Fig. 17.14), 
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Equations (17.127 and 128) are tridiagonal and are included with the interior 
equations (17.120, 121) to provide a tridiagonal system of equations whose solution 
produces the updated vorticity field ("*'. The relaxation parameter x must be 
limited to x < 0.1 to avoid instabilities with a sequential implementation. The other 
dependent variables, и, v and у, have Dirichlet boundary conditions at solid 
surfaces. 

At the inflow boundary, AF in Fig. 17.14, u is specified as a boundary layer 
profile adjacent to F and takes the freestream value u— 1 from the boundary layer 
outer edge to А. The streamfunction on AF is then obtained from (17.912). 
Equations (17.127 and 128) are used to provide the vorticity on AF with 
Го) = v 4p/ Ax and g(u) 2 0. The operators M, and L,, appearing in (17.127, 128) are 
as indicated in (17.115). However, М, and L,, take the form 


M,={0,4,0} , L = 310, —1, 1}. (17.130) 


A Dirichlet boundary condition is required for v on AF to evaluate (17.125). This is 
provided by the interior y solution via (17.91b), 


. Int? І I 
а-а (ЕБ (а) оз) | , (17.131) 


where j — 1 coincides with boundary AF. 

At the outflow boundary, BC in Fig. 17.14, the streamfunction is calculated 
using (17.123 and 124) with the addition of — At M, tg¢/Ax. The operators M, and 
L,, in (17.123 and 124) are given by (17.115). The operators M, and Ly, are given by 


l 
М,.={5,5, 0! апа L. = 1.1.0) . (17.132) 
x 
Once the y solution on BC is available, гв is obtained from the interior y solution. 
equivalent to (17.131). The boundary condition ¢?7¢/€x*=0 is imposed on BC. 
Consequently in evaluating (17.120) on ВС, L... =0. In addition the operators М, 
and L, are given by 
0.5 
0; and Lco 1,0}. (17.133) 


Corresponding operators in the у direction are given by (17.115). 
At a farfield boundary, AB in Fig. 17.14, u=1 and ¢=0. The stream function is 
obtained from (17.123 and 124) with the addition of the term Ac M u,,/Ay to the 


right-hand side of (17.123). The operators M, and L,, appearing in (17.123 and 124) 
take the form 


I 
107 and L= 2101.1). (17.134) 
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As indicated in Fig. 17.14 the computational boundary is displaced from the 
solid surface by a thin layer. An order-of-magnitude analysis (Fletcher and Srinivas 
1983) is used to evaluate u, v and y at the edge of the layer in terms of the vorticity ¿ 
at the edge of the layer. The introduction of the surface layer permits the isolation 
of the corners, D and E in Fig. 17.14, from the computational domain. This is 
important because the vorticity has a singular behaviour at a sharp corner. A local 
analytic solution for the vorticity, after Lugt and Schwiderski (1965), adjacent to 
the sharp corner is used to determine local values for и, v and у. Details are 
provided by Fletcher and Srinivas (1983). 

The overall procedure to generate the solution at each time-step is to solve 
(17.120 and 121) to obtain €"*', to solve (17.123 and 124) three or four times to 
obtain y”*! and to solve (17.125) to obtain u^*! and 1"*!. This procedure is 
repeated for consecutive time steps until the solution no longer changes. The result 
is the steady-state solution. 

The present formulation has been used to compute the laminar flow past the 
two-dimensional step shown in Fig. 17.14. Typical results for the reattachment 
length of the flow behind the step are shown in Fig. 17.16. Good agreement with the 
experimental results of Sinha et al. (1981) and Goldstein et al. (1970) is apparent. 
The flow separates from the sharp edge (E in Fig. 17.14) and a separation bubble of 
slowly recirculating fluid forms behind ED. The boundary of the separation bubble 
is provided by the dividing streamline from E which reattaches to DC at positions 
depending primarily on the step-height Reynolds number (Fig. 17.16). The re- 
attachment length behind the step, x,, is a weak function of the upstream boundary 
layer thickness adjacent to F in Fig. 17.14. This is the reason for the separation of 
the two sets of experimental data. 

The finest grid is used adjacent to E in Fig. 17.14. The grid grows in both x 
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DC and F'C' (edge of the inflow boundary layer). Between F'C' and AB Ay grows 
with the geometric ratio r,. For the finer grid, ғ, < 1.04, ғ, € 1.07. For the coarser 
grid, ғ,, r, € 1.15. Depending on the Reynolds number convergence to the steady 
state requires about 500-1000 time steps and corresponds to the steady-state 
residual, RHS in (17.117), being less than 1 x 1077, 

The mass operators in equations like (17.114) are responsible for the greater 
accuracy of the finite element method, when compared with an equivalent finite 
difference method. The equivalent finite difference method can be obtained by 
lumping the mass operators. For example, M, in (17.115) is replaced by 


1+г 
М =. 0. 50». 
19550) 





Consequently by dividing through by 0.25(1 + 7,)(1 + r,) the explicit appearance of 
the mass operators in the finite difference form of equations like (17.93) can be 
avoided. 

The impact of mass lumping on the accuracy, stability and computational 
efficiency of the above algorithm is examined by Fletcher and Srinivas (1984). On a 
coarse grid (29 x 18) the mass operators must be retained adjacent to the compu- 
tational boundaries to obtain a stable solution, Mass lumping in the interior does 
not affect the stability or seriously reduce the accuracy. In two dimensions interior 
mass lumping produces a small (18%) improvement in the economy. An operation 
count estimate suggests the improvement in the economy of interior mass lumping 
would be about 40% for a three-dimensional flow using a corresponding vorticity, 
velocity formulation (Sect. 17.4.2). 

The present method can be extended to consider the flow past a rearward- 
facing cavity (Fig. 17.17). The cavity is formed by adding a lip, EG, to a backward- 
facing step. The introduction of the cavity displaces the primary bubble of 
recirculating fluid downstream and a secondary recirculation bubble can form 
within the cavity. Blowing and suction is applied normal to the surface DE to 
modify the patterns of recirculating flow. 
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The governing equations and boundary conditions are the same as for the 
backward-facing step. The stream function y is set equal to zero оп FGE. The 
stream function distribution yp, is obtained by integrating the known blowing and 
suction distribution upp. On DC the stream function is constant, Ype = Wp. 

The vorticity at G (Fig. 17.17) is multivalued and a local analytic solution and a 
surface layer are used to match the local solution with the adjacent computational 
solution at the edge of the surface layer. Details are provided by Fletcher and 
Barbuto (19862). 

The introduction of the surface layer (c—0.05 AY min) produces a very non- 
uniform grid downstream of G (Fig. 15.15) in the y direction. In applying the finite 
element discretisation for Galerkin nodes on k= KSTEP (Fig. 17.18), the grid line 
k = KSTEP-— 1 is ignored. Consequently the discretised equations have contri- 
butions from nodes on k= KSTEP— 2, КӨТЕР and KSTEP +1. For Galerkin 
nodes on k= KSTEP — 1, the gridline k= KSTEP is ignored and contributions to 
the discretised equations come from nodes on к= KSTEP—2, KSTEP—1 and 
KSTEP +1. This procedure permits coupling of the local solutions and leads to 
locally smooth solutions. 


k= КТЕР +1 


k= КТЕР 
k= КОТЕР - | 


k= KSTEP - 2 





Fig. 17.18. Grid configuration downstream of lip 


A typical flow pattern for a long lip, EG/ED=1.18, is shown in Fig. 17.19 when 
clockwise blowing and suction is applied on surface DE. The velocity distribution 
Up, is linear with a maximum value |upg/ U | —0.6, and blowing and suction is 
equal and opposite. The blowing and suction introduces a clockwise circulating cell 
which is isolated from the primary cell by a weak anticlockwise circulating cell. 
This flow pattern is quite steady. 

If the lip is shortened to EG/ED —0.56, a three-cell flow structure is produced 
but the flow is no longer steady (Fletcher and Barbuto 19866). A typical sequence 
over a single period is shown in Fig. 17.20. Effectively the absence of the long lip 
prevents the secondary cell from stabilising. Since the flow pattern is unsteady 
some modification of the above algorithm is required. A typical procedure is 
provided by Peyret and Taylor (1983, p. 198). For the present algorithm it is 
necessary to introduce an iteration at each time step to ensure that the steady 
versions of (17.93 and 126) are satisfied. 
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Fig. 17.19. Flow pattern for rearward-facing cavity with a long lip, Re, = 217. and clockwise blowing 
and suction 





Fig. 17.20. Flow pattern for rearward-facing cavity with a short lip. Re, = 217. and clockwise blowing 
and suction 


17.3.4 Pressure Solution 


In the stream function vorticity formulation the pressure does not appear explicitly. 
However, once the velocity solution is available the pressure solution can be 
obtained without difficulty. Techniques will be discussed here for steady flow; the 
extension for unsteady flow is straightforward. 

The most direct means of computing the pressure is to treat the momentum 
equations (17.2 and 3) as ordinary differential equations in p. This technique 1s 
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reasonably effective close to regions of known pressure, e.g. the freestream, and if 
the spatial pressure gradients are not large. However, the errors in the velocity field 
accumulate so that a long integration may imply a significant error. In addition if 
the pressure at a particular point is obtained by integrating along different paths 
some means of averaging or smoothing will need to be introduced to avoid a 
multivalued pressure solution. Such a technique is described by Raithby and 
Schneider (1979) as a modification to the SIMPLE algorithm (Sect, 17.2.3). For the 
flow over a backward-facing step Fletcher and Srinivas (1983) have used parallel 
integration of the momentum equations and normal extrapolation to obtain the 
pressure at the surface. 

To obtain the pressure in the interior it is preferable to construct a Poisson 
equation from the momentum equations. In two dimensions, this can be written 


2 2 ды ALA 
oP др. (аа аа) (17.135) 
дх° ду Сх ду дхду 
where the right-hand side of (17.135) is known from the stream function, vorticity 
solution. Equation (17.135) is applicable to both steady and unsteady flow. 
Boundary conditions to suit (17.135) are usually Dirichlet boundary conditions 
in the freestream and Neumann boundary conditions at a solid surface. The 
Neumann boundary conditions are obtained from the normal momentum equa- 
tion, which reduces to the following nondimensional form: 


ep 1 G 
—=——_, 17.136 
Сп Re 25 ( 


where s is measured along the boundary. For high Reynolds number flow parallel 
to a flat surface, (17.136) reduces to the boundary layer assumption др/дп = 0. The 
solution of (17.135) must also satisfy the global integral constraint (17.16). This 
implies 


д?р д?р др 
oP =0=( as. 17.13 
ERIS dxdy=0 [2.9 (17.137) 





For internal flow problems where а Neumann boundary condition is specified оп 
all boundaries it is important to ensure that (17.137) is satisfied. 

Since (17.135) is a Poisson equation any of the techniques suitable for linear 
strongly elliptic problems are available to solve the discrete form of (17.135). If the 
discretisation is undertaken on a uniform grid direct Poisson solvers (Sect. 6.2.6) 
are suitable. For both uniform and nonuniform grids the iterative techniques 
described in Sect. 6.3 are appropriate. 

For external flows, like the flow over a backward-facing step, there is an 
advantage of working with the Bernoulli variable, H, instead of the pressure (11.49). 
In nondimensional form 


H=c,+u?+v?, (17.138) 
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where the pressure coefficient c,=(P—P.,,)/0.59U%.. From the momentum equa- 
tions, a Poisson equation for H replaces (17.135): 


2 2 
OH 0 = P2 | (17.139) 
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Equation (17.139) is applicable to both steady and unsteady flow. Neumann and 
Dirichlet boundary conditions for H are obtained from the momentum equations. 
Where the flow 15 locally inviscid H is a constant. Consequently for flow about an 
isolated body it is possible to solve the discrete form of (17.139) with the farfield 
boundary much closer to the body than would be the case when solving (17.135). 
Equation (17.139) is solved to obtain the global pressure distribution for the flow 
past rearward-facing cavities (Fletcher and Barbuto 1986a, b). 

For steady two-dimensional flow (17.135) or (17.139) need only be solved once 
after the velocity solution has been obtained. If the pressure is required for an 
unsteady flow it is necessary to solve (17.135) or (17.139) at every time step. In this 
case a primitive variable approach is often preferred to a stream function vorticity 
formulation. 


17.4 Vorticity Formulations for Three-Dimensional Flows 


In two dimensions the vorticity stream function formulation is often more efficient 
than a primitive variable formulation, primarily because the use of the stream func- 
tion avoids explicit solution of the continuity equation (17.1). In three dimensions 
vorticity-related formulations lead to more dependent variables, typically six, than 
is the case for primitive variables, typically four. As a result three-dimensional 
vorticity-related formulations have not been used very often. 

In this section two alternative formulations are examined. Both use the three- 
component vorticity transport equations and avoid the explicit appearance of the 
pressure. They differ in the choice of additional equations to obtain the velocity 
field. 


17.4.1 Vorticity, Vector Potential Formulation 


The extension of the vorticity stream function formulation (Sect. 17.3) to three- 

dimensional flow requires replacement of the stream function by a three-component 

vector potential and requires consideration of all three vorticity components. 
The three-component vorticity transport equation, replacing (17.90), is 


€ V.D (ста VES 
a + Ve (00) (6 У). У%-0. (17.140) 


The structure of (17.140) is similar to that of (17.90) except that а new term (¢-V)u 
appears, which can be thought of as a vortex stretching term. In Cartesian 
coordinates the x-component of (17.140) is 
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The three vorticity components are related to the velocity components by 
C—curlu. However, to obtain the velocity field from the vorticity field it is 
necessary to introduce a vector potential ҷу, such that 


u=curly , Le. (17.142) 
le Cs _д„ ey д, 
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Clearly the vector potential ҷу is the three-dimensional extension of the scalar 
stream function in two dimensions (y = y., y, = y, = 0). 
The three-dimensional equivalent of (17.92) is 


Vy--t. (17.143) 


Thus three-dimensional viscous incompressible flow is governed by (17.140, 142 
and 143). Since each equation has three components the solution of three-dimen- 
sional flow is less economical using the vorticity, vector potential formulation than 
using primitive variables (Sects. 17.1 and 17.2). However, since (17.140) are trans- 
port equations and (17.143) are Poisson equations the same computational tech- 
niques are appropriate as in two dimensions. 

For confined flows, such as the driven cavity problem, boundary conditions for 
the vector potential are given by Aziz and Hellums (1967) as 








i) Surface x = const: Оу -ұ,-0 , 
Сх 
А А 
ii) Surface у=сопѕ — >= 0. = 0, = 0, (17.144) 
Су 
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ш) Surface z= cons ay V. V, 
and for the vorticity: 
i) Surface х= const: (,—0 , ¿= 0% , g=% , 
дх дх 
Ow д 
ii) Surface y=const: $, = ” Q 00670, = — ш , 
ду ду 
iii) Surface z=const: ¢, = _ C - ou 6-0. (17.145) 
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The vorticity, vector potential formulation has been used by Aziz and Hellums 
(1967) and by Mallinson and de Vahl Davis (1977) to study three-dimensional 
natural convection in a box. 

For problems with inflow and outflow the boundary conditions given by 
(17.144, 145) must be generalised. Although this is possible (Hirasaki and Hellums 
1968) the result is cumbersome. À preferred procedure (Hirasaki and Hellums 1970) 
Is to replace (17.142) with 


u—curl y + Vó , (17.146) 


where ф is an auxiliary potential (compare Sect. 17.2.2) introduced to provide a 
simpler prescription of the inflow, outflow boundary conditions. The satisfaction of 
continuity implies that 


Уф=0 . (17.147) 
Тһе other governing equations remain as before. Тһе boundary conditions for 


(17.147) are of Neumann type, 


Оф. (17.148) 
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Thus a prescribed inflow/outflow velocity distribution enters through (17.148). Ata 
solid surface (17.148) reduces to 0ф/0п-0. In addition, boundary conditions 
(17.144 and 145) are applicable without further modification. Aregbesola and 
Burley (1977) have used the vorticity, vector potential, auxiliary potential formulat- 
ion to study three-dimensional duct flows. 

Wong and Reizes (1984) demonstrate that the introduction of the auxiliary 
potential no longer automatically satisfies continuity when the discrete form of the 
equations are considered. Consequently they prefer to replace (17.146) with 


y —curl y o ws , (17.149) 


where w. (x, y) is the specified inlet velocity distribution for a straight duct aligned 
parallel to the z axis. In this formulation (17.144) are applicable at solid surfaces 
and at an inflow boundary, z = const. At an outflow boundary, z = const. Wong and 
Reizes (1984) recommend the following boundary condition in place of (17.144): 


oy, 04, Oy, Oy. | Oy 
=—+ aft) “= — * —— . 1 ‚150 
д> Oz ' б: ax ^ ay (17.159) 











The boundary conditions on the vorticity are as indicated in (17.145). The nu- 
merical implementation of these boundary conditions is the same as in two 
dimensions (Sect. 17.3.2). 


17.4.2 Vorticity, Velocity Formulation 


In this formulation (Fasel 1978; Dennis et al. 1979) the vorticity transport 
equations (17.140) are retained. However, from the definition of the vorticity, 
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C —curl u, and the continuity equation it is possible to derive the following Poisson 
equations for the velocity components: 


yay 0% 02. 250 205 
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In the present formulation (17.140 and 151) provide the governing equations. At 
solid surfaces boundary conditions are given by no slip, u=v=w=0, and by 
(17.145) for the vorticity. For inflow boundaries it is appropriate to specify the 
velocity field; at outflow Neumann boundary conditions for the velocity com- 
ponents are specified (17.17). In addition simplifications to the vorticity transport 
equations (as in Chap. 16) may avoid the need to prescribe downstream boundary 
conditions. 

Dennis et al. (1979) use modified exponential differencing (Dennis 1985) for the 
convective terms in the vorticity transport equations. Conventional three-point 
differencing is used for the second derivative terms in (17.140) and all the terms in 
(17.151). The discretised steady form of (17.140) and the discretised form of (17.151) 
form a global diagonally dominant system of equations. Dennis et al. solve these 
using successive over-relaxation. They compute the flow in a three-dimensional 
driven cavity for Reynolds numbers up to Re =400 on a 25 x 25 x 25 grid. 

It is possible to consider a two-dimensional version of the vorticity, velocity 
formulation, namely the vorticity transport equation (17.90), the vorticity defi- 
nition equation (17.89) and the continuity equation (17.1). Gatski et al. (1982) have 
used such a formulation to examine the driven cavity problem and more complex 
unsteady viscous flows (Gatski and Grosch 1985). Gatski et al. combine the discrete 
form of (17.1 and 89) into a global block matrix equation. This equation is not 
diagonally dominant and it is reported (Gatski et al. 1982) that the iterative 
algorithm to solve the block matrix equation is not very efficient. 

To solve the discrete form of (17.90), auxiliary variables are introduced for 
205/дх and 0C/0 y. This allows a form of differencing similar to the Keller box scheme 
(Sect. 15.1.3). The discrete vorticity equation is solved using a modified ADI 
procedure. The overall algorithm is sequential rather than coupled, i.e. the vorticity 
transport equation is solved separately from the vorticity definition, continuity 
equation combination. 

Fasel (1976) has solved (17.90) in conjunction with (17.151) with С, =, = 0 to 
examine transition phenomena in two-dimensional boundary layer flows. Orlandi 
(1987) uses a related scheme but includes the differentiated form of the continuity 
equation as well. Orlandi constructs a block ADI-like scheme in which all equa- 
tions are coupled at each half time-step. For the first half time-step the coupled 
equations are (17.90, 151b) and 
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For the second half time-step the coupled equations are (17.90, 151а) and 


д?и 000 
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(17.153) 


Equations (17.152 апа 153) аге constructed by diflerentiating the continuity 
equation (17.1). It may also be noted that the differentiated form of the continuity 
equation is used in constructing (17.151). 

It would appear that using a differentiated form of the incompressible conti- 
nuity equation, 0D/Ox —0D/6y —0, where D is the dilatation (11.13), does not 
guarantee that continuity is satisfied unless D is set to zero at least at one point. 
Orlandi does this by explicitly imposing (17.1) on the boundary. Orlandi notes that 
this guarantees exact mass conservation for the discretised equations. 

Orlandi indicates that in practice this leads to a more efficient scheme since 
fewer iterations are required to produce a velocity field that satisfies continuity. 
Orlandi demonstrates the scheme for the driven cavity problem and the flow over a 
backward-facing step. 

It may be concluded that vorticity-based formulations are not so efficient as 
primitive variables in three dimensions unless the vortex motion, in particular 
unsteady, is of special interest. In addition it may be noted that almost all practical 
turbulence modelling has been undertaken in terms of the primitive variables. 


17.5 Closure 


Historically vorticity stream function formulations have been a popular means of 
computing two-dimensional incompressible viscous flow. Although such formu- 
lations are economical the prescription of an effective solid-surface boundary con- 
dition for the vorticity is often a weak point. In addition the advantages of the 
economy of vorticity-related formulations do not carry over to three-dimensional 
flows. 

Consequently the computation of incompressible viscous flow 1s more often 
undertaken using primitive variables. The major difficulty is in satisfying the 
continuity equation. This is handled implicitly in the MAC method (Sect. 17.1.2), 
the SIMPLE algorithm (Sect. 17.2.3) and the penalty finite element method 
(Sect. 17.2.4). Satisfaction of the continuity equation is handled more explicitly in 
the artificial compressibility (Sect. 17.2.1), auxiliary potential (Sect. 17.2.2) and 
traditional finite element method (Sect. 17.2.4). 

The pressure is usually obtained by solving a Poisson equation. The Poisson 
equation may occur in the continuous form, as in the vorticity stream function 
formulation (Sect. 17.3) or in the discrete form, as in the MAC method (Sect. 17.1.2) 
and projection method (Sect. 17.1.4). It may also occur in disguise, as in the 
auxiliary potential function method (Sect. 17.22) and the SIMPLE algorithm 
(Sect. 17.2.3). 
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As long as three-point central differencing is used to discretise the convective 
and pressure gradient terms it is advantageous to introduce a staggered grid 
(бесі. 17.1.1), primarily to avoid ап oscillatory pressure solution. However, the use 
of a staggered grid with generalised coordinates 1s rather cumbersome. 

For flows with severe velocity gradients there is often an advantage in using 
higher-order differencing for the convective terms (Sect. 17.1.5) to obtain accurate 
solutions without excessive grid refinement. However, the overall scheme may be 
less robust, particularly if used with an explicit marching algorithm. 

Different formulations for computing incompressible viscous flow can be 
applied with alternative means of discretisation. Thus the spectral method 
(Sect. 17.1.6) uses a projection algorithm. The group finite element method 
(Sect. 17.3.3) uses a pseudo-transient formulation very similar to that used in finite 
difference methods (Sect. 17.3.1). The finite volume method (Sect. 17.2.3) uses the 
SIMPLE algorithm, which is very similar to the use of an auxiliary potential 
function (Sect. 17.2.2). 

No description is provided in this book of vortex methods which, in their 
simplest form, simulate incompressible viscous flows by the introduction of point 
vortices satisfying Laplace’s equation (11.51). Such methods are reviewed by 
Leonard (1980, 1985) and are used to provide qualitative descriptions of complex 
unsteady separating flows (e.g. Oshima et al. 1986). 


17.6 Problems 


Primitive Variables: Unsteady Flow (Sect. 17.1) 


17.1 Integrate (17.1) over the square domain 0 < x < 1,0 < y <1, and dem- 
onstrate that (17.4) is satisfied. Subdivide the domain into four cells, Ax = Ay 
— 0.5, and demonstrate that the discrete equivalent also holds if u and v are 
averaged over each cell face (Fig. 17.1) and two-point differencing is used to 
evaluate derivatives, as in (17.5). 

17.2 Show that the discrete Poisson equation for the pressure (17.13, 14) can be 
obtained from (17.12). 

17.3 Confirm the analysis following (17.18 and 19), which demonstrates that 
homogeneous Neumann boundary conditions for the pressure are available 
with the MAC formulation. 

17.4 By setting u equal to a constant, demonstrate that the discretisation scheme 
provided by (17.31-33) is equivalent to (9.71, 72). 

17.5 Show that values of u* and v* are not required on the boundary in the 
CPSM algorithm by demonstrating that (17.41 and 42) follow from (17.39 
and 40). 





Primitive Variables: Steady Flow (Sect. 17.2) 


176 Demonstrate that the Jacobians A and B are given by (17.48). Show, by 
direct substitution, that F = Aq—uDq and С = Bq – v Dq. 
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17.7 Compare the role of the auxiliary potential in Sect. 17.2.2 with the role of the 
pressure correction in the Hirt and Cook formulation (17.26 29) and the 
pressure correction in the SIMPLE algorithm (Sect. 17.2.3). 

17.8 Determine specific expressions for а”, and а», in (17.69) and for а? , and ар, 
in (17.77). Demonstrate that (17.77) is a discrete Poisson equation for óp. 

17.9 Discuss how (17.69) would change if a three-point second-order upwind 
scheme, g = 1.5 in (9.53), were used to discretise the convective terms in (17.2). 


Vorticity, Stream Function Variables (Sect. 17.3) 


17.10 Show that the discretisation of С(ис)/Сх, given by (17.98), reverts to a three- 
point centred difference scheme if (u)" * ! = (uc), Le. at steady state. 

17.11 Derive the first-order and second-order vorticity boundary condition at а 
solid surface (17.104 and 107). 

17.12 Obtain the expressions for the mass and difference operators on a non- 
uniform grid (17.115) by applying the Galerkin finite element method in one 
dimension with linear interpolation (Sect. 5.4 and Vol. 1, Appendix А.2). 

17.13 Introduce a three-level time discretisation into (17.114) to generate 
(17.116). Demonstrate that (17.116) can be linearised to give (17.119) and that 
(17.120 and 121) are consistent with (17.119) to O( At?). 

17.14 Obtain (17.125) by applying a one-dimensional Galerkin formulation to 
(17.91). Carry out a Taylor series expansion to demonstrate that (17.125) is 
fourth-order accurate on a uniform grid. How accurate is it on a non- 
uniform grid? 

17.15 Demonstrate, using the results of Sect. 8.4.2, that g(u) = up / Ay when (17.127) 
is derived at surface FE. 

17.16 Derive the Poisson equation for the Bernoulli function (17.139). 


Vorticity Formulations for 3D Flows (Sect. 17.4) 


17.17 Develop a scalar three-stage approximate factorisation algorithm based on a 
three-point centred difference discretisation of (17.141) in terms of the 
correction to the vorticity component, ДС !. 


17.18 Derive the Poisson equations for the velocity components (17.151). 


18. Compressible Viscous Flow 


In this chapter computational algorithms will be considered for solving flows 
governed by the full compressible Navier-Stokes equations, Le, unsteady flow or 
flows with large areas of separation. Steady compressible viscous flows with a 
dominant flow direction and only small regions of separation can be handled with 
the techniques described in Chap. 16, particularly external flows around bodies ina 
supersonic freestream. 

Areas of application include transonic flow around aircraft and through 
turbomachinery, and low speed duct flows involving significant heat transfer. For 
design purposes there is generally more interest in steady than unsteady com- 
pressible viscous flow. However, most solution algorithms are constructed around 
marching the unsteady equations in time. For steady flow problems this is just the 
pseudotransient formulation (Sect. 6.4). 

Most compressible viscous flows are also turbulent. The inherent complexity of 
the governing equations motivates the use of relatively simple turbulence models. 
Most applications incorporate eddy viscosity turbulence models (Sect. 18.1.1), 
either algebraic or in conjunction with the К—в formulation (Sect. 11.5.2). For flows 
that are subsonic or weakly transonic with large inviscid regions, accurate sol- 
utions can be obtained with an algebraic energy equation (Sect. 18.1.2) replacing 
the differential energy equation. 

For unsteady problems it is computationally efficient to use explicit schemes 
as long as the time step is not unduly limited by stability considerations. The 
well-known MacCormack scheme is described in Sect. 18.2.1. Runge-Kutta 
schemes (Sect. 18.2.2), although explicit, produce stable and accurate solutions with 
larger time steps than the typical unit CFL number restriction (Sect. 9.1.2). 

The need to use even larger time-steps, as is usually the case with the pseudo- 
transient construction, motivates the consideration of implicit schemes (Sect. 18.3). 
The implicit MacCormack scheme (Sect. 18.3.1) is a direct extension of the explicit 
MacCormack method. The other implicit schemes considered in Sect. 18.3 all 
introduce approximate factorisation in the sense of Sect. 8.2. 

For problems of practical significance the computational domain will usually 
be of irregular shape which can be handled effectively using generalised coordinates 
(Sect. 18.4). The approximate factorisation treatment of multidimensional implicit 
algorithms is simplified if physically dissipative terms are retained only for direc- 
tions normal to solid surfaces (Sects. 18.1.3 and 18.4.1). 

If the compressibility of the flow is associated with motion (large Mach number) 
then a large Reynolds number and turbulent flow are also to be expected in many 
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situations. Many of the computational algorithms available are close to being 
neutrally stable and it is necessary to deliberately include additional numerical 
dissipation (Sect. 18.5.1). This overcomes aliasing and nonlinear instability in those 
parts of the computational domain where the physical dissipation is very small. 
If the flow is locally supersonic embedded shock waves are likely to be present. 
If these are weak accurate solutions can usually be obtained without modification 
to the basic computational algorithm, other than the inclusion of additional 
numerical dissipation. However, if the shocks are strong then the same techniques 
as described for the Euler equations (Sect. 14.2.6) are appropriate (Sect. 18.5.2). 


18.1 Physical Simplifications 


The governing equations for unsteady three-dimensional compressible viscous flow 
are given by (11.116) and (11.117). The required number and types of boundary 
conditions to suit these equations are discussed in Sect. 11.6.4. 

For most compressible flows of practical importance that require consideration 
of the full Navier-Stokes equations, the flow is turbulent. Although direct simu- 
lation and large eddy simulation are conceptually possible, the capacity of present 
day computers has prompted greater interest in some form of turbulence model- 
ling, typically at the eddy viscosity level (Sect. 18.1.1). Turbulence modelling 
provides a means of rendering a very complicated set of equations more tractable 
and permits flow behaviour in non-simple computational domains to be predicted 
without a prohibitive execution time. 

If the flows under investigation are restricted to subsonic or transonic con- 
ditions with no external heating then the energy equation can be simplified by 
assuming that the total enthalpy remains constant. This assumption (Sect. 18.1.2) 
allows the differential energy equation to be replaced with an algebraic energy 
equation. 

For compressible flows at large Reynolds numbers viscous and turbulence 
effects are only significant close to solid surfaces in the absence of massive 
separation, Consequently dissipative terms, associated with the direction normal to 
the surface only, need be retained. This is the essential idea behind the thin-layer 
approximation which is described in Sect. 18.1.3. The implementation of this 
approximation leads to simpler coding, particularly for implicit schemes (Sect. 
18.3), and some gains in economy (Sect. 18.4.1). 

A historically important simplification is the notion of subdividing the com- 
putational domain into zones such that simpler sets of equations, with faster 
equation solvers, may be used in certain zones. Traditionally the boundary layer 
equations (Chap. 15) are used adjacent to solid surfaces approximately parallel 
with the main flow and the Euler or potential equations are used for the region 
farther away. Modern developments of this idea are considered in Sects. 16.3.4—7. 

For transonic flows around three-dimensional wings the complicated shock 
boundary layer interactions produce local regions of separated flow and it is 
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appropriate to use the full Navier-Stokes equations close to the surface and the 
Euler equations in the farfield. An example of the type of flow that can be computed 
is indicated in Fig. 1.5. The matching of the solutions between the zones is discussed 
by Holst et al. (1986). This type of physical simplification will not be discussed in 
this chapter. 

For turbulent compressible flow a direct application of the Reynolds averaging 


process as in Sect. 11.4.2 leads to the appearance of third-order moments, e.g. g'uv, 
containing density and temperature fluctuations as well as velocity fluctuations. 
However, the overall complexity of the Reynolds averaged Navier-Stokes 
equations can be reduced by introducing mass weighted velocities and thermal 
variables (Favre 1965), 


й = 0и/0 and Т-оТ/б. (18.1) 


То carry out mass-weighted Reynolds averaging it is necessary to split the 
dependent variables into average and fluctuating parts, 


u=utu’ , Т=Т+Т". 


The mass weighted splitting is applied to all variables except density and pressure, 
which are split conventionally 


О-0-0., р=р+р. 


The detailed procedures involved in mass averaging are described by Cebeci and 
Smith (1974, Chap. 2). Application of the averaging process described in Sect. 11.4.2 
produces the mass-weighted Reynolds averaged Navier-Stokes equations which 
can be made identical with the laminar form at the stress and heat flux level 
(11.116), if some small fluctuating terms are neglected (Rubesin and Rose 1973). The 
stresses in (11.117) are replaced by, in Cartesian tensor notation, 


0, дй, 2. ду —— 
_= i h outa! 18.2 
ty Tx PREIS =| оши (18.2 





Іп (һе energy equation the heat fluxes become 


. oT — __ 
О; = ~k to; oT”u . (18.3) 


Тһе averages over fluctuating quantities appearing in (18.2, 3) must be modelled as 
functions of the mean flow quantities in order to close the system of governing 
equations. 

Turbulence modelling for compressible flow is reviewed by Marvin (1983) and 
Bradshaw (1977). For Mach numbers less than five, turbulence models developed 
for incompressible flow can be used almost without modification as long as the 
spatial and temporal variation of the mean density is allowed for. 
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To date, most modelling of turbulent compressible flow has been via the 
introduction of an eddy viscosity, i.e. the Reynolds stresses in (18.2 and 3) are related 
to mean flow quantities by 





— 00, дй, 2. Qü, 2 
— ou! u! = i 28. — “ â. ok" 18.4 
OU; и; Ит (Sez 3 LJ x) 3 ô; o ( ) 
апа 
H it oT 
-с,0Г uj = Кто ; (18.5) 


where К'° in (18.4) is the turbulent kinetic energy [k in (11.95) ], and the term 
containing K* is combined with the pressure іп the momentum equations. The 
turbulent conductivity, ky is related to the eddy viscosity by Ку = c, 4; /Prz, where 
Pr, is the turbulent Prandtl number. For air Рг; = 0.9. 

The introduction of the eddy viscosity and turbulent conductivity permits the 
same form of the governing equations to be used as for laminar flow if и and К are 
replaced by (u + up) and (k + k+). Within the eddy viscosity framework both 
algebraic models (Sect. 11.4.2) and two-equation models (Sect. 11.5.2) are available. 

HaMinh et al. (1986) and Vandromme and HaMinh (1986) have combined a full 
Reynolds stress closure with the compressible Navier-Stokes equations. That is, 
full transport equations for the Reynolds stresses are included in the equation set. 
Full Reynolds stress closure is not discussed in this book. 

For two-dimensional compressible turbulent flow, with the assumption that the 
Reynolds stresses and turbulent heat fluxes can be related to the mean flow via 
(18.4 and 5), the governing equations become (dropping the апа” to denote mean 
quantities) 


ôq ôF óG 
—4—+—=0, wh 18.6 
dt Ox ey where (18.6) 
о Qu 
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с-| ” (18.7) 
Qv + P— Tyy 


(E+p—t,,)v—tyyut+Q, 
For an ideal gas, 


р =(y—1)[E-0.50(u* +07)] . (18.8) 
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The stresses in the momentum equation аге ріуеп by 


ди 2 2 < 

tex = 208+) = — 3 (ut nr) 9 —3 ОК ; 
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апа the heat fluxes by 
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In (18.9) 2 is the dilatation, Le. 2 = Ou/Ox + Ov/Oy. 

For unsteady problems (18.6) requires the specification of all dependent vari- 
ables q as initial data. Boundary conditions are required for both steady and 
unsteady flows. Boundary conditions for (18.6) are discussed in Sect. 11.6.4. At solid 
surfaces no-slip velocity boundary conditions and either specified temperature or 
heat transfer rate are required. Thus for a stationary surface, 


oT 
u=v=0, Т-Т or Exo —0,. (18.11) 
n 


For open boundaries, i.e. those through which flow takes place, it is useful to 
differentiate between inflow and outflow boundaries. In addition it is useful to 
distinguish between internal flows and external flows. For the external flow about a 
body in a uniform stream the viscous and turbulent terms are usually negligibly 
small at farfield (open) boundaries. Consequently, the governing equations reduce 
to the Euler equations and characteristic theory indicates the number and type of 
boundary conditions. References are provided in Sect. 14.2.8. 

For internal flows or external flows where open boundaries occur close to solid 
surfaces, (turbulent) viscous and heat conduction effects cannot be ignored and the 
appropriate prescription of boundary conditions is not yet theoretically estab- 
lished. Some discussion is provided by Rudy and Strikwerda (1981) and by Bayliss 
and Turkel (1982). The number of required boundary conditions to suit the 
compressible Navier-Stokes equations 15 indicated in Table 11.6. 

Thus at inflow all dependent variables should be specified. At outflow, bound- 
ary conditions for all but one dependent variable should be provided. Typically 
the outflow boundary conditions are specified as zero Neumann conditions 
(0f/Ox = 0, where x is the exit flow direction). Also the governing equations at 
the exit can often be reduced to a simpler set with a corresponding reduction in 
the number of required boundary conditions (Chap. 16). 
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18.1.1 Eddy Viscosity Turbulence Modelling 


Most computations involving the turbulent Navier-Stokes equations (Marvin 
1983) use algebraic eddy viscosity formulae to represent ит in (18.9 and 10). The 
eddy viscosity formulae given by (11.77-79) for incompressible boundary layer flow 
can be extended to provide reasonably accurate predictions of mean flow quantities 
for separating compressible flow. 

The eddy viscosity expression for boundary layer flow (11.77) is generalised to 


2 av N2 112 
up = ol (=) «(s | ‚ (18.12) 
ду Ox 


where / is the mixing length given by (11.78). This mixing length prescription is used 
close to solid surfaces. In the outer part of boundary layers and in wakes the 
Clauser formulation is available: 


ит = 0.0168 04,051 , (18.13) 


where u, is the velocity in the flow direction at the outer boundary of the viscous 
region. The displacement thickness is given by 


à u 
6% - | 1-4) dy , (18.14) 
Yas H, 


where ó is the outer boundary of the viscous region and yp; is the inner boundary. 
For a boundary layer yps is the solid surface coordinate; for а wake yp, is the 
dividing streamline between the recirculating fluid (Fig. 17.19) and the outer flow. 
The intermittency factor 1 is given by 


= |1+55 (==) | l (18.15) 


and accounts for the effect of the intermittency of the turbulence on the average 
value of ur. 

Although the above eddy viscosity expressions imply equilibrium between 
turbulence production and dissipation it is possible to allow for upstream effects 
empirically via the following relaxation procedure: 





Hr = а(ит) (1-0, (18.16) 


where шу is evaluated from (18.12) or (18.13) and (ит) is the eddy viscosity at the 
intersection of the velocity vector projected upstream through grid point ( j, k) and 
the nearest grid line (Fig. 18.1). The relaxation parameter х is typically given the 
value х = 0.3. 

An alternative algebraic eddy viscosity formulation is provided by Baldwin and 
Lomax (1978). Close to solid surfaces (18.12) is replaced by 


Hr = gU, (18.17) 
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Fig. 18.1. Upstream influence on the eddy viscosity 


(Ат) L^ ^ 


where the vorticity ё = ди/ду- cv/Ox. Away from solid surfaces the following 
formula is used in place of (18.13): 


ит = 00168 oV, Lo , (18.18) 
where 

Vo = min (Еа 0.25 qi /F,.ax) (18.19) 
and 

Ly = 1.6 Ymax ЕЕ. (18.20) 


Іп (18.19) Faas = max(|{|//«) where the mixing length / and the von Karman 
constant к are defined by (11.78). The parameter Ymax is the value of y at which 
F пах occurs. The quantity gait is the difference between the maximum and minimum 


values of the absolute velocity. The Klebanoff intermittency factor I* is given by 


озу T! 
r- ess (5 z) l | (18.21) 


Тһе Baldwin-Lomax model is more robust than the Clauser formulation in regions 
of separated flow (Deiwert 1984). With either of the above turbulence models the 
turbulent Prandtl number is usually assumed constant, and for air Pr, = 0.9. 

The к= turbulence model (Sect. 11.5.2) and other two-equation turbulence 
models have been combined with the compressible Navier-Stokes equations by 
Coakley (1983) and Horstman (1986), amongst others. Marvin (1983) reports that 
additional compressible terms in the k-e model are usually insignificant up to a 
Mach number of five, and consequently can be dropped. 

For turbulent flows very severe normal gradients of velocity and temperature 
occur close to solid surfaces. An appropriate local scaling for the turbulent 
boundary layer flow over surface FE in Fig. 17.14 is 
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where y is the normal direction, и, = (t,,/0) and the wall shear stress 


Ty = иди/ду|„. 

To properly resolve the velocity profile it is necessary to place the grid point 
nearest the wall at a location y* < 5, ie. in the laminar sublayer. For a com- 
pressible flow accurate resolution of the temperature profile in the normal direction 
may require the nearest grid point to the wall to be located such that y* < 2. 

To avoid needing such fine grids algebraic wall functions are often constructed 
by considering a thin layer adjacent to the wall and neglecting velocity and 
temperature gradients along the wall. If др/дх, etc. are treated as externally 
determined parameters, the resulting “Couette” flow only involves normal de- 
rivatives and can be integrated to provide the solution at the outer edge of the thin 
layer. This can be used as the edge of the computational domain and the wall 
functions provide the boundary conditions. The thickness of the layer is chosen so 
that the computational boundary falls in the range 30 < y* < 200. 

Alternatively, a conventional grid can be used, i.e. terminating at the wall, but 
with the grid point adjacent to the wall, y,, occurring in the range, 30 < y; < 200. 
At this grid point the solution is provided by the wall function. For surface ЕЕ in 
Fig. 17.14 the wall function is the classical “law-of-the-wall”, Le. 


uy -50-кіпу", (18.23) 


where the von Karman constant к = 0.41, typically. To convert и? into physical 
coordinates it is necessary to know т, and hence ¢u/¢y|,,. This is evaluated from the 
interior solution using a one-sided discretisation. 

Wall functions for non-boundary-layer flow, i.e. adjacent to DE in Fig. 17.14, 
can still be constructed from the Couette flow model. Patankar and Spalding (1970) 
provide a thorough description of the concept. Essentially the same approach is 
used to provide boundary conditions to be used with the К—є turbulence model 
(Launder and Spalding 1974). 


18.1.2 Constant Total Enthalpy Flow 


For transonic viscous flow without external heat sources the temperature variation 
throughout the computational domain is small. Consequently, for steady flow the 
governing equations (18.6) can be simplified by replacement of the energy equation 
with an algebraic equation. This result can be obtained as follows. 

The total enthalpy Н =(E + p)/g. Therefore, the steady energy equation (18.6, 7) 
can be written 


д д д . 
дх (QuH) Tay (орн) = -- (ut. + UT xy m Q.) 


2 | 
tay (vt,, tut —Q,) . (18.24) 


Making use of (18.9, 10) and the ideal gas enthalpy relationship 
Н = c,T+j(u? +07) (18.25) 
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allows (18.24) to be written as 
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For high Reynolds number flows around bodies іп a uniform stream, viscous and 
turbulence effects are confined to a thin layer close to the body and in the wake. 
An order-of-magnitude analysis for (18.27) indicates that only the term 


д 1 1 Си 
ШЕГЕСІ (848 


is of comparable magnitude to terms іп the momentum and continuity equations 
and on the left-hand side of (18.26). For purely laminar flow the assumption 
Pr = 1.0 causes (18.28) to disappear. For turbulent flow иу > u and the assump- 
tion Pr; = 1.0 causes (18.28) to disappear. It may be noted that for air Pr = 0.7 and 
Pr; = 0.90 so that a small contribution may still be expected. In a region of 
limited separation (18.28) is still expected to be the dominant term so that the 
above remarks apply. In the inviscid region, i.e. far from solid surfaces, all terms in 
(18.27) are negligible. 

Therefore, for steady transonic flow it is a reasonable approximation to replace 
(18.26) with 


д ип fy \OH | д Bo, Ат \ OH 
н _ -0. 29 
дх |o: ЕГЕ Ta | °°Н—\р рг ay |0 (18.22) 


Clearly (18.29) is satisfied by H = const, or, from (18.25), 
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Equation (18.30) provides an algebraic equation linking р, о, и and v and this 
replaces the energy equation in (18.6 and 7). This type of formulation is discussed 
by Briley and McDonald (1977) and used by Fletcher and Srinivas (1985). 


18.1.3 Thin Layer Approximation 


As noted in Sect. 18.1.2, viscous and turbulence effects are only significant close to 
solid surfaces and іп wake regions for flows at large Reynolds number. Unless 
massive separation is occurring in the approximate flow direction many of the 
dissipative terms, i.e. contributions to the т and Q terms in (18.9 and 10), can be 
dropped from the governing equations on an order-of-magnitude basis. For three- 
dimensional flows it is usually not possible, due to computer memory limitations, 
to provide a fine enough grid in all directions to evaluate accurately all terms in the 
three-dimensional equivalent of (18.9 and 10). 

These parallel features, one physical and one computational, are combined in 
the thin layer approximation (Baldwin and Lomax 1978). First a fine grid is used 
only in the direction normal to the surface (Fig. 18.2). The coarse grid parallel to the 
surface (x direction) is unable to represent accurately x derivatives associated with 
the т and О terms in (18.7). However, such terms can be deleted on an order- 
of-magnitude basis. The thin layer approximation of (18.6) to (18.10) 15 


y š 
(a) x (b) 


Гір. 18.2а, b. Grid refinement close to a solid surface. (a) Cartesian coordinates; (b) generalised 
coordinates 
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0, (18.31) 
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In (18.32), 


д 4 2 
ту) = (u+ ur) = , Ty=zlä+tur) =z ОК, and 
y ду yy 3 y 


. ит \ OT 
"2 {Кс ТО], 
Q; (ees р); 


It may be noted that when the various contributions to С” are substituted into 
(18.31) only y derivatives are present and cross derivatives are excluded. This 
simplifies the construction of implicit schemes (Sect. 18.4.1). The thin layer approxi- 
mation is usually used in conjunction with generalised coordinates (Chap. 12 and 
Sect. 18.4.1) so that significant physical dissipation can be restricted to one со- 
ordinate direction for most computational geometries. However, for flow near the 
junction of two walls it is appropriate to obtain dissipative terms associated with 
the normal directions to both walls. The use of the thin layer approximation then 
neglects some cross-derivative terms that may be of comparable magnitude to 
terms retained. Іп practice the overall solution accuracy is not much aflected (Hung 
and Kordulla 1984). 

The thin layer approximation for steady flow can be interpreted as a reduced 
form of the Navier-Stokes equations (Chap. 16). Essentially, the same approxi- 
mation is used in obtaining the spatial marching algorithm for supersonic viscous 
flow (Sect. 16.3.1). However, the further restriction to positive values of u is not 
usually used with the thin layer approximation. Instead the thin layer approxi- 
mation is combined with the pseudotransient algorithm (Sect. 6.4) to obtain the 
steady-state solution. Consequently, flows with small regions of separation in the 
main flow direction can be accurately predicted. The thin layer approximation is 
widely applicable (Chausee 1984) and demonstrates good agreement with exper- 
imental data. 


18.2 Explicit Schemes 


In Sect. 18.2.1 the explicit MacCormack scheme is applied to the compressible 
Navier-Stokes equations. Although this scheme is very economical for a genuinely 
unsteady flow, the unit CFL time-step restriction makes it less suitable for 
obtaining steady solutions. Runge-Kutta schemes, permitting larger time steps, are 
described in Sect. 18.2.2. 


18.2.1 Explicit MacCormack Scheme 


The most widely used explicit scheme for the compressible Navier-Stokes equa- 
tions is the MacCormack (1969) scheme, which is described for one-dimensional 
inviscid flow іп Sect. 14.2.2 and for a time-like multidimensional inviscid flow 
problem in Sect. 14.2.4. The application of the MacCormack scheme to equations 
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with second spatial derivatives will be illustrated here using the two-dimensional 
Burgers’ equations (10.57, 58). The extension to the compressible Navier-Stokes 
equations, (18.6) to (18.10), introduces the complication of a mixed second de- 
rivative; this will be dealt with subsequently. 

The two-dimensional Burgers’ equations are written as in (10.52), 
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MacCormack’s scheme applied to (18,33) on a uniform grid has the form 


Predictor stage: 
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Corrector stage: 
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It may be noted that each spatial group, F or G, is discretised with one-sided 
finite difference operators in the predictor and corrector stages. The overall scheme 
is second-order accurate in time and space as long as the derivatives appearing in 
the expressions for F and G, ie. from (18.34), are differenced in the opposite 
direction to the differencing of F and G in (18.35 and 36). For example, in the 
predictor stage, 


у(и" — и" 
(Как = Uya p a) and (18.37) 


v(u$ шур) 
Ах | 





(Fi), = G0) 


For the Navier-Stokes equations (18.6) the predictor and corrector stages (18.35, 
36) are directly applicable with S = 0. However the components of F and G 
(18.7-10) introduce cross derivatives. For example 


ди др 
G, = оо Gen (Sr) . (18.38) 
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The discretisation of ди/ду is handled as іп (18.37). The term до/ох is discretised 
using centred differences. Thus, in the corrector stage, 





u* — иў 0.5 (vt PEU a) 
(G; = (wf, имо) (S 1 БУГ ігі 
апа 


ж ж ж ж 
-Иҙк-і 056. Lk-17 Uj- 1,k- 1) 


u; 
бә, mua i cerra a| Lt Ay Ax 





(18.39) 


The use of forward differencing in the predictor stage and backward differencing in 
the corrector stage can be reversed and can be different for different spatial 
directions. However, to retain second-order accuracy it is important to maintain 
symmetry of the differencing formulae between the predictor and corrector stages. 

The stability of the MacCormack schemes applied to (18.33) and (18.6) is 
discussed by Peyret and Taylor (1983); precise results are not available. From the 
explicit nature of the scheme the inviscid part of the equations are expected to lead 
to a CFL-type restriction, similar to (9.11) and the viscous parts to a diffusion-type 
restriction (Sect. 7.1.1). 

For the scalar equivalent of (18.33), Peyret and Taylor recommend the follow- 
ing necessary condition, with Ax = Ay, for stability: 


Ах? 


At < . 
— 4y+ (|u| + le) Ах 


(18.40) 





For the laminar compressible Navier-Stokes equations (18.6) Peyret and Taylor 
(1983) recommend the corresponding condition for stability, with 4x = Ay: 


At < Ах” (18.41) 

 (2u/Reo) [2y/Pr+(2/3)2”] + [lui + lel + (2)92a] Ax." | 
where а is the speed of sound. 

The form of the stability restrictions (18.40, 41) indicates that the time-step is 
more restricted in three dimensions than in two or one dimension. 

MacCormack (1971) introduced a time-split version of the above scheme to 
avoid this difficulty. The time-split version introduces a sequence of one-dimen- 
sional spatial operators, similar to the procedure in Sect. 8.5. For (18.6) the one- 
dimensional operators can be written 


97% = P.(At.)qi, > (18.42) 


ат = РА. (18.43) 
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where (18.42) is equivalent to 


At, 
Ax [FRE ЕЎ] апа 





t — * 
qj. Чук 





i At, ГА i 
ау = 0.509779) — 0.5 LF, Кк]. 


An equivalent expression for (18.43) can be deduced from (18.35 and 36). The 
complete algorithm, replacing (18.35, 36), to advance the solution one time-step 
becomes 


At At. At, At,\ , 
ЕТЕДГ (18.44) 


where the symmetric pattern of repeated spatial operators over 41/2 is necessary to 
obtain an algorithm that is second-order accurate in time. 

The stability of (18.44) is determined by the stability of the individual operators. 
Thus the equivalent restriction to (18.41) on P,, for arbitrary Ax, Ay, is 








Ax? 
As S CJ Reg) Pr + (2/3) SQ AY Dui + a] Ax ` 





(18.45) 


Clearly larger time steps are available. A further advantage is that different time 
steps can be associated with different coordinate directions. For flow past a slender 
body parallel to the x direction a fine grid in the y direction will be necessary to 
resolve the severe normal gradients of velocity and temperature associated with the 
surface boundary layer. The use of the time-split scheme (18.44) avoids the time 
step restriction on At, affecting At... 

The time-split scheme is effective, although it may require auxiliary procedures 
adjacent to boundaries (Peyret and Taylor 1983, p. 73). In addition, for larger 
values of the Reynolds number (18.45) the MacCormack scheme is not efficient as а 
means of obtaining steady-state solutions via a pseudo-transient formulation 
(Sect. 6.2.4) unless a multigrid strategy (Sect. 6.3.5) is also incorporated (Chima and 
Johnson 1985), 


18.2.2 Runge-Kutta Schemes 


The explicit MacCormack schemes described in Sect. 18.2.1 achieve second-order 
spatial accuracy very economically. However, particularly when obtaining steady 
solutions via a pseudotransient formulation for flows at large Reynolds number, 
the time-step restriction (18.45) becomes a severe impediment to overall efficiency. 

When the split MacCormack scheme is used at high Reynolds number an 
examination of (18.45) indicates the time step is effectively limited to a Courant 
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number, С-(|м-ға)Лі,/ Ах, of unity. Of course the large Reynolds number 
influence appears directly in the restriction on the size of the spatial grid to resolve 
the thin boundary layer. 

By adopting the method of lines strategy (Sect. 7.4), of discretising spatially to 
reduce the governing equations to a system of time-dependent ordinary differential 
equations, it is advantageous to introduce Runge-Kutta time marching schemes 
since they allow larger Courant numbers than the MacCormack scheme. For 
example, for unsteady flow problems it would be appropriate to use the fourth- 
order Runge-Kutta scheme (7.53). This scheme is stable for a Courant number 
C < 24/2 if the dissipative terms are small enough. 

For steady solutions obtained via a pseudotransient formulation it is prefer- 
able to use a rational Runge-Kutta (RRK) scheme (Wambecq 1978) of first or 
second order since even larger Courant numbers are possible. The rational 
Runge-Kutta time discretisation will be illustrated for the general equation 


dg/dt = W (q) . (18.46) 


This equation can be interpreted as one component of (18.6) after a spatial 
discretisation. Satofuka et al. (1986), who use an RRK algorithm, recommend 
conventional three-point centred difference discretisation of the first and second 
spatial derivatives appearing in (18.6-10). 

A two-stage RRK scheme, applied to (18.46), can be constructed as follows. 
Intermediate corrections are evaluated as 


Aq! = АА), Aq? = AUW(q" cAq!) , Aq? = (1—b) Aq! c bAq? , 
and the solution is obtained from 


2Aq (Aq, 493) — Aq? (49', Ад!) 
(49°, 447) | 


ntl „n 
q 


(18.47) 





In (18.47) (e, f) denotes а scalar product, 1.е. 


(е, f) = > ел. 
with í ranging over all grid points. Тһе scalar products, which аге evaluated once 
per time-step, provide weighting factors for the respective corrections, Aq! or Aq’, 
at each grid point. Thus the method is explicit and economical. The RRK scheme 
(18.47) is first-order accurate in time unless bc — — 0.5, for which it is second-order 
accurate. The scheme is A(x) stable (Fig. 7.10) if 


cs -1 . 
~ 2cosa(2— cos a) 





(18.48) 
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When used with the Navier-Stokes equations, Satofuka et al. (1986) report using 
Courant numbers up to 4 in obtaining the steady flow solution about a compressor 
blade at a transonic Mach number, M, = 0.76, and a Reynolds number of 3 x 10° 
with a Baldwin and Lomax turbulence model (Sect. 18.1.1). As indicated in Fig. 18.3 
good agreement is achieved with the experimental pressure distribution based on 
the use of endwall suction. This solution was obtained with a 129 x 33 grid using 
generalised coordinates (Chap. 12). 


NACA 65(12)10 
M. = 0.76 


Re = 3.0 X 10 
1.0 


— Present Sol. 


po/p, = 1.229 


Exp. No Endwall Suction 
Ex all Suction 


Fig. 18,3, Comparison with experimental 
pressure distribution 65(12)10 cascade 
(after Satofuka, 1986; reprinted with 
permission of АТА А) 





CHORD 1.0 


Runge-Kutta schemes have been combined effectively with multigrid methods 
(Jameson 1983) to solve the Euler equations where not such fine grids are required 
adjacent to the surface as for the Navier-Stokes equations. 


18.3 Implicit Schemes 


Notwithstanding the success of explicit schemes when used with Runge-Kutta time 
marching algorithms and multigrid, there is a preference for implicit schemes 1f 
only the steady-state solution is of interest. This is because implicit schemes can be 
constructed so that there is no formal time-step restriction in the linear stability 
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sense (Sect. 4.3). In practice there is an effective time-step limitation but it is much 
less restrictive than for explicit schemes. The time-step limitation for implicit 
schemes may be due to nonlinear effects or due to accuracy requirements for 
unsteady problems or due to slow convergence of pseudotransient procedures for 
steady problems. 

In this section four implicit algorithms will be described. First, MacCormack’s 
bidiagonal scheme will be presented as a direct extension of the explicit scheme 
(Sect. 18.2.1). Second, the Beam and Warming (1978) implicit algorithm (Sect. 
18.3.2) will be applied to the compressible Navier-Stokes equations. This algorithm 
is similar to the approximate factorisation algorithms described in Sects. 8.2, 8.3, 
9.5, 10.4.2 and 14.2.8. 

In бесі. 18.3.3 the approximate factorisation group finite element method 
(Sect. 17.3.3) is extended to compressible flow. A development of the approximate 
factorisation algorithm to introduce a further LU splitting is described in 
Sect. 18.3.4. 


18.3.1 Implicit MacCormack Scheme 


This method will be introduced as an extension to the explicit MacCormack 
scheme (Sect. 18.2.1) by applying it to the one-dimensional transport equation 
(9.56). To suit the present notation the one-dimensional transport equation is 
written as 


q afu 0. (18.49) 


The explicit MacCormack scheme (18.35, 36) applied to (18.49) can be written as 
follows. 


Predictor stage: 


дағ“ — —aAtL? q5 - uACL v qi ` 


(18.50) 
а= q + AqF , 
Corrector stage: 
Aq = —aAtL, qf +HAtL дў, 
(18.51) 


qg’ -—05(qitqr*o-4q; ^*), 


where / and L; are one-sided difference operators 


183 Implicit Schemes 411 


and L.. is the second-order centred difference operator 





4/-1- 24; + Gy41 


L ..q; - Ax? 


For stability the time step used in (18.50, 51) must be chosen so that 


—_ «0. (18.52) 


This condition is the one-dimensional analogue of (18.40). 
MacCormack (1982) generates an implicit algorithm, equivalent to (18.50, 51) 
as follows. 


Predictor stage: 


At А At 
+42) f= Age? + (UR ШЕР 


(18.53) 
0 = 9+ Даў, 
Corrector stage: 
At At 
1 À— Aq? 1-4 nti,e далы, 
(rg) rn) n 
(18.54) 


11% = 0.5 (97+ qt i+ 4q} 1) . 
To evaluate (18.53 and 54) the corrections Aq*'° and 447778 are obtained from 
(18.50 and 51). In evaluating (18.51), q7^* on the right-hand side is replaced by ағы 
determined from (18.53). 

The parameter 4 1s chosen to ensure unconditional linear stability (Sect. 4.3). 
This requires 


2u Ах 
Az ——— |0 |. . 
> max С 4) | (18.55) 


Comparison with (18.52) indicates that if At is such that the explicit algorithm 
alone would be unstable, 4 is a positive parameter such that the combined 
algorithm (18.50—54) is stable. If At is such that the explicit algorithm alone is 
stable, i.e. (18.52) is satisfied, å is set to zero so that the implicit stages (18.53, 54) are 
not required. 

Equation (18.55) is evaluated on a point-by-point basis so that for many 
problems the additional implicit steps are not required in parts of the com- 
putational domain. This contributes to the economy of the overall algorithm. 
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As long as pAt/Ax? is bounded as At, Ax approach zero the implicit 
MacCormack algorithm is second-order accurate in time and space like the explicit 
MacCormack algorithm (18.50, 51). The retention of second-order time accuracy 
follows (MacCormack 1982) from the fact that the additional corrections in (18.53 
and 54) are third-order accurate in time. 

The bidiagonal nature of (18.53 and 54) means that the "implicit" corrections, 
Ла” апа Aq" * * сап be evaluated explicitly. Thus for the predictor step, (18.53) is 
evaluated as 


Да - (4At/ Ax) ААҚ, 


A ж. = 
4; 1+ 4At/Ax | 





(18.56) 


from the right-hand boundary, j = N X, where it is assumed a Dirichlet boundary 
condition is available for дку. Equation (18.56) is evaluated for decreasing values of 
j until the left-hand boundary is reached. The complete implicit algorithm applied 
to (18.49) consists of (18.50) followed by (18.53) for the predictor step and (18.51) 
followed by (18.54) for the corrector step. 

The extension of the method to the compressible Navier-Stokes equations 
(18.6) is motivated by constructing an implicit algorithm of the form 


с с 
|n «(42 B) Ачу = Дар, (18.57) 


where the Jacobians A = ĉF/ôq and B = 6G/0q, апа 14; = — At[OF/Ox 


+ €G/éy],,,. The spatial derivatives on the left-hand side of (18.57) operate on the 
products 44q and BAg, A comparison with (14,103) indicates that у = дара f = 1 
and in (18.57) the spatial discretisation is still to be introduced. 

The total algorithm, equivalent to (18.50-54), can be written 


Predictor stage: 
Да = АЕ + LY Ст), 
(I— At L} A")(I— At L} B") д9 = Aq , (18.58) 
qt, = qu + 19%, 

Corrector stage: 
Agii = —At(Ly Fr + L; GT), 
(1— ALL; А") ALL; B") Aq 1 = лди (18.59) 
аук = 0.5(q"+q* + Aq), 


The one-sided differencing of F and G is the same as that described in Sect. 18.2. 
Where cross-derivatives occur, central differencing is used. 
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The modified Jacobians, A” апа В”, are related to the true Jacobians for 


inviscid flow, but are guaranteed to have positive eigenvalues. The Jacobians for 
inviscid flow can be factorised as in (14.107), Le. 


A-T,'A,T, and В- 7, 4,1,, (18.60) 
where A,, Ag are diagonal matrices containing the eigenvalues of A and B, te. 
diagA, = {u,u+a,u,u—a} , diagd, = {v,v,v+a,v—a} . (18.61) 


The matrices 7, and Т» are given by MacCormack (1982). 
The modified Jacobians are formed as 


A"=T,'D4T, and В- T; 087,, (18.62) 





where D^ and D? are diagonal matrices whose diagonal entries are of the form 








| 2v | Q5 Ax 

Рў, = max [ * ойх AO «| and (18.63) 
А 2у OS Ay 

Dj, = max Ë Toy A” «| А (18.64) 


where v = тах(43/3, yu/Pr) апа и and Pr сап be interpreted as their laminar or 
turbulent values as appropriate. Equations (18.63 and 64) can take опу positive 
values and constitute a generalization of (18.55) for two-dimensional systems of 
equations. That is, if the relevant diagonal entries Df, and D?, are greater than zero 
the implicit steps іп (18.58 and 59) are included. If Dñ, and/or ОР, = 0 the explicit 
contributions will be stable and the relevant implicit steps are not required. 

The evaluation of the implicit steps proceeds in two parts. For the predictor 
stage an intermediate implicit correction Aq? is obtained by solving 


t ; t А 
БЕСТІ (18.65) 
Starting with the k = N Y grid line and the right-hand boundary j = NX, (18,65) is 
applied for decreasing j values until the left-hand boundary is reached. Sub- 
sequently the process is repeated for decreasing values of k until the bottom 
boundary is reached. 

Comparing (18.65) with (18,58) it 1s clear that 


(1— At Ly В") Лаў = Aq. (18.66) 


Consequently, 4455 is obtained from 


At ~ At 
(re Ша = dapit Влай, (=W). (18.67) 
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Starting with the j = NX grid line and the top boundary k = NY, (18,67) is applied 
for decreasing k values until the bottom boundary is reached. Subsequently the 
process is repeated for decreasing j values until the left-hand boundary is reached. 
Because of the block nature of A" and B" in (18.65, 66), each step would appear to 
require the solution of a 4 x 4 system of equations, However, this can be avoided Бу 
making use of (18.62), Thus (18,67) is written as 


At 
(rro рет?) лаје. (18.68) 


where W is the evaluation of the right-hand side of (18.67), Multiplying both sides 
of (18.68) by T? and a little manipulation gives 


| At (d 
тол! = (175 p°) TPW=Y and (18.69) 


Aq*t! —(T5)!Y . (18.70) 


It may be noted that (T P) `! is available analytically. MacCormack (1982) indicates 
that the various steps (18.68-70) which replace (18,67) can be coded very efficiently, 
requiring about 28 Fortran statements. An equivalent algorithm is available to 
solve (18.65). 

The above algorithm applied to the compressible Navier-Stokes equations is 
second-order accurate in space, as for the model equation (18.49), MacCormack 
(1982) demonstrates the algorithm for a shock, boundary layer interaction suf- 
ficient to cause separation. 

The algorithm is more suitable for obtaining steady solutions than unsteady 
solutions because of the approximate treatment of the viscous terms in con- 
structing the modified Jacobians A" and B". For transonic flows about inclined 
aerofoils Kordulla and MacCormack (1982) find it necessary to include numerical 
dissipation in both the explicit and implicit stages of (18.58 and 59) if large time 
steps are taken. 

From the execution times presented it appears that the fully implicit algorithm 
(18.58, 59) requires roughly the same execution time per grid point as the block 
tridiagonal algorithm to be described in Sect. 18.3.2. However, an advantage of the 
MacCormack scheme is that for many grid points the underlying explicit algorithm 
is stable. Consequently for many problems the overall efficiency of the implicit 
MacCormack algorithm is superior. 

Hung and Kordulla (1984) apply the implicit MacCormack algorithm with the 
thin-layer approximation (18.31) in conjunction with finite-volume spatial dis- 
cretisation and incorporate a one-dimensional splitting equivalent to that de- 
scribed in Sect. 18.2.1. They apply the method to the supersonic flow past a blunt 
fin on a flat plate at М, = 2.95. The Reynolds number based on the freestream 
velocity and the fin diameter is 0.8x 109, The Baldwin-Lomax algebraic eddy 
viscosity model (18.17—21) is used to account for turbulence effects. The equations 
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are solved in generalised coordinates on a stretched C grid with 40, 32 and 32 
points in the circumferential, radial and vertical directions, respectively. 

The predicted pressures, Fig. 18.4, show excellent agreement with the measure- 
ments of Dolling and Bogdonoff (1982). The upstream pressure rise is associated 
with occurrence of the primary horseshoe vortex, the axis of which is at 
x/D = — 0.75. The downstream pressure rise is associated with passage through the 
bow shock and compression to stagnation conditions at x/D = 0. 


BOW SHOCK ~ 
O EXPERIMENTAL DATA 
---- CALCULATED RESULTS 5 
aun, 
44 
[E f 


Fig. 18.4. Pressure on the flat plate along the line 
of symmetry (after Hung and Kordulla, 1984; 
reprinted with permission of AIAA) 





The implicit MacCormack (1982) algorithm is effective with Dirichlet boundary 
conditions but the bidiagonal solver lacks flexibility in solving some other types of 
boundary conditions. MacCormack (1985) prefers to replace the bidiagonal 
solver with a line Gauss-Seidel iterative method (Sect. 6.3) or Newton's method 
(Sect. 6.1) after using a flux splitting construction (Steger and Warming 1981) to 
render (18.57) diagonally dominant. 


18.3.2 Beam and Warming Scheme 


This scheme is the forerunner of the approximate factorisation scheme (14.104, 105) 
applied to the Euler equations in Sect. 14.2.8. The Beam and Warming (1978) 
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scheme and the Briley and McDonald (1977) scheme are both approximate 
factorisation schemes closely related to the schemes described in Sects. 8.2 and 
10.4.2. 

To implement the Beam and Warming scheme the compressible Navier-Stokes 
equations (18.6) are written as 


04/0: = RHS , (18.71) 


where RHS contains all the spatial derivatives, i.e. 





б | , 
= — „< [F' –Е169.9.) –Е309,9,)] 


e | . 
“т [G' —G1(q.q.) — G2(q,4,)] . (18.72) 


In (18.72), the inviscid fluxes F! and G! coincide with F and G defined by (14.95). 
The other terms F5, F5, G and С; account for the viscous terms in (18.7) after 
substituting (18.9 and 18.10), but grouped so that F35,G contain only x derivatives 
and F5, G5 contain only y derivatives. 

Application of the generalised three-level scheme (Sect. 8.2.3) to (18.71) gives 


(1+2) Aq" —«Aq" = At(B RHS"*'+(1—f)RHS") , where (18.73) 

Aq"! 2q'*!-q' and Aq'—q'—q' 1 . 

The parameters х and f are chosen to secure appropriate stability and accuracy 
properties. Іп (18.73) х is equivalent to y in (8.26). In (18.73) RHS"*'! is a nonlinear 


function of q, q,, q,. Linearisation is made about the nth time level as in (14.101 
and 102), i.e. 


óRHS RH `RH 
RHS" = RHS" (288, ae (8 an (55 °) Ач, +... 





cq 24, 09, 
(18.74) 
or 
д 
RHSn+1 — RHS" —-—— (4 Aq'*! —PAq'"*  - RAq?* ! — AF3"*) 
e nti nti vni n+) 
~ ay (B44 —QAq'' АС": —SAq?!) . (18.75) 
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In (18.75) A and B are the inviscid Jacobians (14.99) and 











pai в 081. 065 and 5-26. 
eq oq. = q cq, 


Equation (18.75) can be simplified using 
R Aqy* = (RAq"**).— Е, Aq"** , 


and similarly for SAq}*'. The terms AF5"*! and АС"! introduce cross-de- 
rivatives when (18.75) 1s substituted into (18.73). These terms are handled most 
easily by noting that 


ДЕЗ" = AFS"+O(At?), АСТ"! = AG?" O(AP)) . (18.76) 


That is, to second order the implicit corrections to F5 and G{ can be replaced by 
the corresponding corrections for the previous time-step which are available 
explicitly. It is noted by Beam and Warming (1978) that (18.76) applied to the 
model equation (18.49) does not jeopardise the unconditional linear stability of the 
present algorithm. 

Substitution of (18.75 and 76) into (18.73) produces the following linear system 
of equations for 4q"* !: 








I+ x NX 
pat [д o? 
S.y——S"' nti 
I+ ay 4 Q+) 2 4q 
At RHS" x B'At fe 2 
= ——— Aq" +—-— | — AF5"+— 46" 
1+2 "1a 1 EE 2 ta ' J 
= Aq" . (18.77) 


Analytic expressions for — P+ R., — Q+ S,, R and S are provided by Beam and 
Warming. In (18.77) f' is set equal to B when solving unsteady problems since the 
overall scheme 15 then second order accurate in time if f = х +0.5. However, in 
solving steady problems via the pseudotransient formulation (Sect. 6.4) it is more 
efficient to use a scheme that is first-order accurate in time and to set f’=0 to 
economise on the operation count. The spatial accuracy of (18.77) depends on the 
spatial discretisation; Beam and Warming recommend second-order central differ- 
ence expressions. 

Equation (18.77) is linear but globally coupled. To second-order in time the left- 
hand side of (18.77) can be approximately factorised in the same manner that 
replaces (14.103) with (14.104). The approximate factorisation leads directly to the 
following two-stage algorithm, equivalent to (14.105 and 106): 


ЗДІ 
fr EE LL (A P RS LR] |n? = Aq" (18.78) 
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and 


и A [L 8-045,- 1,5] Aq" * ! 2 Aq* . (18.79) 
In (18.78, 79) L.. R"]! Aq* implies L. (RAq*), etc. 

In (18.78) Aq" is the vector resulting from evaluating the right-hand side of 
(18.77). If L,, Lxx, L, and L,, are three-point centred finite difference expressions, as 
in (9.85), (18.78) represents 4 x 4 block tridiagonal systems of equations along each 
gridline in the x direction and (18.79) represents 4 x 4 block tridiagonal systems of 
equations associated with each gridline in the y direction. The algorithm described 
in Sect. 6.2.5 1s suitable for efficiently solving these systems of equations. 

Beam and Warming (1978) note that if the dependence of и and k on q is 
ignored then — P+R, = 0 and — Q+ S, = 0 with a consequent simplification of 
(18.78 and 79). This is particularly appropriate with the pseudotransient formu- 
lation since the steady-state solution is independent of the treatment of the left- 
hand sides of (18.78, 79). 

For large Reynolds number flows or if weak shocks are present it is rec- 
ommended that higher-order, typically fourth-order, numerical dissipation terms 
be added (Sect. 18.5.1). The Beam and Warming algorithm 1s also applicable to 
purely hyperbolic equations (Beam and Warming 1976) like the Euler equations 
(Sect. 14.2.8). However, it appears that for the three-dimensional hyperbolic case 
the algorithm 1s only conditionally stable (Jameson and Turkel 1981). 

A conceptually similar non-iterative approximate factorisation algorithm for 
the compressible Navier-Stokes equations is described by Briley and McDonald 
(1977). For large Reynolds number viscous flows the use of implicit algorithms 
is particularly appropriate with the pseudotransient formulation since CFL 
numbers much larger than unity are available. The relevant two-dimensional CFL 
numbers are (|u| +a) At/ Ax and (|v| + a) At/ Ay. It is often found that the steady-state 
solution is reached in the minimum number of time steps if At is chosen on a local 
basis to be O(10). Too large a value implies that the error introduced by the 
approximate factorisation will distort the transient path. Too small a value will 
follow the correct transient path but unnecessarily slowly. 


18.3.3 Group Finite Element Method 


For transonic conditions u and k are approximately constant and the energy 
equation can be replaced by the algebraic equation (18.30). As a result it 15 
convenient to replace (18.6-8) with a system of three equations 

да дЕ! óG! 2028 CS T 


ôq _ 18.80 
at’ ox ду дхї дхду | dy?’ (18.80) 





where F! and G! are the inviscid contributions to F and G in (18.7). With a suitable 
nondimensionalisation the various vectors in (18.80) are given by 


18.3 Implicit Schemes 419 


q={0,ouovl’, Е! = {ои, ои? +p, our}? , 











0p 4 T 
G! = {ov,ow,ov2 +p}? , R= Ve E дру, (18.81) 
Re 3 
fa det nul _ Au,v |" 
s= n 33 | . T= (болын 3 | . 


The effective viscosity is jt, = 1/Re+ ur In the above expressions. This form of 
the equations is suitable for laminar (ир = 0) or turbulent flow. However, terms 
like ud? uz /0y? + (Qu/Oy) (Ou ./0y) in the x and y momentum equations have been 
dropped. These terms will only be significant 1mmediately adjacent to a solid 
surface where the local velocity solution is usually obtained via the use of wall 
functions (18.23). The parameter 0 in the R and T components is a dissipative term 
introduced to stabilise the discretised equations for flows with large values of Re. In 
equations (18.80, 81) there are four dependent variables u, v, o and p. To close the 
system the nondimensional form of (18.30) is made use of, i.e. 


L-5;M2 p = o(1405(; MZ [1 — (u? 402)]} , (18.82) 


where М. is the freestream Mach number and y is the specific heat ratio. 

The group finite element formulation (Sect. 10.3) is applied to (18.80) by 
introducing approximate or trial solutions for the groups in (18.81). For example, 
with bilinear interpolation in rectangular elements (Sect. 5.3), 


4 
F'- Y ф(х, y) FL, (18.83) 


where ф,, are bilinear interpolation functions (5.59) and Fl are nodal values of F!. 
Application of the Galerkin finite element method (Chap. 5) to (18.80) with (18.81) 
produces the following semi-discrete form: 

óq 


M. @ M, + M, @ L.F! + M, @ L,G! = M, @*L,,R + L, @ L,S 


+M,@Ly,T , (18.84) 


where the directional mass and difference operators аге given by (17.115). 
A three-level implicit algorithm сап be constructed to march (18.84) in time, just 
as (17.120, 121) were constructed. The result 1s a two-stage algorithm of the form 


В OR 
care At (2. oq — L4). Aq* 


At а 
= HS) +. — n 
гак Š) тту Ms @ M,Aq (18.85) 





В eT n 
LE Lx В) Aq" * ! = Aq* (18.86) 
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Since q and F, etc. are three-component vectors, (18.85 and 86) constitute 3x 3 
block tridiagonal systems of equations associated with gridlines in the x and y 
directions respectively. These systems сап be solved efficiently using the algorithm 
described in Sect. 6.2.5. The parameters x and f are the same as in (18.73) and the 
same as у and f in (17.116). The Jacobians A= F!/0q and B = 6G'/0q are 3 x 3 
matrices and equivaient to A and B defined by (14.99). 

The augmented right-hand side, (КН), іп (18.85) is given by 


(RHS— M, & L,,R- L, @ L,S+ M, @ L,,T—M,@ L,F' 
—M, ® L,G'+L, @ L,(6S/0q) Aq" . (18.87) 


The final term in (RHSY arises from the need to evaluate that term explicitly. This 
is equivalent to the treatment of AF5 in (18.76). For typical problems this does not 
significantly reduce the maximum time-step for which stable solutions can be 
obtained. 

For the choice x = 0.5, B = 1.0 solutions produced by (18.85 and 86) are 
second-order accurate in time and space on a uniform grid. On a uniform grid the 
presence of the mass operators has a smoothing effect and produces a fourth-order 
spatial discretisation of the inviscid terms 2Е'/2х and 2Сг/бу. 

The present algorithm has been used to obtain the steady flow behaviour past a 
backward-facing step (Fig. 17.14) for subsonic flow conditions (M, = 0.4). Both 
laminar and turbulent flows have been considered. For turbulent flow the mixing 
length algebraic eddy viscosity model (18.12) is appropriate for regions adjacent to 
solid surfaces. In the outer boundary layer region and the wake region the modified 
Clauser model with upstream relaxation (18.13-16) is used. In the separated flow 
region behind the step (Fig. 17.14) the following expression for the eddy viscosity 
(Deiwert 1976) is preferable to (18.13): 


ит = 0.0168 ou, ó* (>) Ог, (18.88) 
Уаз 

where y is measured from the wall (CD in Fig. 17.14) and Dr is the van Driest 

damping factor Ог= 1 —exp(— y ^/26) and у* is given by (18.22). 

For the flow over a back ward-facing step the pressure distribution behind the 
step depends on whether the flow is laminar or turbulent. Typical computed 
pressure distributions are shown in Fig. 18.5. The pressure coefficient 

р-р; 
C, = 0.500? апа REg = О, H^, 





where H is the step-height. The results shown in Fig. 18,5 were obtained with a 
34x42 gridpoint distribution. The grid was uniform in the у direction but a 
variable grid was used in the x direction with a fine grid close to the step and 
a growing grid (r, = 1.2) in both the upstream and downstream directions. 

For turbulent flow the corresponding distribution of maximum shear stress 1s 
shown in Fig. 18.6. The shear stress distribution is in good qualitative agreement 
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X,RE,*23000, TURBULENT FLOW Fig. 18.5. Pressure distribution behind a 
O,RE,253.0. LAMINAR FLOW step, M, — 040 
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Fig. 18.6. Maximum shear stress distri- 


bution behind step, М, = 0.40 
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with experimental results (Eaton 1981). Further details and results are provided by 
Srinivas and Fletcher (1984). 


18.3.4 Approximate LU Factorisation 


For the compressible Navier-Stokes equations the construction of implicit 
schemes based on approximate fact orisation (Sect. 8.2) leads to the solution of 4 x 4 
block tridiagonal systems of equations associated with each gridline, for example 
(18.78) or (18.79). If the algebraic energy equation can be exploited the block size 
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reduces to 3 x 3, for example (18.85 and 86). However, as indicated in Sect. 6.2.5 the 
operation count for the block Thomas algorithm is O(5NM?/3) where M is the 
order of the block. Clearly a means of avoiding solving block tridiagonal systems is 
desirable. 

This can be achieved by constructing the implicit spatial operators from one- 
sided difference formulae so that an approximate LU factorisation becomes 
possible. Alternatively each approximate factorisation in equations like (18.78, 79) 
can be further factorised into approximate LU form. However, it is important that 
this additional approximate factorisation is achieved as accurately as possible. A 
failure to do so usually leads to a loss of temporal accuracy and for pseudo- 
transient steady-state solvers an increase in the number of iterations to reach the 
steady state. 

An application of the approximate factorisation algorithm (Sect. 8.2.2), to the 
one-dimensional scalar convection-diffusion equation, 

дд OF 


09 
a — pl _ £4 
art ax 0, where F Ғау-и AxC 


(18.89) 
produces the following implicit algorithm: 

[1 T BAt(L,A— Ш.) Agi*! = AtRHS" = At(— L F" ШЕ"), (1890) 
where L,, L... are three-point centred difference operators and A = 0F'/dq. On the 


left-hand side of (18.90) the second derivative operator L... can be replaced by 


1 
Г.А = (Lt —L.)Aq;'! , (18.91) 


J X J 


where L: and L; are forward and backward two-point difference operators after 
(18.51). 
To O(At) the operator L,A444^*! can be replaced with 


n 


„АЛА: + LI (Af Aq; )9- L2 (Aj Aq; )) , where (18.92) 


J 


At = 0.5(А+|А|)) and A =0.5(A—|A}) . (18.93) 


Clearly depending оп the sign of A either А” or A^ will be zero. Substituting into 
(18.90) gives the system of equations 


+ | 4; +) (м; hy) [p = AtRHS' . (18.94) 
Ах Ах 


To O(At?), (18.94) can be replaced with 


ШІ Ay + (араш A7 |4— | agtt! = AcRHS" . 
(4 i) ШЕСІ E RHS 
(18.95) 
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Equation (18.95) is an LU decomposition since the first factor is lower triangular 
and the second factor is upper triangular. Equation (18.95) is solved in two stages. 


At H 
AtRHS" + B — | A? +— |445 
«i 7 4) %-1 


At H 
1+6 — | 4} + — 
PT ( 7 s£) 





Aq; = (18.96) 


and 
At _ H А 
Аа} +В (А, +) Ад } 


At _ H 
+В (\4 HE) 
Equation (18.96) is solved successively from the left-hand boundary moving in the 
increasing j direction. Equation (18.97) is solved successively from the right-hand 
boundary moving in the decreasing j direction. It may be noted that the approxi- 
mations introduced to evaluate the implicit terms have no effect on the steady-state 
solution, RHS" = 0, Thus the approximate LU factorisation is a robust and 
economical algorithm for obtaining the steady-state solution. 

An equivalent LU factorisation for the compressible Navier-Stokes equations 
can be obtained as follows. First (18.6) is written as 





дф! — 


і = 


(18.97) 


ôq OF’ ôG? дЕ! àG! 
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(18.98) 


with иу = 0, ky = 0 for convenience of exposition. An approximate factorisation of 
the discrete form of (18.98) can be written 


[I+BAtL {A—P}] [1+ BALL, (B — Qi] Aq" *! = AtRHS" , (18.99) 
where 
RHS” = L (F"—F')+ L,(G'— G!) , 
(18.100) 
дЕ! ôG! oF’ СС” 


А---, В---, Р--- and Q= 
А= ы; #= а; ға i e 





Equation (18.99) is similar to the Beam and Warming algorithm (18.78, 79) except 
that x = 0 апа the treatment of the viscous terms is different іп (18.99). In forming P 
and Q, terms that would lead to spatial cross-derivatives are ignored. This 
simplifies the algorithm and is an effective strategy when the steady-state solution is 
obtained via a pseudotransient constructions, since the simplification has no effect 
on the steady-state solution. 
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Equation (18.100) can also be considered to be equivalent to (18.90). To 
introduce an approximate LU factorisation into (18.99) it is necessary to extract the 
eigenvalues of A and B, using (18.60). From (18.61) it is clear that both positive and 
negative values are to be expected. Consequently the eigenvalue matrices A , and A, 
are split into positive and negative components in the following way: 


Ал-4) +A; and 4,-4;44;, (18.101) 


where A 4 =0.5 {4 44-|A 4|) and A4 =0.5{44—]A 4l} as in (18.93) for the scalar 
case. 

As a result of the splitting in (18.101), L.A and L, B in (18.100) can be replaced 
by contributions associated with positive and negative eigenvalues and one-sided 
difference formulae as in the scalar case. Thus 


LA >L, Т,411, +L ТАЛАТ! 


and similarly for L, B. Since F = Aq it is also possible to split at the flux vector level 
(Steger and Warming 1981) so that Е-Е”-Е. This is discussed briefly in 
Sect. 14.2.5 in relation to computing supersonic flows with shocks. In the present 
algorithm, due to Obayashi and Kuwahara (1986), the splitting is introduced solely 
to facilitate the LU factorisation on the implicit terms. 

Due to the approximately implicit treatment of the viscous terms it 15 also 
possible to split L.P and L,Q as 


L.P = L,,P = (Li — L; )P/Ax , (18.102) 
and similarly for L, Q. Consequently, in (18.100) 
L.(A- POL; (TAAST 4 + P/AX) Lz (Т, АД P/Ax) , (18.103) 


and similarly for L,(B— Qj. However in the Obayashi and Kuwahara (1986) 
formulation, P/Ax is replaced by T ,kIT ,', where К is chosen to ensure stability, 
i.e. 


k = v((RegAx) and v=max(2u, уш/Рг) . (18.104) 
This approximation of P mimics the scalar form (18.95). With this approximation 
and (18.103) the approximate factorisation (18.99) can be factorised further into LU 
form: 

[1+ path, A: ]LI- BALL? A TEE BALL; 821 

[1—BAtL; B^] Aq'* ! - ЛЕН" , (18.105) 
where 


А ST, (Ai KDT, (18.106) 


Each factor in (18.105) is bidiagonal and can be solved for “Aq” with a single sweep 
in either the positive or negative x or y directions. Thus the complete algorithm to 
solve (18.105) becomes 
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[I+ BAtL; A^] Aq* = At RHS" , 

[1— BAtL; А7 ] Aq** = Aq* , (18.107) 
[I+ BAtL, B*] Aq*** = Aq** , and 

[1—BAtL; B^] Aq" tt = Aq*** . 


As an example, the evaluation of the second factor requires a sweep from right to 
left in the x direction. At each grid point the following 4 x 4 system of equations is 
solved for 4q*š: 


At a At a 
LIF B Ac 44144-48, + BO 4.1. ME . (18.108) 


Since А can be factorised as in (18.106) the algorithm provided by (18.68—70) gives 
Aq** very efficiently. The solution of (18.108) is repeated for all grid lines in the y 
direction. The other systems of equations in (18.107) are dealt with in a similar 
manner to that of (18.108). 

Obayashi and Kuwahara (1986) apply the above algorithm to laminar shock 
boundary layer interaction and Fujii and Obayashi (1986) apply the algorithm to 
turbulent transonic flow about an aerofoil using a discretisation in generalised 
coordinates (Chap. 12 and Sect. 18.4). 


18.4 Generalised Coordinates 


To suit flows around. bodies of smooth but otherwise arbitrary shape it is 
convenient to introduce generalised, body-conforming coordinates (Chap. 12). The 
governing equations (18.6) for compressible viscous flow take a form not signifi- 
cantly more complicated than for Cartesian coordinates. For large Reynolds 
number flows with only small regions of separation it is computationally expedient 
to combine the use of generalised coordinates with the thin layer approximation 
(Sect. 18.1.3). An advantage of the thin layer approximation is that it streamlines 
considerably the implicit treatment of the viscous terms, particularly when con- 
structing an approximate factorisation algorithm (Sect. 18.4.1). 

The use of generalised coordinates leaves open the choice of discretisation in 
the computational domain. In Sect. 18.4.2 the group finite element method is used 
which introduces the explicit appearance of mass operators. In Sect. 18.4.2 it is 
shown how an approximate factorisation algorithm may be constructed which 
preserves the mass operator structure. 


18.4.1 Steger Thin Layer Formulation 


Using the techniques described іп Chap. 12 the equations governing two-dimen- 
sional compressible viscous flow are expressed in generalised coordinates as 


426 18. Compressible Viscous Flow 


oq oF! об! ов óS 


— +— =—+— , I8. 
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QvV* +n,p 
(E+p) V° 
0 0 
~ xTxx + Ty ~ -- — xTxx + Txx 
R=Re 1] 1 Es Tay апа $-Re !J^! 7 1» 
ёт, T 6, Ty, AxTxy Ty, 
S R ,+ 6,8, п. Ка 4,5, 


In forming (18.109) it is assumed that € = £(x, у), 7 = (х,у). The additional 
contributions to (18.110) for the more general case ë = (х, y,z,t), n = n(x, у, 2, t) 
are provided by Chaussee (1984) for three-dimensional flow. For simplicity of 
presentation (18.6-10) are considered in their laminar form, Ит. Pr; = 0, in this 
section. In addition, the Cartesian velocity components u and v have been non- 
dimensionalised with respect to a,,, the freestream speed of sound, density with 
respect to о, and the total energy with respect to 0,42. Consequently the 
Reynolds number Re = ox a, L/u, , where L is a characteristic length. 
In (18.110) J is the Jacobian and is given by 


The various metric coefficients, £,, etc., are evaluated numerically as in Sect. 12.2 
once the grid is constructed. The contravariant velocity components U^ and V* are 
related to the Cartesian velocity components u and v by 


U" = u+ čv, HV =n,Au+nu. (18.112) 


The flux vectors Ë! and G! are linked to the corresponding Cartesian flux 
vectors F! and G! (14.95) by 


F! - P1426! and 
Gah phe. (18.113) 


J J 
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The terms in the energy equation, R, and $4, are given by 


NE 
(y — I) Pr дх 

k да? 
(y—1)Pr ду” 


R4 = ut, +, + 





S4 = ит, vt, + (18.114) 


where the various stresses are obtained from (18.9) with и, = 0 and k" = 0. 

By handling the viscous terms at the shear stress level the need for direct 
evaluation of second derivative transformation parameters, e.g. £,,, is avoided. It 
may be recalled (Sect. 12.2.3) that second derivatives are handled less accurately 
than first derivatives when introducing generalised coordinates. After discretisation 
the viscous stresses, т,,, еіс., are defined at the grid points and a second trans- 
formation and discretisation is required to evaluate the viscous stresses from the 
velocity field. 

For flows at large Reynolds number viscous effects are only significant close to 
solid surfaces and in the wake regions. Consequently as long as flows with massive 
separation in the main flow direction are not being considered it is advantageous to 
introduce the thin layer approximation (Sect. 18.1.3). 

By an appropriate grid construction, e.g. a C grid around an isolated aerofoil, it 
is possible to ensure that the fine grid in one direction, say 4, properly resolves the 
significant viscous terms both adjacent to the solid surface and in the wake. As 
indicated in Fig. 18.2 a coarse grid is used parallel to the surface (¿ direction). On 
such a coarse grid € derivatives associated with viscous terms cannot be accurately 
resolved. Consequently all é derivatives arising from the R and $ terms in (18.109) 
are dropped. It is clear that the thin layer approximation is applied in the 
computational domain rather than in the physical domain. 

The thin layer approximation replaces (18.109) with 


eq ok! 26! as 


| 18.115 
a oE дт `n (18.115) 





After substituting for t,x, Etc., transforming to (č, у) coordinates and deleting 2 
derivatives, S takes the form 
0 
pns HNS) U, + (n 3)n, (n.u, + 0, v.) 
$-Re J| (иг nv, + (n/3)n (n.u, +My v.) (18.116) 
(02+ 2) (СС — D Pr]1(a?), + 0.5 u(u? + v?), | 
t (QU6) [n2 (2), +; (02), + 200, (uc), | 


An approximate factorisation algorithm, similar to the Beam and Warming scheme 
(Sect. 18.3.2), is constructed from (18.115). The result is 
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(1+ ВАША е3 LJ) BAL, В ВА, J MI —6,J7'L,, Agr! 
-—A [LE + L,- L, S]"— es J [V4 +(V,4,) 1 JG" ..— (18117) 
Operators L: and L., are second-order central difference operators, as in (18.145) 
with r, = 1. The Jacobians A = ёЁ!/дй and B = 0G'/0Q are constructed from the 


Jacobians of the Cartesian flux vectors A = CF'/óq and B = 0G!/0q by making use 
of (18.113). Thus 


А = 9s 4 + в апа 

` J J 

Р Hx Hy 

B= A+ 18.1 

B= At B. (18.118) 


The Cartesian Jacobians А and B are expressed in terms of the dependent 
variables by (14.99). The Jacobian M = 05/04 arises in the linearisation of 877! 
about S", i.e. as in (18.74). The Jacobian M has the following elements: 


0 0 0 0 
А т x ĉo tên xo 1/0 0 
MÑ- 21 ĉo 01 A n (18.119) 
M3, 2:00 7/0Ң 4,€Q Op 0 
ma, та? таз Mag 
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Equation (18.121) is based on the assumption of laminar flow; the equivalent eddy 
viscosity form follows directly from (18.9, 10). In forming M the dependence of u and 
k on the solution q is ignored. To include these terms would substantially increase 
the operation count of evaluating (18.117) for A4q"*' without increasing the 
accuracy significantly for unsteady flows and not at all for steady flows. 

Included in (18.117) are fourth-order explicit numerical dissipation terms 
(V. A.)2 and second-order implicit terms L.,, L,,. The explicit dissipation terms 
are introduced to damp high-frequency waves arising from the nonlinear terms on 
a finite grid, ie. aliasing, at large Reynolds number (Sect. 18.5.1). For small 
Reynolds number there is enough physical dissipation to control nonlinear in- 
stability. The algebraic form of (V, A;)2 is given after (17.51). 

If only the explicit dissipation term is included, the overall scheme is con- 
ditionally stable if zg, > 1/16. This restriction can be removed completely by 
introducing fourth-order implicit dissipation terms on the left-hand side of (18.117) 
as well. However this would produce a pentadiagonal system of equations which is 
more costly to solve than the tridiagonal system arising from the use of three-point 
operators. However, since the addition of numerical dissipation terms should be as 
small as possible it is convenient to add second-order implicit dissipation terms to 
the left-hand side of (18.117) with ғ; = 2eg and eg = At. At the body surface c; and 
Ер are set to zero. Adjacent to boundaries the explicit fourth-order operator is 
replaced by the second-order Laplacian operator. 

Equation (18.117) is solved in two stages, as with the Beam and Warming 
algorithm (18.78, 79), 


(1-84, Ағы Ly J) AGE, = 4, (18.122) 
and 

(1+ BAtL, B—BAtL,J~' МЈ —¢,J~'L,,)Ag"\' = 44%, (18.123) 
where 


AG’, = — AL, FL, GIL Sr — eJ (VA? +(V, 4,2] 54". (18.124) 


Equations (18.122) are 4 x 4 block tridiagonal systems of equations associated with 
grid lines in the ë and + directions, respectively. The choices fj = 0.5 and 1.0 
produce algorithms that are second and first-order accurate in time, respectively. 
When the pseudotransient construction (Sect. 6.4) is used to obtain the steady 
state solution the choice f — 1.0 is more robust and more efficient. 

The application of (18.122 and 123) with generalised coordinates is not signifi- 
cantly less efficient than the use of the Beam and Warming algorithm (18.78, 79) in 
Cartesian coordinates. This is primarily because the thin layer approximation and 
the assumption in forming M that и and k do not depend on q lead to a significantly 
simpler treatment of the viscous terms. 

In the early uses of this algorithm (Steger 1978, Pulliam and Steger 1980), the 


boundary conditions were implemented explicitly, i.e. " * ! is set equal to ў” on the 
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boundaries. This introduces a first-order error in time which is of no consequence 
in obtaining steady-state solutions. However, for unsteady problems or if the 
present algorithm is used in a space-marching context (Sect. 16.3.1) it is desirable to 
implement the boundary conditions implicitly so that second-order time accuracy 
is maintained. 

At the body surface the no-slip condition provides two boundary conditions 


u=v=0, (18.125) 
and specified temperature or an adiabatic wall provides a third, 
Т= Тыц ог дТ/дп=0, (18.126) 


where п is the direction normal to the body surface. For a grid which is locally 
orthogonal to the surface, as recommended in Chap. 13, the normal direction п will 
coincide with the generalised coordinate direction y (Fig. 18.7). 

For flows at high Reynolds number, the thin layer assumption implies 


др др 

—— T 0 18.127 

Эп an ; ( ) 
as long as the surface curvature Is not too great. Combining (18.125, 127) and (18.8) 


implies that at the surface 


дЕ ДЕ 
——=-——=—0. 18.128 
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If this is implemented with a one-sided, first-order accurate finite difference 
expression, then 


E.,—E. 
Cw c9 or Ej —E;., (18.129) 


where grid point ( J, 1) lies on the surface. 
For an adiabatic wall, 07/0g = 0 can be combined with the ideal gas law 
p = оКТ and (18.127) to give 


до/0ң = 0 , (18.130) 
which is implemented as 
Qi1-—89;2 . (18.131) 


If the wall temperature is specified, then the ideal gas law gives 


Dii 
‚у = : . 18.132 
өм КТ, ай ( ) 
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The above boundary conditions need to be combined with the approximate 
factorisation algorithm (18.122—124). The first stage, (18.122), can be implemented 
without difficulty for k = 1 (ie. along the body surface) as long as one-sided 
difference formulae аге used to evaluate ң derivatives in (18.124). For the second- 
stage the block equation formed at the wall can be written 


BAQ *,'+CAq?4' = D* , where (18.133) 


—J,/J, 0 0 0 
0 l 0 0 


В- ` 
i 0 0 ] 0 
0 00 -J/h 
1 0 0 0 
0 0 0 0 
C= and D* = {0,0,0,0}" . (18.134) 
0 0 0 0 
0 0 0 1 


The form of B, C and D* is appropriate to the adiabatic wall condition. For a 
specified wall temperature D* is the same but B and C become 


1 0 0 -I/RT, 0000 
0 1 O 0 0000 

В = . C= (18.135) 
0 I 0 0000 
000 -Л/у, 0001 


Equation (18.133) is combined with the interior grid point equations to form 
tridiagonal systems on each n grid line (different j value). 

In the farfield the flow is essentially inviscid and boundary conditions are 
constructed based on characteristic theory (Sect. 14.2.8). These farfield boundary 
conditions can also be embedded implicitly in the. approximate factorisation 
algorithm (Rai and Chaussee 1984). 

The three-dimensional version of the above algorithm has been used to obtain 
the flow behaviour about a hemispherical cylinder at 19° incidence for М, = 1.2 
and Re = 222500 based on cylinder diameter. The pressure variation along the 
length of the hemisphere cylinder is shown in Fig. 18.7. 

These results were obtained on an exponentially-stretched grid with 48 points 
along the cylinder axis, 20 radial points and 12 circumferential points, Symmetry 
about a vertical plane through the hemispherical cylinder is assumed. The spherical 
grid has 30 axial and radial points and 12-18 circumferential points. This is a 
relatively coarse grid and to compensate for this the solutions shown in Fig. 18.7 
were obtained with five-point fourth-order differencing of the convective terms on 
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Fig. 18.7. Pressure distribution for hemi- 
spherical cylinder at M, and «=19° 
2.0 М 2а 19 (after Pulliam and Steger, 1980; reprinted 
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the right-hand side of (18.124). With 8 = 1 the algorithm is still unconditionally 
stable, with 8 = 0.5 it is unconditionally unstable. 

The numerical solutions (Pulliam and Steger 1980) show good agreement with 
the experimental data of Hsieh (1976) except that the numerical results show a 
slightly more downstream separation (S in Fig. 18.7) over the hemispherical nose 
along the leeward line of symmetry. The point R denotes the predicted reattach- 
ment of the streamwise flow. The algorithm is also successful in predicting the 
complicated cross flow separation patterns (not shown). This example indicates the 
power of the present method and the effectiveness of the thin layer assumption even 
if streamwise separation occurs. 


18.4.2 Approximate Factorisation Finite Element Method 


For transonic viscous flow it is possible to accurately represent the flow behaviour 
by (18.80-82). In generalised coordinates (18.80) becomes 
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A LLLI LL 18.1 
aoe On 08 Rm on?’ (18.136) 
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‚ fe ои ov i" 
4-5%} , (18.137) 
ou, 
F = 7 | exp QUU, + (46,./3 + Epy) Ube - (6,,/3) vu, |, (18.138) 
ёр + QvU, + (Exx 46,,/3) vn, + (2. /3)un, 
| QV. 
G = 7 | n.p + QUV, + (4n,./3 + yy) uu, + (Ny, /3) He | , (18.139) 
Ny P+ OVV: + (Nex 4n,,/3)vn, + (n. /3) Ube 
| 0(22 + 22)о/Ке 
R= у | CBB HED uM + EE 0/9), | (18.140) 
(E2 c 4€ /3)vu, + Š C, (иЗ) н, 
| 20(ё „+ 6,n,)o/Re 
5=7 244,,/3-- Š n)up, + (£n, + 6.0/3) |, (18.141) 
2(ё m, 42 n / 3op, + (6,0, TH 2. )(u/3)u, 
| 0(n2 + n2)o/Re 
T= 7 (4ң2/3--ң шы tnyny(v/3)u. |. (18.142) 


(02+ 4n2/3yon, + n.n, (u/3)n, 


It may be noted that (18.80) corresponds to (12.54) and (18.136) corresponds to 
(12.61). 

As was the case for Cartesian coordinates (18.80), it is possible to discretise 
(18.136) without regard for the detailed form of F, etc. Thus, using the group 
formulation, as in (18.83), with bilinear interpolation in rectangular elements, 


4 
F= У No y, . (18.143) 


Applying the Galerkin finite element method (Chap. 5) to (18.136), after substi- 
tution of expressions like (18.143), produces the result 


M. © M,0q/ét+ M, & L.F + M; @ L,E 
—M,@ L;,R-L, S L$-M;& L,,T =0 , (18.144) 
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which is structurally equivalent to (18.84). Тһе directional mass and difference 
operators appearing in (18.144) are defined as 


| I+r; r; r 1+т 1V 
Mes g 3 a, м,-(1, 3 sa 5 


L: = » L= БЕРУГЕ То, (18.145) 


1\ 1 А l | ИО 
Le=|1,-(1+—],—|/ 46, ім-|-.-(1--1,1 АҢ . 
Fej Ve " r, r, 











The operator definitions shown in (18.145) correspond to a nonuniform grid in 
(ë, n) space (Fig. 18.8). This tends to produce less extreme values of the transform- 
ation parameters 6,, etc., than if a uniform rectangular grid (r, = ғ, = 1) is used in 
(ë, n) space. The equivalent two-stage block-tridiagonal algorithm to (18.85, 86) 
becomes 





Fig. 18.8. Grid in (č, 4) space 
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and 


В oT eG , , 
M,———At| L _ L _ Aq" * ! = Aq* 18.147 
| "n 1+7 "n eq "n eq q q E ( ) 


where fj and у are parameters controlling the time-marching algorithm (8.26). The 
choice В = 1.0, y = 0.5 gives the three-level fully implicit algorithm which is second- 
order accurate in time. The augmented right-hand side (RHS) includes the extra 
contribution associated with the explicit treatment of the cross-derivative term, i.e. 





aS А 
(ану = (RS! £L, 6 L (2. At" (18.148) 
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and 


(RHS? = M, @ LR- 2. 9 L,S-M: Q L,T— M, @ L,F — M, @ L,G . 
(18.149) 


Equations (18.146, 147) produce 3x 3 block tridiagonal systems of equations 
associated with each é and n gridline respectively. These are solved efficiently using 
the algorithm described in Sect. 6.2.5. 

The above algorithm is described in more detail by Srinivas and Fletcher (1985) 
and in a broader context by Fletcher and Srinivas (1985). 

For the flow past an asymmetric trailing edge (Fig. 18.9) the use of generalised 
coordinates produces a computational domain in which the finite thickness trailing 
edge becomes a zero-thickness flat plate, ie. D coincides with B in the compu- 
tational domain. 





E F 

D S 

B C 
Fig. 18.9. Asymmetric trailing edge 
geometry; flow left to right 

А 


Solutions have been obtained (Srinivas and Fletcher 1986) using the above 
algorithm for the flow conditions M , = 0.4 and Re =26 x 10°, Turbulence effects 
are represented by ап algebraic eddy viscosity model (18.12-16). The above 
algorithm has been used in a pseudotransient sense to obtain steady-state sol- 
utions. For the velocity distributions adjacent to and downstream of the trailing 
edge (Fig. 18.10) convergence is assumed when the r.m.s. value of (R HS)‘ in (18.148) 
is less than 1077, For a 41(x, 2) Бу 82(у, n) grid this requires approximately 1000 
time-steps. 

At the solid surfaces DSCB both velocity components are set to Zero. Adjacent 
to the solid surfaces, wall functions, Sect. 18.1.1, are used to specify the normal 
variation of the tangential velocity component. At the inlet, AB and ED in Fig. 18.9, 
u = 1.0 and v=0 far from the body. Close to the body a 1/7 power law flat plate 
boundary layer profile appropriate to the local Reynolds number is specified. The 
pressure on the inflow boundary is obtained from the interior solution using the 
discrete form of the characteristic relationship 


=0. (18.150) 
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Fig. 18.10. Velocity distribution behind the trailing edge 


On freestream boundaries, AG and EF, и = 1.0 and v = 0. The pressure is obtained 
from the interior solution via the discrete form of the characteristic relationship 


e д 
P "-0. (18.151) 


At the downstream boundary, FG in Fig. 18.9, 


Си CU 

— = — =Í) 

бх 0, дх and 

ep ди 

— — oa — + 0.3(p— =0. . 
21 Qa + (р—р„)=0 (18.152) 


Equation (18.152) is a non-reflecting boundary condition that helps to accelerate 
convergence to the steady-state (Sect. 14.2.8). 

In Fig. 18.10, x is measured from the trailing edge (C in Fig. 18.9). The 
computational results obtained on a 41(x) by 82(у) grid, are seen to be in good 
agreement with the experimental results of Cleary et al. (1980). The computational 
results of Cleary et al. are based on a finite difference solution using a two-equation 
turbulence model on а 60(x) by 100(у) grid. However a later finite difference 
solution (Horstman 1983) on a 79 by 82 grid with a modified turbulence model 
does achieve better agreement with the experimental results. 
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18.5 Numerical Dissipation 


In Sect. 9.2 the truncation error, introduced in replacing the continuous governing 
equation with a discrete equivalent, is interpreted as a source of numerical 
dissipation and dispersion. It is demonstrated that large amounts of either are 
undesirable, particularly numerical dissipation if it is of comparable magnitude or 
larger than the physical dissipation. 

However, it is also noted in Sect. 9.2 that dissipation, numerical or physical, 
does attenuate small wavelengths very effectively with a much smaller impact on 
large wavelengths. This last feature can be exploited to put numerical dissipation to 
good use in computing high Reynolds number flows or flows with shock waves. 

In analysing flow behaviour it is often useful to carry out a Fourier analysis of 
the physical variables, e.g. velocity components or pressure, to determine the 
amplitude associated with different wave-numbers. А Fourier analysis can be made 
over time or space as appropriate. The wave number can be interpreted as an 
inverse time or length scale. 

The instantaneous velocity distribution through a shock wave, e.g. obtained by 
solving the one-dimensional Euler equations, is depicted in Fig. 18.11a. A Fourier 
analysis of u(x) can be written 


u(x) 


о(х)= Харехр(ітх) т 


Fig. 18.11a, b. Spectral analysis of a discontinuous function. (a) Velocity profile; (b) spectral analysis 


N 
u(x)— > а,ехр(тх), (18.153) 
т= – № 

where m is the wave number (Sect. 9.2) and а, is the amplitude of the mth 
component. The corresponding spectral analysis, 1.е. the variation of amplitude 
with wave number, is shown in Кір, 18.11b. Clearly, large amplitudes are associated 
with small wave numbers, i.e. large length scales. Small but finite amplitudes are 
associated with large wave numbers, Le. small length scales. It can be seen that in 
representing a discontinuous velocity distribution as produced by a shock wave, all 
scales are present. 

Solutions obtained on a finite grid can only support a finite number of wave 
numbers in the discrete Fourier series (18.153). A grid of NX equally spaced points 
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will support wave numbers up to N =(NX — 1)/2 if the solution is represented Бу 
(18.153). Clearly, a shock wave “contains” wave numbers greater than N with finite 
amplitude. 

It may be recalled (Sect. 10.1.1) that it is the nonlinear convective terms that 
lead to steepening of the profile and in the absence of dissipation to the presence of 
discontinuous profiles or “shocks”. However, when the u solution is interpreted as 
a Fourier series, the convective term u@u/@x is seen to introduce a product 


ди 
u— >i аһ em) lae ilx . 
Ox 


which implies the appearance of wave numbers т- and m+ I. Thus a discrete 
unsteady solution, containing wave numbers up to m = М, constantly generates 
larger wave numbers at each time step. The amplitude of wave numbers greater 
than N add, spuriously, to wave numbers lower than N. Reconstruction of the 
solution indicates that an aliasing error is being introduced. If unchecked this 
aliasing error will cause nonlinear instability. 

This process is shown schematically in Fig. 18.12. Wave numbers greater than 
N (coinciding with the cut-off wave number m = 2/Ax) are referred to as subgrid 
wave numbers. Numerical dissipation is deliberately introduced so as to cause a 
rapid reduction in amplitude of wave numbers close to, and by implication, greater 
than the cut-off wave number. This has the effect of blocking the aliasing process 
from taking place. It may be noted that for a typical high Reynolds number flow 
the physical dissipation, associated with the eddy viscosity, is only able to attenuate 
much larger wave numbers. 
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BEEN Fig. 18.12. Numerical dissipation of 
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For flows with shocks the numerical dissipation is applied locally, Le. at the 
shock. This can be introduced explicitly as in Sect. 14.2.7. However, the flux- 
limiting schemes described in Sects, 14.2.6 and 18.5.2 can also be interpreted as a 
conventional (central) differencing plus numerical dissipation. For high Reynolds 
number flow, away from shocks, the level of numerical dissipation required to 
control aliasing is much smaller than for shocks, primarily because the amplitudes 
in the equivalent of Fig. 18.1! are much smaller. In regions where physical 
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dissipation is significant, ie. in shear layers, it is necessary to ensure that the 
numerical dissipation is much less than the physical dissipation. In essentially 
inviscid regions the numerical dissipation should be sufficiently small so that the 
balance between other terms in the governing equation is not changed, i.e. that the 
solution is unaffected. 


18.5.1 High Reynolds Number Flows 


For flows at high Reynolds numbers past a stationary body, viscous and turbu- 
lence effects only influence the solution close to the body. Turbulence, particularly 
through eddy viscosity turbulence models (Sect. 18.1.1), provides a direct physical 
dissipation mechanism in the momentum equations. Laminar viscous effects are 
negligible by comparison. To resolve the severe normal velocity gradients a fine 
grid is required and the magnitude of the physical dissipation is sufficient to control 
the aliasing indicated in Fig. 18.12. 

However, away from the body the eddy viscosity, and hence the physical 
dissipation, is negligible. In this region the solution is determined by the balance 
between the convection and pressure gradient terms. To control aliasing and 
nonlinear instability it is necessary to add numerical dissipation. 

It may be recalled from Sect. 17.1.1 that, with symmetric differencing of the 
pressure gradient term and use of the same grid-point locations for all dependent 
variables, there is a tendency for the pressure solution to be oscillatory. Since there 
is no term in the compressible Navier-Stokes equations which provides direct 
pressure dissipation, oscillatory pressure solutions are also to be expected away 
from the body if the physical dissipation, which acts through the velocity field, is 
insufficient, 

MacCormack and Baldwin (1975) endeavour to control potentially oscillatory 
pressure and velocity fields by adding a dissipative term of the following form to the 
right-hand side of (18.6): 


4 0 (( (ul a) 
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This term introduces a fourth-order error and can be interpreted as a smoothing 
term on q whose coefficient is proportional to |¢?p/@x?|. H oscillations in p develop, 
the smoothing on q is increased. Since p is coupled with the q solution through 
(18.8) the p field will also be smoothed. For stability it is necessary that 0 < eg < 0.5 
when used with the MacCormack explicit scheme, Sect. 18.2.1. MacCormack and 
Baldwin add (18.154) to the P, operators in the split scheme (18.44) used to study 
shock boundary layer interactions. 
A more widely used form of numerical dissipation is to add 
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to the right-hand side of (18.6). On a uniform grid (4x*)0*q/0x* is discretised as 
4444 
(Ах )54 х4;-:.-44; 1,4 “64; -44;;1, Fajk o (18,156) 


and similarly for (Ay*)é*q/éy*. In generalised coordinates this type of numerical 
dissipation is included in the Steger approximate factorisation implicit scheme 
(18.122-124) as 


—£&gJ (VA)  (V,A,) ]JQ . (18.157) 


on the right-hand side of (18.117). It may be recalled from Sect. 9.1.2 that a fourth 
derivative term on the right-hand side of (18.6) introduces positive dissipation if its 
coefficient is negative. 

The fourth-order dissipation (18.155) is also used in the artificial compressibility 
scheme (17.51) for incompressible flow, in the spatial marching scheme (16.145) for 
supersonic viscous flow and in obtaining steady solutions of the Euler equations, 
Sect. 14.2.8, 


18.5.2 Shock Waves 


If shock waves are present in the computational domain the "background" 
numerical dissipation described in Sect. 18.5.1 is insufficient to prevent dispersive 
oscillations close to the shock wave, in the essentially inviscid parts of the domain. 
Close to a solid surface the physical dissipative mechanisms reduce the severe 
gradients associated with the shock and additional numerical dissipation is not 
required, unless the shock is very strong. 

The explicit addition of numerical dissipation (artificial viscosity) to smooth 
shock profiles is described in Sect. 14.2.3. This can cause a considerable spreading 
out of the shock profile (Fig.14.18). FCT algorithms and TVD schemes 
(Sect. 14.2.6) can be interpreted as adding numerical dissipation until shock profiles 
are monotonic and then selectively removing it to sharpen the shock profile. In this 
section a typical TVD scheme will be examined from the perspective of a three- 
point central differencing (second-order) with the addition of numerical dissipation. 
This type of interpretation lends itself to the construction of more efficient implicit 
algorithms for computing steady compressible turbulent flows when shocks are 





present. 
А nonlinear scalar conservation law is written as 
др Of(Q) 
E =0, 18.158 
Ct + дх ( 


and и(о) = С//0о. 
The TVD scheme (14.88, 89) can be written 
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fia =95( +51) = 95[6(0) C]; 124 fi i2 
-05e[1— $0] Ла. (18.160) 


Сато = Uj iia At/ Ax, 0 — 8gnC,, уу and ф(г) is the limiter. Various choices for 
ф(ғ) are possible; one particular choice is provided by (14.86). 

If (18.160) and an equivalent expression for /,_ 1/: are substituted into (18.159) it 
is apparent that the term, 0.5( f; -- fj, ,), contributes to a three-point centred 
difference discretisation of 27 /0x. The other terms in (18.160) contribute to numeri- 
cal dissipation when substituted into (18.159). 

Equation (18.159) is an explicit algorithm that is suitable for unsteady prob- 
lems. For problems governed by the steady Euler or compressible Navier-Stokes 
equations it is desirable to use an implicit algorithm and to use a form of numerical 
flux that is independent of the time-step so that the steady-state solution will be 
independent of the time-step. 

Yee (1987) achieves these goals by replacing (18.159) with 


~~ 


At ~ At ~ - 
oj! +B Оо f ej - 0 BF fea Ji- 12) > (18.161) 
where f has the same role as in (18.73). Equation (18.160) is replaced with 


fiia = 6.5( f; + fic 1) — 9.5]uj. ial E! — $ó(r)lj.i1240j«12 . (18.162) 


It is found that for (18.161) to be TVD, (14.81), it is necessary to introduce a CFL- 
line restriction 
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At 
Ше S aq - fy . (18.163) 





То compute steady solutions it is recommended that f = | is used in (18.161) with 
the result that (18.163) is satisfied for any choice of At. 

To make use of a tridiagonal solver (Sect. 6.2.3) it is necessary to linearise 
(18.161) about time-level n to generate a linear system of equations for Ao"* +. This 
produces the tridiagonal system 


At ~ ~ 
Bj Ло? 1 + Bj Ло)! + BRAT = — (а f 1). (18.164) 
AX 


where 


At At 
В! =05B (uji E-a) > В) = 1 +0.58 (E uat Ejs 1/2) » 
(18.165) 
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Due to the nature of the coefficients В}, B;, Bš, (18.164) is a five-point scheme 
although tridiagonal in Ag. For purely steady-state calculations, obtained via the 
pseudotransient construction (Sect. 6.4), it is more economical (Yee 1987) to drop 
the limiter in E in (18.165) so that E;, ,,; = |uj, ,,?]. However, the limiters are 
retained on the right-hand side of (18.164) so that the scheme 18 spatially second- 
order accurate. 

The TVD scheme extends to systems of equations like the Euler equations 
(Sect. 14.2.6) by splitting each component equation into a system of characteristic 
fields as іг 414,91-92). The above algorithm is applied to each characteristic field. 
When the contributions from the characteristic fields are added together, (18.164) is 
replaced by a block tridiagonal scheme. 

This can be illustrated for the one-dimensional Euler equations (14.43) 


—+— =0. (18.166) 








~ tA =O, (18.167) 


where the Jacobian A = CF /ĉq. The elements of A for the equivalent two-dimen- 
sional problem are given by (14.99). The Jacobian A is factorised as in (18.60): 


A=T,'A,T,, (18.168) 
where the diagonal matrix A, contains the eigenvalues of 4, ie. diagA, = {u, 


и--а,и-а). 
The equivalent of the implicit algorithm (18.164, 165) to solve (18.166) is 


At ~ ~ 
Bj Aq LB qj + Вла = = (Вулева). (18.169) 
where 
| At n At n 
Bj = 058 — (4,1 Ё) > В -1-05 (Ej i TE; u) , 
(18.170) 
3 At n 
By = 058 (Aj i Ёла) , and 


Ёз = 05(F; Е: Tasa; (18.171) 


The term ®,,,,. is equivalent to the second term on the right-hand side of 
(18.162) and contains the contributions ф5, ,,. from each (Ith) characteristic field 


pis 127 ЖЕР val! — Ф) 1,3, T cud —4;) . (18.172) 
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The terms E in (18.170) are given by 
E412 = LT 9 Taljan , where (18.173) 
Фаро j44,2 = (AU — $0) ja : (18.174) 


Equation (18.169) is block tridiagonal and can be solved efficiently using the 
algorithm described in Sect. 6.2.5. If (18.171) is substituted into (18.169) it is clear 
that the spatial discretisation can be interpreted as central differencing of the flux F 
plus additional numerical dissipation constructed from the individual character- 
istic fields. 

Essentially the same algorithm can be extended to multi-dimensions by in- 
troducing an approximate factorisation algorithm, as in Sect. 18.3.2. Yee (1987) 
discusses means of diagonalising the left-hand side of (18.169) so that the steady 
state may be reached more economically. 

For flows with irregular computational domains the present formulation can be 
expressed in generalised coordinates (Yee and Harten 1985) leading to an al- 
gorithm closely related to that in Sect. 18.4.1, except for the TVD numerical 
dissipation treatment of the convective terms. For inviscid steady flow about a 
МАСА 0012 aerofoil inclined at an angle of 7° and with М, = 1.2 Yee obtains 
solutions using the above algorithm on a 163 x 49 grid. A comparison is made with 
the ARC2D code of Pulliam and Steger (1985), which is a slightly refined version of 
the algorithm described in Sect. 18.4.1. As might be expected, the present algorithm 
provides a better solution in the region of the bow shock and the trailing edge 
shock that forms on the top surface of the aerofoil. The disparity between the two 
methods becomes greater when the freestream Mach number is increased to 
M, = 1.8. The disparity occurs in the immediate vicinity of the shocks and is due to 
the increase in local shock strength. 

Away from the shock regions the solutions produced by the two methods are 
very similar; in particular, the surface pressure distributions are identical. It should 
be noted that the evaluation of the TVD numerical dissipation, even if this is only 
done on the equivalent of the right-hand side of (18.169), adds significantly to the 
overall execution time. 

For unsteady flows it is more accurate to use an explicit scheme, f = 0 in 
(18.169-174). Yee (1986) has considered the passage of a planar shock past a МАСА 
0018 aerofoil at 30° incidence. The shock speed is М, = 1.5 and the solutions аге 
obtained on a 299 х 79 C-grid. The density solutions are compared with the 
experimentally determined density interferograms of Mandella and Bershader 
(1987) in Fig. 18.13. The capability of accurately predicting the complex shock 
interactions Is apparent. 

It may be noted that, by interpreting TVD schemes as providing additional 
numerical dissipation to conventionally centred differenced inviscid flux terms it is 
straightforward to modify existing computer codes to incorporate additional 
numerical dissipations (Yee 1987). To make this an economical modification it is 
necessary to test the local gradients and to introduce the TVD dissipation only 
when the gradients are sufficiently severe, Le. in regions where shocks occur. 
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TVD schemes to discretise the inviscid terms are readily combined with centred 
differencing of the viscous and turbulent terms іп the compressible Navier-Stokes 
equations leading to block tridiagonal algorithms comparable to (18.169). The 
pseudotransient solution of the multidimensional compressible steady Navier— 
Stokes equations with TVD discretisation may be via approximate factorisation 
(Yee 1987), block bidiagonal (Lombard et al. 1986) or relaxation schemes 
(Chakravarthy 1987). 

Additionally, the TVD algorithm may be based on flux vector splitting similar 
to that discussed in Sect. 14.2.5. Walters et al. (1986) describes an algorithm to 
compute solutions to the compressible Navier-Stokes equations that combines the 
flux-vector splitting of van Leer (1982) with either approximate factorisation or 
relaxation schemes to advance the pseudotransient solution. The flux-vector 
splitting algorithm can also be interpreted (MacCormack 1984) as a numerically 
dissipative modification to a centred difference treatment of the inviscid fluxes. 


18.6 Closure 


Computational solutions of the full compressible Navier-Stokes equations, for 
other than very simple computational domains, are a relatively recent phenom- 
enon. The various algorithms available up to 1975 are lucidly summarised by 
Peyret and Viviand (1975). Most of these algorithms were explicit. Within four 
years, (MacCormack and Lomax 1979), the situation had changed significantly, 
with many very efficient implicit algorithms (Sects. 18.3.2 and 18.4.1) becoming 
available. This, coupled with the development of generalized-coordinate algor- 
ithms (Sect. 18.4.1), facilitated the solution for complicated domains exemplified by 
the flow around a two-dimensional aerofoil (Steger 1978). 

Ten years after Peyret and Viviand, Shang (1985) indicates that, primarily due 
to the advance in computer hardware (Chap. 1), flows around most of the com- 
ponents that make up an aircraft can be predicted reasonably efficiently. It is 
expected that computations of the compressible turbulent flowfield about complete 
aircraft (Anon 1986) will soon be sufficiently economical to form the backbone of 
the design process. 

It seems likely that such large-scale computations will be based broadly on the 
algorithms described in this chapter, particularly Sect. 18.4.1. TVD schemes, and 
possibly adaptive grids (Thompson 1984), are expected to provide the primary 
means of obtaining sharp shock simulation. 

For steady flow predictions the main area for future improvement is in the 
acceleration of the convergence process to the steady state. Although multigrid 
techniques are helpful it is not clear whether they will be as effective as for the Euler 
equations alone due to the wider range of grid scales in the computational domain, 
particularly if a zonal strategy is exploited (Holst et al. 1986). Alternatives to the 
approximate factorisation construction, such as Newton’s method (Sect. 6.1), may 
provide more efficient iterative or smoothing schemes to reach the steady state. 
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However, the effectiveness of such techniques will depend on using discretisation 
constructions that reinforce diagonal dominance. 

The other major area of future development is the improvement of turbulence 
models. Presently most of the impetus in this area comes from computing in- 
compressible flows. From a design perspective algebraic eddy viscosity models 
(Sect. 18.1.1) do give accurate predictions of mean flow quantities, such as the 
surface pressure distribution, as long as the flow is attached. But where substantial 
areas of separated and/or unsteady flow are to be expected more elaborate 
turbulence models, involving the direct solution for the Reynolds stresses, will be 
required to augment the compressible Navier-Stokes equations. However, the 
structure of the additional equations modelling the turbulence is similar to that of 
the Navier-Stokes equations so that no significant changes in the form of the 
computational algorithm are expected. 

What is more likely to alter the optimal choice for the computational algorithm 
are developments in computer architecture. As computers based оп parallel 
processors, perhaps one per grid point, become more widespread (Ortega and 
Voigt 1985) simpler explicit (Sect. 18.2) algorithms will probably be more cost 
effective. 

In this chapter the discretisation process has been described in terms of finite 
difference and finite element techniques. However finite volume techniques are also 
very effective and widely used (Deiwert 1984). There have not been many 
applications of spectral methods to the compressible Navier-Stokes equations 
(Hussaini and Zang 1987), primarily because of the difficulty with embedded 
shocks. 


18.7 Problems 


Physical Simplifications (Sect. 18.1) 


181 Show that the continuity equation in two-dimensional turbulent flow can be 
written as, 


(a) with conventional Reynolds averaging, 


00 | Hou) дош) | ov) дег) _ 
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0, (18.175) 


= 


with mass-weighted Reynolds averaging, 
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=0. (18.176) 


1822 Apply а “Couette” model to the two-dimensional incompressible turbulent 
x-momentum equation and show that close to a solid surface (у = 0) 


др 
Ох 


т—т„= 


y, (18.177) 


18.3 


18.4 
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where the local shear stress т = (v + ут)ди/ду and др/дх is assumed constant 
across the layer. Introduce a mix:ng length representation vr = (ky)^|Ou/Oy|, 
and assuming v+ > v, show that 


1/2 
22) | (18.178) 
ду дх 

Show that (18.23) can be obtained from (18.178) if др/дх = 0. 

Develop a discretised form of (18.178) which will permit the u velocity 
component to be obtained at the grid point adjacent to the wall. 

Obtain (18.26) and (18.27) from the steady energy equation (18.24). Carry out 
an order-of-magnitude analysis, as in Sect. 16.1.1, and show that (18.26) can 
be simplified to give (18.29). 

Delete all x-derivatives associated with viscous terms in (18.6-10) and show 
that the thin layer approximation (18.31, 32) is obtained. 


Explicit Schemes (Sect. 18.2) 


18.5 


18.6 


18.7 


18.8 


For the explicit MacCormack scheme (18.35, 36) carry out a Taylor series 
expansion, at the F, G level, and show that the leading term in the truncation 
error is O(At?, Ax?). 

For the explicit MacCormack scheme applied to (18.49), show that a von 
Neumann stability analysis (Sect. 4.3) indicates the following restriction on 
At for a stable solution: 


2 
At E I———— . 
2u + aAx 


For the time-split MacCormack method write (18.43) applied to (18.6) in an 
appropriate predictor, corrector format. 

Consider the application of the Wambecq scheme (18.47) to the diffusion 
equation 


Ou д?и 
ae ax? 
Show that, if b= —0.5 and c=1, 

Aut = AtuL,,w" , Aw? = AtuL,,u* and 
Au? = Atu L,,(1.5u" — 0.5и*) , 


0. (18.179) 


where u* = и" + Au! and L,, is the three-point centred-difference represen- 
tation of 6*u/dx?. Assume that the scalar products are such that (e, f) 
= ne; f, Le. all elements of e and f are equal. Then show that the Wambecq 
scheme becomes 


(Г.и)? 


Auntl = At . 
и 1. 015и" — 0.5u*) 


(18.180) 
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Implement the true Wambecq scheme and (18.180) applied to (18.179) and 
determine empirically if there are any limits on At for stable solutions. 


Implicit Schemes (Sect. 18.3) 


18.9 Show that the additional (implicit) terms in (18.53 and 54) can be interpreted 
as third-order (in time) perturbations to (18.50 and 51). 

18.10 If å is given by (18.55) demonstrate that (18.53 and 54) are unconditionally 
stable. 

18.11 Starting with (18.58), derive the algorithm given by (18.65, 67, 69 and 70). 

18.12 ^ »ply the Beam and Warming algorithm to the two-dimensional transport 
equation (9.81), and show that the equivalent of (18.78 and 79) is given by 
(9.88 and 89) with M, = M7 = {0, 1, 0}. 

18.13 Starting with (18.84) derive the approximate factorisation algorithm given 
by (18.85-87). 

18.14 Expand the left-hand and right-hand sides of (18.92) as Taylor series and 
identify the additional dissipative terms introduced on the right-hand side. 
Consequently comment on the suitability of the overall algorithm (18.96, 97) 
for unsteady problems. 


Generalised Coordinates (Sect. 18.4) 


18.15 Show that the elements of Š in (18.116) are obtained by dropping é 
derivatives (as part of the thin layer approximation) in the expression for 
Š given by (18.110). 

18.16 Derive the coefficients of M given by (18.119-121). 

18.17 By using the results of Sect. 12.3, demonstrate that (18.136-142) can be 
obtained from (18.80- 82). 


Numerical Dissipation (Sect. 18.5) 


18.18 Add a fourth-order dissipative term eg Ax*0^ Т/2х4 to the left-hand side of 
the one-dimensional transport equation (9.56). Apply a general two level 
implicit scheme 
A T"*1 

At 





= BRHS"*' +(1— fgJRHS" , 


where RHS contains all of the spatial terms discretised with centred finite 
difference expressions, three-point for ôT/ôx and д°Т/ёх? and five-point 
(18.156) for д*Т/дх®. 

Apply a von Neumann analysis to determine the limits on At as a function of 
ср and fj, for a stable solution, particularly when x/u is very small. 

18.19 Substitute (18.160) into (18.159) and show that the result can be written as a 
conventional centred difference construction plus additional dissipative 
terms. Demonstrate that this is also the case when (18.162) is substituted into 
(18.161). 
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— and boundary conditions for Euler equa- 
tions 2(40,41) 

— physical simplifications 2(395) 

computational efficiency 

— and operation count estimates 1(92-94) 

- - Euler vs potential flow codes 2(194) 

computer 

- architecture 1(5) 

— hardware 1(3) 

--speed 1(4—6) 

conformal coordinates 2(53) 

— metrics 2(308, 309) 

conformal mapping 

— and potential flow 2(87) 

— one-step 2(90-93) 

— sequential, for streamlined bodies 2(87-89) 

conjugate gradient method 1(200) 

— as an acceleration technique 1(201-203) 

connectivity 1(358) 

conservation form of Burgers’ equation 1(333) 

conservation 

— of energy 1(11) 

- of mass 1(11, 38, 107) 

— of momentum 1(11) 

consistency 1(73, 75-79) 

- and modified equation method 1(290) 

— connection with truncation error 1(77—78) 
of DuFort-Frankel scheme 1(220, 221) 

~ of FTCS scheme (77-78) 

— of fully implicit scheme 1(78) 

constant total enthalpy condition 2(395, 401—402) 

continuity equation 1(34, 105); 2(6) 

continuum hypothesis 2(1) 

contravariant velocity components 2(187,426) 

convection 111, 12, 149) 

convection diffusion equation 1(293-298) 

— and nonuniform grid accuracy 1(349-350) 

— and cell Reynolds number 1(294-296) 

— and oscillatory solution 294-295) 

convection equation, linear 1(31, 277-286) 

— algebraic schemes for 1(279,280) 

— numerical algorithms for 1(277-283) 

—sine wave propagation 1(284-286) 

convective nonlinearity 1(331) 

— cubic. 1(359) 

— quadratic 1(359) 
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convective term, asymmetric discretisation 1(276) 
convergence 1(57,73-76) 
— Newton's method 1(165, 170, 176) 
— numerical (58, 60, 75-76, 116, 134, 226, 235, 
236, 239, 240) 
— numerical, for 2D Burgers’ equation 
1(359, 360) 
— pseudotransient Newton’s method 1(210) 
- quadratic, for Newton’s method 1(165, 170) 
— radius of 1(166, 179) 
rate 1(76, 78, 116, 134, 226, 235, 236, 239, 240) 
- rate, numerical 1(235, 236, 239, 240) 
— rate of iteration and strong ellipticity 1(198) 
coordinate system, element based 1(121, 124, 127) 
— generalised 1(352) 
coordinate tre *sformation 1(22-23) 
correction storage (CS) method (see also multigrid 
method} 1(206) 
cost of software and hardware 1(3,4) 
COUNT: program to obtain basic operation ex- 
ecution time 1(375) 
Courant (CFL) number 1(278) 
-- for compressible flow 2(408, 418) 
- and pseudotransient formulation 2(418) 
CPSM method, boundary conditions for press- 
ure 2(347) 
— time step restriction 2(348) 
Crank-Nicolson scheme 
—and Richardson extrapolation 1(90) 
—for linear convection equation 1(283, 284, 
286, 291) 
— for systems of equations 1(353-355) 
—for 1D Burgers’ equation 1(337,338) 
— for 1D diffusion scheme 1(228-229) 
— for 1D transport equation 1(304-305) 
— апа four-point upwind scheme 1(305) 
-and mass operator method 1(305) 
— for 3D boundary layer flow 2(238) 
-- generalised for 1D Burgers’ equation 
1(338, 339) 
- - generalised for 2D diffusion scheme 1(261) 
cross-stream diffusion 1(317,326-327у 2(366) 
curved pipe flow 2(292) 
curved rectangular duct flow 2(285—292) 
— computational algorithm 2(289-290) 
— vorticity boundary condition 2(289-290) 
cycle time, computer 1(4, 5) 
cyclic reduction for Poisson equation 1190, 191) 
cylinder plate junction flow 2(355) 


Davis coupled scheme, for compressible boundary 
layer flow 2(214—217) 
deferred correction method 1(95) 


degenerate system of differential 
equations 1(26,27) 

design and CFD 1(1,2,5) 

DIFEX: explicit schemes applied to diffusion 
equation 1(222-227,236) 

DIFF: elementary finite difference program 
(66-68) 

difference operators 1(376-379) 

— directional 1(377) 2(377) 

diffusion equation, опе dimensional 
1(34, 40, 65, 135, 146-149, 216-241) 

-- algebraic schemes for 1(219) 

— explicit methods for 1(217-222, 226) 

— implicit methods for 1(227-231) 
separation of variables solution 1(67) 

diffusion equation, two dimensional 
1(249-251) 

— and ADI method 1(252-253) 

-and approximate Ѓасіогіѕа (іоп 

1(254-256) 

-- generalised implicit scheme 1(254) 

-- explicit methods for (250) 

— implicit methods for 1(251) 

— splitting methods for 1(251-256) 

diffusion, numerical 1(281, 285) 

diffusion, physical 1(11, 12) 

DIFIM: implicit schemes applied to the diffusion 
scheme 1(231-236) 

dilatation 2(6) 

direct Poisson solvers 1(190-192) 

direct solution methods for linear algebraic 
systems 1(164, 180-182) 

Dirichlet boundary conditions 1(20, 36, 37, 108) 

discretisation 1(13,47-60, 136) 

— accuracy 1(55-64) 
accuracy and truncation error 1(56-58) 

— accuracy for first derivatives (56-58) 

— accuracy for second derivatives 1(56-58) 
accuracy via Fourier analysis 1(62-64) 

— grid coarseness 1(61) 

—and ordinary differential equation connec- 
tion Ц51) 

— and solution smoothness 1(58-60) 

— and wave representation 1(61--64) 

— higher-order formulae 1(58-60, 63-64) 

— nonuniform grid 2(274) 
of derivatives by general technique (53-54) 

— of derivatives by Taylor series expan- 
sion 1(52-53) 

— of spatial derivatives 1(49) 

— of time derivatives 1(50-51) 

— on a staggered grid 2(332-333) 

discriminant 1(22, 23, 25) 

dispersion, numerical 1(286-292) 


partial 


(1D) 


(2D) 


method 


— and Fourier analysis 1(288-290, 314,315) 

— апа truncation error 1(297, 298, 300, 305) 

— апа 2D transport equation 1(317) 

— of a plane wave 1(287) 

dispersion wake 1(288) 

displacement thickness 2(21-23) 

— and injection velocity 2(313) 

dissipation 

— and truncation error 1(298, 300, 304—306) 

—and 2D transport equation 1(326) 

— artificial 1(341, 348) 

— function X11) 

— numerical 1(286-292) 

— of a plane wave 1(287) 

— physical 1(31,43,59) 

divergence form of the 
tions 1(333) 

DOROD: prediction of turbulent boundary layer 
flow 2(223-233) 

Dorodnitsyn finite element method 2(219—222) 

Dorodnitsyn spectral method 2(233-235) 

— choice of weight functions 2(234) 

Dorodnitsyn transformation, boundary 
equations 2(217-218) 

Douglas Gunn splitting algorithm 1(255) 

driven cavity flow 2(344, 345, 348, 363, 369, 371, 
373) 

duct flow 2(279-291) 

— curved, rectangular 2(285-292) 

— different regimes 2(269) 

— global mass conservation 2(271) 

— straight rectangular 2(279-285) 

DUCT: viscous flow in a rectangular duct 
1(137-143, 194—195) 

DuFort-Frankel scheme 1(220—221, 226, 301, 302) 

dynamic similarity 2(12-14) 


governing equa- 


layer 


eddy viscosity 2(24, 273) 

— Baldwin, Lomax formulation 2(399—401, 414) 

— Clauser formulation 2(24, 399) 

— compressible flow 2(397) 

— intermittency factor 2(399) 

— separated flow region 2(420) 

— upstream relaxation 2(399) 

efficiency, computational (see also computational 
efficiency) 1(58) 

eigenvalue 1(23,81, 83, 84, 245) 

— annihilation and conjugate 
method 1(201) 

— maximum, and the power method 1(84) 

— and oscillatory solution 1(294, 295) 

— of flux Jacobians 2(159-160, 413, 424) 

element-based coordinates 1(378) 

elliptic partial differential equation 1(17,18, 


gradient 
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21-23, 25-27, 29, 36—38, 42—46) 

— boundary and integral conditions for 1(38) 

energy equation 2(10—11) 

-- algebraic (see also constant total enthalpy 
condition) 21) 

-— algebraic, inviscid compressible flow 2(33) 

— algebraic, inviscid compressible flow, ideal 
gas 2(33) 

energy method of stability analysis 
(reference) 1(94) 

enthalpy 2(11) 

equation coupling and speed of convergence 
2(217) 

ERFC: complementary error function evalu- 
ation 1(344) 

error growth and stability 1(79, 81, 85, 86) 

error of solution 1(74, 89, 90, 92,94, 102, 104, 121, 
130,134, 143) 

— and convection diffusion equation 1(298) 

— and linear convection equation 1(285-286) 

— and mixed Dirichlet/Neumann boundary con- 
dition 1(268) 

— and Neumann boundary conditions 1(239, 240) 

— and 1D Burgers’ equation 1(346, 347) 

—and 1D diffusion equation 1(226, 235, 236) 

— and 1D transport equation 1(312, 313) 

— and 2D Burgers’ equation 1(371, 372) 

— and 2D diffusion equation 1(266) 

— and 2D transport equation 1(326) 

Euler discretisation scheme 1(51, 152, 242) 

— stability restriction 1(245) 

Euler equations 1(8, 353); 2(8, 143-181) 

— boundary conditions 2(174-175) 

— boundary conditions, pseudotransient form 
2(176) 

— characteristic form 2(166, 442) 

—factored form of scalar tridiagonal system 
2(173) 

— generalised 
2(322) 

— implicit schemes 2(170-176) 

— multigrid algorithms 2(177-180) 

— one dimensional 2(147) 

EXBUR: exact solution of 2D Burgers' equation 
1(175) 

execution time for basic operations 1(375) 

explicit schemes 

— for compressible Navier-Stokes 
2(404) 

— for 1D Burgers’ equation 1(334—337, 346-347) 

— for 1D diffusion equation 1(217-227) 

-— for 1D transport equation 1(299--303) 

— for 2D diffusion equation 1(250-251) 

— for 2D transport equation 1(316—317) 


"viscous" boundary condition 


equations 
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EXSH: exact solution of 1D Burgers’ equation 
(344) 

EXSOL: exact solution of 1D transport equation 
(311) 

EXTRA: exact solution of 1D diffusion equation 
1(222) 

EX-4PU scheme for 1D transport equation 1(307) 


FACR algorithm 1(191) 

factorisation, approximate (see also approximate 
factorisation) 1(254) 

FACT/SOLVE: solution of dense systems of al- 
gebraic equations 1(180—182) 

fast Fourier transform 1(153, 156) 

FCT: propagating shock wave by FCT al- 
gorithm 2(1.-7-169) 

finite difference discretisation (47-53, 56-60) 

finite difference method 1(13-15, 64-69, 92,95, 
100, 143) 

— and matrix structure 1(163) 

finite difference operators 1(138, 228, 230, 250, 
270, 279, 303, 335) 

finite element method 1(15, 116-145) 

— and bilinear interpolation 1(121-122, 125) 

— and biquadratic interpolation 1(123-126) 

— and diffusion equation 1(135-136) 

— and discretisation 1(48--50, 129, 136, 139) 

— and interpolation 1(116) 

— and linear interpolation (117-119) 

— and Poisson equation 1(137-138) 

— and quadratic interpolation 1(119-121) 

— and Sturm-Liouville equation 1(126-135) 

— апа compressible Navier-Stokes equations 
2(418—421, 432-437) 

— Dorodnitsyn 2(219-233) 

— Euler equations 2(196) 

— in generalised coordinates 2(433—436) 

— and transonic potential equation 2(194) 

— and incompressible Navier-Stokes equations 
2(363-368, 377—385) 

— nonoscillatory 2(366) 

finite elements 1(121-123, 126) 

finite volume method 1(15, 105-116) 

— accuracy and grid refinement (116) 

— and discretisation 1(48) 

— and first derivatives 1(105-107) 

— and Laplace's equation 1(111—116) 

— and second derivatives 1(107—111) 

-and compressible Navier-Stokes equations 

2(414, 446) 

-— and Euler equations 2(178-181, 196) 

— апа incompressible Navier-Stokes equations 
2(357-358) 


— iterative convergence and grid refinement 
(116) 

— and transonic potential equation 2(194) 

first derivative operator and Galerkin weighted 
integral 1(378) 

FIVOL: finite volume method applied to 
Laplace's equation 1(111-115) 

flat plate solar collector 1(166, 167) 

flow classification 2(14—16) 

flow separation 1(7) 

flux, antidiffusive 2(161-162) 

flux difference splitting 2(160) 

flux Jacobians 2(159, 171, 172,178, 412, 417, 423, 
442) 
and artificia! compressibility method 
2(352-353) 

— eigenvalues 2(424) 

— for compressible RNS formulation 2(296) 

— in generalised coordinates 2(428) 
for positive and negative eigenvalues 
2(159-160, 413) 

flux limiters, antidiffusive 2(164, 441) 

flux vector splitting 2(160) 

- and TVD schemes 2(445) 

flux vectors, in generalised coordinates 2(427) 

flux-corrected transport schemes 2(160-162) 

— dispersion error minimisation 2(162) 

— stability restriction 2(162) 

— TVD interpretation 2(164) 

flux-limiting scheme, and 
pation 2(438) 

four point upwind scheme (see also upwind 
scheme) 1(296-298) 

Fourier (stability) analysis 1(80, 85—88} 

- for 1D transport equation 1(310, 314—315) 

— for linear convection equation 1(288-290) 

Fourier analysis, pde classification 1(28- 30) 

Fourier representation of wave-like motion 
1(61,62) 

Fourier series as approximating and weight func- 
tions 1(146) 

Fourier series method for Poisson equation 
1(190, 191) 

Fourier transform and symbol of pde 1(29) 

Fourier’s law 2(4) 

fractional step method 2(344) 

frontal method апа sparse 
ation 2(365) 

Froude number 2(12-14) 

ЕТС scheme 1(65, 156, 217-220, 226, 236, 239) 

— and Euler schemes 1(243) 

— and Burgers’ equation 1(334, 346) 

— and linear convection equation 1(277,278) 

— and Richardson extrapolation 1(91) 


numerical  dissi- 


Gauss elimin- 


— and 2D diffusion equation 1(250) 

- fourth-order accuracy Ц77) 

— stability of 1(81-82,85-86) 

fully implicit scheme for diffusion equation 
1(227-228) 


Galerkin finite element method 1(126—144, 355, 
355-359) 
- incompressible Navier-Stokes equation 
2(363-365) 
— boundary implementation 1(269) 
Galerkin spectral method 1(147, 150) 
Galerkin (weighted residual) method 1(101-194, 
377) 
Gauss elimination 1(152, 180-183) 
-- narrowly banded 1(184-186) 
— sparse 1(182-183) 
Gauss quadrature (145); 2(367) 
Gauss-Seidel iterative method 1(193-196) 
general three-level scheme for 1D diffusion 
equation 1(229, 230) 
— for 2D diffusion equation 1(255) 
generalised coordinates 1(22, 43, 107, 156); 
2(46—74) 
— and compressible viscous flow 2(425 436) 
— equation structure 2(60-65) 
— equation structure for first-order pde 2(60—62) 
— equation structure for compressible 
momentum equation 2(65) 
— equation structure for continuity equation 
2(64) 
— equation structure for incompressible 
momentum equation 2(64) 
— equation structure for second-order 
pde 2(62-63) 
— for compressible RNS equations 2(294, 295) 
- and Steger thin layer formulation 2(426) 
— and 3D boundary layer flow 2(239-240) 
global constraint and elliptic partial differential 
equation 1(38) 
global method vs local method 1(13, 14, 145, 156) 
governing equations for fluid flow 2(5-11) 
Green's function method 1(41-42) 
Green's theorem 1(38) 
grid control, source terms in Poisson equation 
solver 2(100) 
grid generation 1(7,9), 2(78-121) 
— algebraic mapping 2(101-119) 
— as a boundary value problem 2(78, 79) 
— boundary correspondence 2(80-86) 
— boundary correspondence, multiply-connected 
regions 2(83-86) 
- boundary correspondence, simply-connected 
regions 2(80-82) 
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- conformal mapping 2(86-93) 
partial differential equation solution 2(86-100) 

— Poisson equation solution 2(97-100, 121) 

grid growth ratio 1(349, 377); 2(275) 

grid nonuniformity and solution 
1(348—-352) 

- and truncation error 1(349,350) 

grid point clustering, 1-D boundary 
stretching 2(102-103) 

grid refinement 

— and accuracy 1(58-61,75,89-92. 119, 121, 134, 
143, 226, 235-240, 266) 

— and iterative convergence 1(192, 195, 198), 
2(73) 

group finite element method 1(355—-360) 

— and 1D Burgers’ equation 1(340) 

— and 2D transport equation 1(319-320) 

-- approximate factorisation 2(419-420) 

— compressible Navier-Stokes equations 
2(418-421) 

— comparison with conventional finite element 
method 1(358—360) 

--- computational efficiency 1(356) 

— inflow and outflow boundary condition 
2(380-381) 

— one-dimensional formulation 1(356) 

-- operation count for 1(358--359) 

— two-dimensional formulation 1(357-358) 

-- vorticity stream function formulation 
2(377--38 1) 


accuracy 


heat conduction 
216-217) 

higher order difference formulae 1(58-60, 63—64) 

higher order explicit schemes for diffusion 
equation 1(221, 226) 

higher order implicit schemes for diffusion 
equation 1(230,231) 

hopscotch method 1(251) 

hydrostatic pressure 2(2) 

hyperbolic partial differential equation (17-19, 
21-23, 25-27, 30-38, 43-45) 

— and discontinuity propagation 1(89) 

— boundary conditions for 1(32-34) 

— characteristics for 1(30—31) 

—domains of dependence and influence 1(31) 

— initial conditions for 1(31) 


equation 1(34, 48, 64—66, 135, 


ideal gas equation 2(2) 
ill-conditioned system of equations 1(186) 
implicit schemes 
-- for compressible Navier-Stokes 
2(409-424) 
— for diffusion equation 1(228-236) 


equations 
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Implicit schemes (cont.) 

— for the 1D Burgers’ equation 1(337-339) 

— for the 1D transport equation 1(304-306) 

implicitness parameter 1(82,87, 136) 

inclined cone problem, inviscid compressible 
flow 2(154) 

— MacCormack two-stage algorithm 2(155) 

inclined hemisphere cylinder, compressible vis- 
cous flow 2(431-432) 

incompressible Navier-Stokes equations, bound- 
ary conditions 2(26-28, 330) 

incompressible viscous flow 2(26-32, 329—390) 

— laminar 2(28-30) 

— primitive variable formulations 2(330-367) 

— turbulent 2(30-32) 

— vorticity formulations 2(368--390) 

incompressible, inviscid flow 2(16-20) 

initial conditions 1(19, 20,241) 

instability, nonlinear 1(154) 

— physical 1(88) 

integral boundary condition for 
ure 2(336) 

integral form, governing equation 1(106) 

internal swirling flow 2(273-278) 

— marching iterative algorithm 2(274-277) 

interpolation 1(116-126) 

— multigrid 1(204—207) 

— bilinear 1(121—122, 125, 144); 2(365, 
377, 419, 433) 

— biquadratic 1(123-125у; 2(365) 

— error 1(119. 121,125) 

— function 1(118, 120, 121-123, 377) 

— higher-order 1(121, 126, 134) 

— linear. 1(117—119, 134) 

— mixed velocity, pressure 2(365) 

— quadratic 1(119—121, 134) 

inviscid Burgers’ equation 1(332, 333, 335, 337) 

inviscid, compressible flow 2(32-36, 143-195) 

inviscid flow 1(7-9, 12, 15, 18-20, 30, 32-33, 
44-45, 58, 116, 353-355); X 124-194) 

— alternative equation systems 2(124) 

isoparametric formulation 1(143-145) 

iterative methods for algebraic systems of equa- 
tions 1(192-207) 

— convergence rate and grid refinement 1(198); 
2(73) 

— convergence acceleration (200—207) 

—- convergence acccleration via iterative sequence 
1(197, 214, 215) 

— convergence rate and strong ellipticity 1(198) 

— Gauss-Seidel method 1(193) 

— general structure 1(192) 

— implicit algorithms 1(196—200) 

-— Jacobi method 1(193) 


the ргеѕѕ- 


point vs line methods 1(195) 
— SLOR method 1(197) 
— SOR method 1(193) 


JACBU: evaluates Jacobian of 2D Burgers’ 
equations 1(177,211) 

JACOB: evaluates Jacobian required by Newton's 
method 1(169, ] 70) 

Jacobi iterative method 1(193-197) 
and pseudotransient method 1(208) 

Jacobian 

~~ augmented 2(210) 

— flux (see flux Jacobian) 

— Newton 1(165, 169, 170, 172, 211, 212) 
transformation 1(23, 145); 2(48) 


Keller box scheme 2(210) 
Khosla-Rubin differencing 2(371-372) 
Klebanoff intermittency factor 2(400) 
Korteweg de Vries equation 1(44) 


LAGEN: solution of Laplace equation in general- 
ised coordinates 2(66-73) 

Lagrange interpolation function 1(120, 123, 124, 
126) 

LAMBL: computation of laminar boundary layer 
flow 2(203--210) 

Laplace’s equation 1(12, 107—116) 
discretisation in generalised coordinates 
2(68-69) 

--іп conformal coordinates 253) 

-- in generalised coordinates 2(53, 67) 

— in orthogonal coordinates 2(53) 

Lax equivalence theorem 1(74) 

Lax-Wendroff scheme 

— and linear convection equation (281-283, 
291-292) 

— and systems of equations (353-355) 

— and ID transport equation 1(301, 303, 307, 
312) 

- two-stage 1(335, 336, 346, 353-354) 

leapfrog scheme for linear convection 
equation 1(281, 282) 

least-squares (weighted residual) method 1(100, 
103) 

Leith's scheme 1(282) 

Levy-Lees transformation, compressible bound- 
ary layer flow 2(212-214) 

locally one-dimensional method (see also method 
of fractional steps) 1(272) 

LU factorisation (approximate) algorithm 2(425) 

— and one sided operators 2(422) 

—for compressible Navier-Stokes 
2(421-425) 


equations 


LU factorisation and Gauss elimination 1(169) 
LU-factorisation, incomplete 1(207) 


MAC formulation 2(333-337) 
and satisfaction of continuity 2(335) 
—boundary condition implementation 2(336, 
337) 
— explicit schemes 2(333) 
explicit schemes, stability restriction 2(335) 
— implicit schemes 2(338) 
— in generalised coordinates 2(340) 
— Neumann boundary condition for 
ure 2(338) 
pressure correction method 2(340) 
MacCormack scheme, explicit 1(354); 2(144-147) 
and Lerat-Peyret schemes 2(145) 
— and multigrid method (407) 
for Navier-Stokes equation 2(405) 
— for 2D Burgers’ equation 2(405) 
— inclined cone problem 2(155) 
time-split extension 2(406—407) 
— time-step restriction 2(406, 407) 
MacCormack scheme, implicit 
— bidiagonal implementation 2(412) 
— for compressible Navier-Stokes 
2(410-414) 
—- for 1D transport equation 2(410-412) 
stability restriction 2(411) 
Mach lines 2(35) 
Mach number 1(18); Д13-14) 
MACSYMA, symbolic manipulation (291) 
mass conservation for enclosures, global 2(330) 


press- 


equation 


mass conservation for steady duct flow, 
global 2271) 
mass flow constraint and mean pressure 


evaluation 2(272, 276) 

mass lumping, and computational efficiency 
2(383) 

mass operator 
and bilinear interpolation 1(256) 

- boundary evaluation. 1(270-271); 2(380—381) 

— directional 1(136, 138, 139, 377} 2(377, 
419, 434) 

— generalised 1(231, 260, 283, 305, 317, 325, 338, 
362) 

— generalised, and dispersion 1(305, 345) 

— computational 
scheme 1(307, 338, 362, 376-379) 

— and Galerkin weighted integral 1(378) 
and linear interpolation and fourth-order accu- 
racy 1(379) 
and Pade differencing 1(379) 

— and three dimensional discretisation 1(379) 
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mass-weighted Reynolds averaging 2(396) 
matrix 
banded 1(163) 
— dense 1(163) 
— diagonal dominance 1(192) 
— fill-in 1(182) 
positive definite 1(179) 
-- sparse 1(163, 182) 
spectral radius 1(192) 
— structure for finite difference scheme 1(163) 
maximum principle for elliptic partial differential 
equations 1(37) 
megaflop 1(4,6) 
method of characteristics (38—40) 
method of fractional steps 1(271-273) 
method of lines and ordinary differential equa- 
tions 1(241-246) 
metric tensor 2(50, 51) 
— and conformal coordinates 2(53) 
and grid aspect ratio 2(51) 
and orthogonality 2(51—53) 
—and transformation Jacobian 2(51) 
microcomputers and CFD 1(5) 
minicomputers and CFD 1(5) 
mixed velocity, pressure interpolation 
(FEM) 2(365) 
mixing length, turbulent 2(24) 
modified equation method (290-291) 
— and 1D transport equation 1(305, 306) 
and 2D transport equation 1(324) 
momentum equations 
for inviscid flow 2(6—-8) 
- for viscous flow 2(8-10) 
— factored form for spatial marching 2(280, 281) 
monotone schemes for shock prediction 
2(163-164) 
Moretti ^-scheme 2(157-159) 
— logarithm of pressure 2(157) 
— non-conservative form 2(159) 
role of characteristics 2(157-158) 
multigrid method 1(203-207, 211) 
- and prolongation (interpolation) operator 
1(204) 
and restriction operator. 1(204-205) 
and V-cycle 1(205) 
—- correction storage (CS) for linear problems 
1(206) 
driven cavity flow problem 2(373) 
— and Euler equations 2(177-180) 
full approximate storage (FAS) for nonlinear 
problems 1(207) 
— full (FMG) 1(207) 
- - and incompressible RNS equations 2(311) 
- and MacCormack scheme (explicit) 2(407) 
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multigrid method (cont.) 

— Ni control volume formulation 2(178--179) 
and Runge-Kutta schemes 2(409) 

— and transonic potential equation 2(191-193) 

multistep-method, linear, for ordinary differential 
equations 1(242) 

multisurface technique 

— and local grid orthogonality 2(107-108) 

— effect of control parameters 2(120) 
implementation, N=2 2(113-115) 

multisurface transformation 2(107) 


Navier-Stokes 
43}; 2(9-10) 
— reduced form 1(1,7, 15, 28); 2(248-322) 
— thin layer form 1(7) 
Neumann boundary conditions 1(20, 36-38, 
236-241) 
— and stability 1(83-85) 
-- and splitting 1(266—271) 
and spectral method 1(149) 
— and finite volume method (111) 
— and accuracy 1(133, 238-240, 268) 
finite element implementation 1(269—271) 
— finite difference implementation 1(267-268) 
numerical implementation 1(237-238) 
NEWTBU, inclusion. of augmented Jacobian 
(210-211) 
NEWTBU: two dimensional Burgers’ equation 
1(171—-179) 
NEWTON: flat plate collector analysis 
1(166-170) 
Newtonian fluids 2(4) 
Newton's method 1(163-166) 
- and finite element method 2(364) 
— and incompressible RNS equations 2(310) 
— and Keller box scheme 2(211) 
~ and mean pressure evaluation 2281) 
Nis control volume multigrid method 2(178-179) 
nondimensionalisation 1(11, 137); 2(12-13, 148) 
numerical dissipation 2(353, 354, 418, 429, 437- 
444) 
— and aliasing 2(438) 
- and dispersion 1(287-293) 
- and flux-limiting schemes 2(438) 
- and high Reynolds number flows 
2(297,439—440) 
- and modified density function 2(187) 
— and modified equation method (290-291) 
— and pressure oscillations 2(439) 
- and TVD schemes 2(443) 
— approximate factorisation 2(440) 
- dispersion and discretisation schemes 1(292) 
dispersion and Fourier analysis 1(288—290) 


equations 1(1, 19-20, 28, 35, 37, 


— fourth-order 2(439, 440) 
stability restrictions 2(154) 


ordinary differential equations 1(241-246) 
and absolute stability 1(244) 
— and linear multistep methods 1(242-243) 
-and Runge-Kutta schemes 1(243—245) 
O-grid and branch cuts 2(83-84) 
one-sided differencing 1(50, 54) 
operation count 
— and block Thomas algorithm 1(189) 
— and finite element method 1(358, 359) 
— empirical determination 1(92--94) 
optimal-rms solution and weighted residual 
method 1(103) 
orthogonal collocation 195, 100, 156) 
orthogonal function 1(146, 147) 
orthogonal grid generation 2(94-96) 
— via elliptic partial differential equation 2(101) 
—- via orthogonal trajectory method 2(95, 96) 
orthogonal trajectory method as a method of 
characteristics 2(96) 
orthogonality of coordinates 2(51-53) 
— discrete 2(55, 56) 
ORTHOMIN algorithm 1(202) 
orthonormal functions 2(233, 234) 
oscillatory pressure solutions 2(332) 
- and finite element interpolation 2(365) 


panel method 1(182); 2(125-142) 

— and lifting aerofoil problem 2(138-140) 

— connection with boundary element method 
2(137-138) 

— for inviscid compressible flow 2(142) 

— for inviscid incompressible flow 2(126-141) 

— higher-order 2(140—141) 

— in three dimensions 2(140-141) 

PANEL: numerical implementation of panel 
method 2(130-136) 

panel source strength, circulation adjustment 
2(138-140) 

parabolic partial differential equation (17,18, 
21-23, 25-26, 34-38) 

— boundary conditions for 1(36) 

parallel processing 1(4-5, 16) 
and explicit algorithms 2(446) 

partial differential equations (pde) 1(17-42) 

—- and coordinate transformation 1(22-23) 

- and symbol 1(29) 

— boundary and initial conditions for 118-20) 

— classification by characteristics 1(17, 21—24) 

— classification by symbol (Fourier) analysis 
1(28-30) 

- first-order Ц21, 24) 


— linear 1(12) 

— principal part 1(28) 

- Second order (17,21) 

— System of equations 1(24—28) 

Peclet number 1(294,305) 

penalty function finite element method 
2(366-368) 

— consistent 2(367-368) 

- and reduced integration 2(367) 

— for incompressible viscous flow 2(366—368) 

— and pressure smoothing 2(368) 

pentadiagonal systems of equations/matrix 1(131, 
185-188) 

Petrov-Galerkin finite element method and up- 
wind differencing 2(366) 

phase, change of 1(289) 

phase error 1(63) 

physical properties 

— of air 2(2-5) 

— of fluids 2(1-5) 

— of fluids, variation with temperature 2(3—5) 

— of water 2(2-5) 

pipe flow, different flow regimes 2(269) 

pipeline architecture 1(4-5) 

pivoting, partial and Gauss elimination 1(180) 

planar shock traverse past ап aerofoil 2(443—444) 

plane-wave propagation 1(287) 

point source 1(41) 

Poisson equation 1(37—38, 41-42, 137) 

— for auxiliary potential 2(282, 356) 

- for grid generation 2(97-100) 
for pressure 2(360, 386) 

— for pressure, discrete 2(335, 360) 

— for pressure, global integral constraint 2(386) 

—- for stream function 2(369) 

—for transverse pressure correction 2(283) 

Poisson solvers, direct 1(190-192) 

potential flow 1(36) 

—compressible 2(33) 

-— governing equation 2(17) 

— incompressible 2(17-20, 125) 

—about a circular cylinder 2(25) 

power method for maximum eigenvalue determi- 
nation 1(84) 

Prandtl number 1(319y; 2(13-14) 

Prandtl-Glauert transformation 2(142) 

preconditioned conjugate gradient 
(201-203) 

predictor corrector scheme for ordinary differen- 
tial equations 1(243) 

pressure evaluation (mean) from mass flow 
constraint 2(272, 276) 

pressure solution from Bernoulli variable 
2386-387) 


method 


Subject Index 473 


pressure splitting in small-curvature ducts 2(271, 
280) 

primitive variables 1(34) 

product approximation 1(360) 

projection method 2(339, 346) 

prolongation operator (see also multigrid 
method) 1(204-206) 

pseudospectral method 1(151-154) 2(345) 
in physical space 1(154--156) 

pseudotransient method 1(8, 208-212) 

— and artificial compressibility method 2(352) 
local timestep formulae 2(177) 

— and 2D steady Burgers’ equation 1(209) 

— comparison with Jacobi iteration 1(208) 
and Newton’s method 1(210) 


quadridiagonal matrix 1(297, 338) 
—- and the Thomas algorithm 1(297, 306) 
quasi-Newton method 1(179) 
quasi-simultaneous method (see viscous inviscid 
interaction) 

- and triple deck theory 2(318) 

QUICK upwind scheme 2(342, 345, 363) 
QUICKEST upwind scheme 2(343-345) 


Rankine-Hugoniot shock relations 2(35, 36, 148, 
182) 

rational Runge-Kutta (RRK) scheme 2(408, 409) 

reduced Navier-Stokes (RNS) equations 
2(248--322) 

RESBU: evaluates residuals of 2D Burgers’ equa- 
tions 1(176) 

RESID: evaluates residuals required by Newton's 
method 1(169) 

residual, equation 1(99-104, 127, 146, 176) 
evaluation for finite element method 
1(261, 266) 
and multigrid method 1(203--207) 

restriction operator (see also multigrid method) 
1(204) 

Reynolds number 1(2, 7, 27, 59, 294, 305, 
319, 325, 339, 369); 2(12-14) 

Reynolds stress 2(23—24, 30-31) 

Reynolds-averaged compressible Navier-Stokes 
equations 2(396) 

— boundary conditions for 2(398-401) 

RHSBU: evaluates right-hand side of 2D Burgers' 
equations 1(370) 

Richardson extrapolation 1(89—92, 241) 

—-active 1(91) 
and operation count 1(91-92) 

— passive (91) 

Richardson scheme 1(220) 
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RNS approximation 
nates 2(295) 

RNS convection diffusion operator, parabolic 
nature 2(258,260-261) 

RNS equations 

— and dominant flow direction 2(251) 

- and neglect of streamwise diffusion 2(251) 
and the design process 2(249-250) 
defect representation 2(319) 

— essential features 2(251) 
for internal flows 2(269--291) 

— (incompressible) one-sided discretisation 
2( 309) 

-- (incompressible) on conformal coordinates 
2(308) 

— order-of-magnitude derivation 2(252-256) 
qualitative solution behaviour 2(259--263) 

— role of pressure 2(261, 263) 

-- subsonic computational algorithm 2(304—-307) 

— апа finite element method 2(324) 

RNS formulation 
elliptic viscous terms 2(262, 263, 297) 

— for incompressible viscous flow 2(307-313) 

— iterative solution 2(297) 
for external flow 2(292-322) 

— for external supersonic flow 2(293—298) 

— turbulent flow 2324) 

RNS marching stepsize restriction 

—- and stability 2(297, 300, 304) 

—- and iterative convergence rate 2(311) 

RNS sublayer approximation to pressure 
2(293-295) 

Robin boundary condition |20) 

round-off error 1(74, 79, 80, 86) 

Runge-Kutta method 1(24?, 243, 245) 

— explicit 1(242, 244) 
implicit 1(243) 

— for Navier-Stokes equation 2(407) 

--- for Navier-Stokes equation, time-step restric- 
tion 2(408) 

— and multigrid method 2(409) 


in generalised coordi- 


Schwartz-Christoffel transformation 
— applied to two-dimensional duct 2(91-92) 
- for discrete surfaces 2(90) 

— for continuous surfaces 2(93) 

search direction and modified Newton's 
method 1(176) 

secondary flows induced in curved ducts 2(270) 

semi-discrete form of partial differential equa- 
tions 1(242) 

semi-inverse method 2(319--321) 

— boundary conditions 2(319, 320) 

separation of variables method 1(40—41) 


Serendipity elements 1(126) 

shape (interpolation) functions 1(117) 

shock capturing, theoretical considerations 2(163) 

shock fitting. 2(144) 

shock formation 1(332) 

shock profile 
and artifical viscosity 2(154) 
and dispersion errors 2(149) 

-— Fourier decomposition 2437) 

— and TVD schemes 2(164) 

SHOCK: propagating shock wave problem 
2(147-153) 

shock propagation speed 2(149) 

shock wave 1(7,32, 43) 

— and stationary Burgers’ equation 1(351, 352) 
compression vs expansion 2(183) 
propagation 1(353--355) 

— propagation апа Burgers’ 
346-348, 357) 

— representation and conservation form of equa- 
tions 2(144) 

similarity variables 2(22, 203—205) 

SIMPLE algorithm, incompressible 
flow 2(361,362) 

SIMPLE formulation 

— discrete Poisson equation for pressure 2(360) 

— in generalised coordinates 2(363) 

— incompressible viscous flow 2(357—362) 

— and multigrid 2(363) 

— pressure solution 2(360) 

— pressure solution, and auxiliary potential func- 
tion 2(360) 

—and QUICK differencing 2(363) 

- velocity solution 2(359—360) 

SIMPLE algorithm, incompressible viscous flow 
2(361, 362) 

SIMPLER algorithm, incompressible viscous 
flow 2(361, 362) 

skin friction coefficient 2(21, 23) 

— discrete evaluation 2(209) 

— for flow past a wedge 2(210) 

smoothness of solution and accuracy of rep- 
resentation 1(58, 60, 61, 236) 

sound speed 2(33) 

source panels, connection with an 
source 2(126) 

specific heat 2(11) 

spectral method 1(9, 13, 15, 47, 48, 50, 98, 99, 104, 
145-156, 182) 

— and Burgers’ equation 1(348) 

—and compressible Navier-Stokes equations 
2(446) 

— and diffusion equation 1(146-149) 

-- and generalised coordinates 2(350-351) 


equation 1(339, 


viscous 


isolated 


— and incompressible Navier-Stokes equations 
2(345-350) 

— and Neumann boundary conditions 1(149-151) 

— and nonlinear terms 1(149) 

— and shock waves 2(194, 196) 

— and transition phenomena 2(350) 

— in physical space 1(154) 

— time-stepping strategies for 2(349) 

spectral subdomain method 2(350-351) 

— and inter-element continuity 2(351) 

splitting (see approximate factorisation) 

stability 1(15, 55, 73-75, 79-88) 

— absolute, for ordinary differential equations 
1(244) 

— at boundaries 1(88, 238) 

— matrix method and FTCS scheme 1(81) 

-- matrix method and generalised two-level 
scheme 1(82) 

— matrix method and Neumann boundary con- 
ditions 1(83--85) 

— of ADI scheme 1(253) 

— of convection equation schemes 1(279, 280) 

— of diffusion equation schemes 1(219) 

— of three-level scheme for 1D diffusion 
scheme 1(222) 

— of transport equation schemes 1(302, 303) 

— polynomial for ordinary differential equa- 
tions 1(244) 

— von Neumann method and FTCS scheme 
1(85-86) 

— уоп Neumann method апа generalised two- 
level scheme 1(86—88) 

staggered grid 2(331-333, 357-358) 

steady flow problems, overall strategy 1(211, 212) 

stiff systems of equations 1(229, 246), 2(354) 

— and steady-state convergence 1(229,230) 

stream function 2(28-30, 369} 

— equation, pseudotransient formulation 2(370) 

— Poisson equation for 2(369) 

streamline diffusion (artificial) 1(327) 

streamlines 2(16) 

streamwise diffusion, neglect of 2(273) 

streamwise vorticity in a curved duct 2(286) 

stretching function, one dimensional 2(102—-103) 

strong shock computation 2(160—166) 

strongly implicit procedure (SIP) 1(198—199) 

— and incompressible viscous flow 2(371) 

— modified (MSI) algorithm 1(199--200) 

STURM: computation of the Sturm-Liouville 
equation 1(130-134) 

Sturm-Liouville equation 1(126-135) 

subdomain method 1(100,103, 105, 106,108) 

successive — over-relaxation (SOR) iterative 
method 1(111, 139, 193-198) 
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supercomputer 1(2) 
supersonic flow 1(6—7, 18, 30, 58) 
- past a blunt fin on a plate 2(414,415) 
inviscid flow 2(143-180) 
surface pressure evaluation via 1D inte- 


gration 2(386) 
switching formulae, sonic line and shock lo- 
cation 2(184) 
symbolic (Fourier) analysis 
— and characteristic analysis 2(259) 
— of compressible RNS equations 2(262—263) 
— of constant enthalpy compressible RNS equa- 
tions 2(261-262) 
- of incompressible RNS equations 2(259-260) 
— of 2D transport equation 2(256-259) 
symmetric SOR (SSOR) iterative method 1(194) 
system of algebraic equations 1(163-164) 
-- nonlinear 1(164) 
system of governing 
353-355) 


equations 1(24—28, 331, 


tau method 1(151) 

Taylor series expansion 1(52) 

Taylor weak statement (TWS) of finite element 
method 1(292); 2(366) 

Taylor-Galerkin finite element method 1(292) 

temperature 1(3, 9, 11,48, 64, 166, 277, 305, 318) 

temperature front convection 1(395-306, 
312, 313) 

tensor product 1(138, 139, 256, 377) 

term-by-term finite element discretisation 
1(136, 139) 

test function 1(100) 

TEXCL: semi-exact centreline solution 1(320, 
325) 

Theodorsen-Garrick transformation 2(89) 

THERM: thermal entry problem 1(318--326) 

thermal conductivity 2(3—5) 

thermal diffusivity 1(48,82) 

thermal entry problem, 
2(268, 269) 

thin layer approximation 2(295, 395, 403—404) 
for adjacent surfaces 2(404) 

-- and RNS equations 2(404) 

thin shear layer flows 226) 

Thomas algorithm 1(130,136, 183-184) 

— and line iteration method 1(194) 
block 1(188-189) 

— generalised 1(187—188) 

THRED: thermal entry problem via single march 
solution 2(262--269) 

three level explicit scheme 1(221, 226) 

three level fully implicit scheme 1(227) 

three level generalised implicit scheme 1(229) 


centre-line solution 
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total energy per unit volume 2(39) 

total enthalpy 2(401) 

total variation diminishing 
ment 2(164) 

trajectory method for near-orthogonal grids 
2(96, 97) 

TRAN: convection of a 
(305-316) 

transfinite interpolation 1(7), 2(109-111) 

— and grid orthogonality 111) 

transformation parameters (metrics) 2(49) 

— evaluation via finite element formulation 
2(56, 57) 

- evaluation via centered differences 2(54, 55) 

— inverse 2(49} 

transformation relationships 2(48-53) 

transonic, inviscid flow 2(181-194) 

transonic potential equation 2(182, 185-186) 

— and Rankine-Hugoniot condition 2(182) 

— and finite volume method 2(194) 

— and finite element method 2(194) 

— and generalised coordinates 2187-188) 

— iterative schemes 2(189-192) 

— multiple solutions 2(194) 

— switching function 2186) 

-- non-isentropic 2193-194) 

— small disturbance 2(183-185) 

-- small disturbance and jump conditions 2(183) 

transport equation, one dimensional (1D) 
1(11,12, 35,299-316) 

— algebraic schemes 1(302, 303) 

— explicit schemes for 1(299-303, 312) 

— implicit schemes for 1(304-306, 312, 313) 

— phase behaviour of discrete schemes 1(310, 
314,315) 

— separation of variables solution of 1(306) 

transport equation, two dimensional 
1(316—328, 376—377); 2264) 

— split formulations for 1(317-318) 

transverse pressure correction 

- boundary conditions for 2(283) 

— in duct flow 2(280, 283) 

— Poisson equation for 2(283) 

transverse velocity splitting 2(285-288) 

— irrotational components 2(286, 287) 

— order-of-magnitude analysis 2(287) 

— rotational components 2(286, 287) 

— symbolic analysis of 2(288-289} 

trapezoidal scheme for ordinary 
equations 1(243) 

trial function 1(98-101) 

—and finite element method 1(117) 

trial solution and finite element 
1(127,137) 


(ТУЮ) require- 


temperature front 


(2D) 


differential 


method 


triangular elements (143) 

tridiagonal systems of algebraic 
1(136, 183-184, 252) 

truncation error 1(49, 52-57, 60) 
and consistency 1(76-79) 

— and dissipation and dispersion 1(290-291) 

— cancellation 1(77,90, 221, 226, 231) 

— in generalised coordinate formulae 2(57-60) 

— leading term 1(56,57) 

turbulence 

— direct solution 1149) 
dissipation rate 2(31,32) 

— kinetic energy 2(31, 32, 397) 

— (mixing) length scale 2(399) 

— modelling, algebraic eddy viscosity formulae 
2(24, 399) 
modelling, compressible flow 2(396-397) 

— modelling, k-e 2(31-32) 

— Prandtl number 2(397) 

-— wall functions 2(32, 401) 

TVD schemes 2(440) 

-- as added numerical dissipation 2(443) 

— for systems of equations 2(166) 

— for 1D Euler equations 2(442-443) 

—- implicit 2(441—443) 

— in generalised coordinates 2(443) 

— one-step nature 2(165) 

— Stability restriction 2(441) 

TWBURG: 2D Burgers’ equation numerical sol- 
ution 1(364-372) 

TWDIF: generalised FD/FE 
1( 259-266) 

two-boundary technique and local grid orthog- 
onality 2(104) 


equations 


implementation 


upwind differencing, supersonic regions 2(174) 
upwind scheme, four point 1(296-298y; 2(292) 
— accuracy of (298,312,313) 
- and gopi 1(345) 
— and suppression of dispersion 1(298) 
— апа 1D transport equation 1(305, 306); 2(342) 
— and 1D Burgers’ equation 1(335, 338) 
— and 2D transport equation 1(324-326) 
--- and 2D Burgers’ equation 1(364) 
— апа incompressible viscous flow 2(341-344) 
— QUICK scheme 2(342, 345, 363) 
— QUICKEST scheme 2(343-345) 
upwind scheme, two point 
and convection diffusion equation 1(295, 296) 
— and cross-stream diffusion 1(317) 
-- and linear convection equation 1(278, 279, 
281) 
and 1D transport equation 1(301, 302) 


V-cycle, multigrid 1(204) 

vector potential 2(388) 
surface boundary conditions for 2(388) 

vector processing 1(4,5, 15,16) 

VEL: velocity tn channel at specified location 
1(142) 

velocity 1(47, 89, 137. 277, 319) 

velocity potential 1(12) 2(17, 33) 

Vigneron criterion and stepsize 
(303, 304) 

Vigneron RNS strategy 

— discrete Fourier analysis 2(302, 303) 

— symbolic analysis 2(299-301) 
for axial pressure gradient 
2(298-301) 

viscosity 23-5) 

viscous dissipation 1(34) 

viscous flow 1(59,98, 116. 137,156, 276, 332, 336, 
359) 

viscous, inviscid interaction. 2(313-322) 

— semi-inverse method 2(315, 3 16, 319-321) 

— quasi-simultaneous method 2(315-318) 
inverse method 2(314) 

— direct method 2(314, 315) 

— close to separation 2(314) 

— using Euler equations 2(321, 322) 

viscous inviscid region, coupling formulae 
2(3 14-316, 320, 321) 

viscous stresses 2(9) 

von Karman-Trefftz transformation 2(87) 

von Neumann method of stability analysis 
1(85-88) 

— and convective nonlinearity 1(372) 

vortex methods (reference) 2(392) 

vorticity 2(28-30) 

— boundary condition at surface 2(373-375, 388) 

- boundary condition at surface, pseudotran- 
sient implementation 2(380) 
formulation, in three dimension 2(387-390) 

- singularity at sharp edge 2(382) 
vorticity stream function formulation 
— pressure solution 2(385-387) 


restriction 


adjustment 
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integral boundary condition 2(369) 
group finite element method 2(377 381) 
- finite difference algorithm 2(370-372) 
boundary conditions 2(373-376) 
— and incompressible viscous flow 2(368-387) 
vorticity transport equation, two dimensional 
2(368) 
vorticity transport equation, three dimensional 
2(387) 
vorticity vector 2(368) 
vorticity, vector potential formulation 
inflow. outflow boundary conditions 2(389) 
— and auxiliary potential 2(389) 
and satisfaction of continuity 2(391) 
— in two dimensions 2(390, 391) 
- in three dimensions 2(390) 


wave equation 1(30) 

wave number 1(61) 

— cut-off 2(438) 

— representation on a finite grid 2(437) 

wave propagation апа dissipation’disper- 
sion 1(287 -290) 

wave propagation speed 1(62. 289) 

wave representation 1(60—64) 

wavelength 1(61) 

— and error distribution 1(200) 

— attenuation and dispersion 1(287) 
behaviour for 1D transport equation 1(314, 
315) 

weak form of governing equation 1(100) 

weather forecasting 1(3,9) 

wedge boundary layer flow 2(204, 210) 

weight function 1(100, 101. 135, 146): 2(365, 367) 

weighted residual method (98-101) 

-and comparison of constituent 

1(101—105) 

well-posed problem 1(18-20) 

wind-tunnel experiments vs CFD (2) 


methods 


zonal method 1(7-9),2(395-396) 
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